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Abstract

This thesis presents an issue of the traffic flow and its modelling. It speaks especially
about a couple of LWR models which are analysed and for which the solution is searched.
It is known in general that solutions are not defined everywhere for all the initial problems,
but it is defined only for some neighbourhood of the initial curve. Therefore the general
method for finding the extent of the neighbourhood is derived and extended on particular
models. The theoretical analysis of the LWR models and the solution to the initial
problems are demonstrated on some examples with illustrating models’ behaviour.

Abstrakt

Tato diplomová práce prezentuje problematiku dopravńıho toku a jeho modelováńı. Zabývá
se předevš́ım několika LWR modely, které následně rozeb́ırá a hledá řešeńı pro počátečńı
úlohy. Ukazuje se, že ne pro všechny počátečńı úlohy lze řešeńı definovat na celém pros-
toru, ale jen v určitém okoĺı počátečńı křivky. Proto je dále odvozena metoda výpočtu
velikosti tohoto okoĺı a to nejen zcela obecně, ale i pro dané modely. Teoretický roz-
bor LWR model̊u a řešeńı počátečńıch úloh jsou demonstrovány několika př́ıklady, které
zřetelně ukazuj́ı, jak se dopravńı tok simulovaný danými modely chová.
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1 Introduction

Nowadays, the topic of the traffic flow offers a wide range of questions and tasks. The
phenomenon of the traffic flow is well-known from those times when cars started to be
common tools for most people. In the past the main goal was to describe the traffic flow
and today we usually want to prevent congested traffic and delays. The first important role
was played by B. D. Grienshields who watched the traffic with his camera and proposed
one of the first models ever. He suggested that the relation between the speed and the
density could be linear and created a model based on this idea. This all started in the
1930s.

From the 1950s this discipline started to split into sub-branches. The scientists realized
that they could model the traffic flow from a macroscopic perspective or a microscopic
one. They also tended to find something in the middle and therefore the mesoscopic point
of view was taken into consideration.

In the microscopic field they studied for instance the safe distance or the behaviour
of drivers. The mesoscopic branch dealt with so called gas kinetic model which describes
the flow somehow between the macroscopic point of view and the microscopic one. The
macroscopic modelling, which will be the foundation of this thesis, started to form in the
middle of 1950s. The pioneers are Lightwill, Whitham and Richards after whose the LWR
models (first order models) are called. In the 1970s Payne proposed one of the first higher
order models that is related to the LWR. Nowadays, the LWR models are one of the most
discussed models in the traffic flow theory.

Modern books are often focus on technologies, systems and software, such as [10]. This
book speaks for instance about safety, mobility, about systems which prevent collisions,
navigation systems etc.

For those who are more interested in the topics of the evacuation, there are also some
books on this (see e.g. [11]). The flow is modelled by the LWR models and some others
and the aim is to improve the evacuation systems.

The main task in the traffic flow modelling was always to create a good model. It was
also to find potential problems and find the solutions. The main goal of this thesis is to
recall some LWR models and to show their properties and how they describe the traffic
flow. LWR models are the basis of the text.

The thesis is organized as follows. The second section deals with the first order partial
differential equations which is the mathematical foundation of the next theory. We show
a theorem that speaks about the existence and uniqueness of the solution to the initial
problem. For more knowledge on the pure mathematical topics see [5], [8] or [9]. In the
second part of the section we discuss one of the most important equations in the traffic
flow theory, i.e. the continuity equation. It includes the derivation of this equation for
a homogeneous type of road. There are also mentioned other forms of the equation for
roads with specific obstacles. At the end we show the continuity equation from the driver’s
perspective.

Next, the third, section introduces the class of the LWR models. We discuss the
solution to the Cauchy problem given by a LWR model and an initial traffic density. It
shows up that the solution does not have to be defined everywhere and therefore we search
some conditions under which we are able to define it.

After a general theory it comes a section four where some particular LWR models are
derived. We take a general conditions derived in the previous section and use them on
these models to demonstrate the solution.
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Section five involves a couple of examples with particular LWR models and particular
initial densities. Some of the examples are more general, so we are able to make some
conclusions and compare the solutions. In this section we utilize the derived formulas and
the theory from the previous text to show particular traffic situations.
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2 Preliminary theory

In this section we recall basic notion of the theory of the first order partial differential
equations. We will focus on the existence of the solution to the Cauchy problem and its
uniqueness as well.

The second part of this section involves the derivation of the continuity equation, a
cornerstone of the macroscopic traffic flow modelling.

2.1 Partial differential equation

Throughout this thesis we will utilize only first order partial differential equations in
a specific form, so the preliminary mathematical theory will be done exactly for these
specific equations.

Consider the first order partial differential equation of the form

∂u(x, t)

∂t
+ a(u)

∂u(x, t)

∂x
= 0, (2.1)

where a(u) is a given function dependent on the unknown function u(x, t), (x, t) ∈ Ω and
Ω = R × (0,∞). Such an equation is called quasilinear and the difference between this
equation and a linear one is in the coefficient a which is now dependent on u but for the
linear one it would be dependent only on x and t.

Now take the condition on the state of the function u(x, t) as

u(x, 0) = u0(x) x ∈ R, (2.2)

where u0(x) is a given function. Then we called the equation (2.1) together with the
condition (2.2) a Cauchy problem or an initial problem. The following theorem, Cauchy-
Kowalewskaya theorem, speaks bout the existence and the uniqueness of the solution

Theorem: Consider the Cauchy problem (2.1)+(2.2). Let every function which is used
be an analytic function, including the initial data (analytic around x0). Then the Cauchy
problem has an analytic solution defined in a neighbourhood of x0. Moreover this solution
is unique in the class of the analytic functions.

More about this theorem and its proof can be found in [4].

2.2 Continuity equation, conservation law

The continuity equation is the foundation of many scientific disciplines, e.g. the hydro-
dynamics, aerodynamics or others, and it also plays a key role in the theory of traffic
flow.

In this part we will introduce the most important quantities used in the traffic flow
theory and show the relation between them. We will derive the continuity equation and
show some other forms of it for special cases.

2.2.1 Hydrodynamic flow-density relation

The main quantities are the traffic density denoted by ρ, the velocity of the traffic V and
the traffic flow Q. The density represents the amount of vehicles per a unit length at a
certain time, the velocity is meant as the mean velocity of the whole traffic at a certain
time and the traffic flow represents the amount of vehicles passing one point on a road at
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a certain time. All these quantities are dependent on the spatial coordinate x and also
on time t.

In the next section we will see in the continuity equation a term ρ V which coincides
with Q according to the well-known hydrodynamic flow-density relation

Q(x, t) = ρ(x, t)V (x, t). (2.3)

This relation can be used in general, for instance for a highway with more than one lane
or for a city traffic. The derivation of the relation (2.3) can be found in [1].

2.2.2 Homogeneous road

In this part we consider pure road section without any changes such as changes of number
of lanes or any on- or off-ramps. Such approach would lead to more general road sections
which we will introduce later.

Assume a road section ∆x. Then the number of vehicles in ∆x at time t is given by

N(t) =

∫ x+∆x

x

ρ(s, t) ds.

Therefore the change of the number of vehicles is the derivative of N(t) with respect to t

dN(t)

dt
=

d

dt

(∫ x+∆x

x

ρ(s, t) ds

)
.

At this moment, we can change the order of the integral and the derivative because of
the following theorem:

Theorem: Let ρ be a real-valued continuous function and let
∫ x+∆x

x
ρ(s, t)ds be defined.

Then whenever the derivative of ρ(x, t) is bounded from the top we have

d

dt

(∫ x+∆x

x

ρ(s, t) ds

)
=

∫ x+∆x

x

∂ρ(s, t)

∂t
ds.

For the proof of the theorem or more details see [5].
So we can write

dN(t)

dt
=

∫ x+∆x

x

∂ρ(s, t)

∂t
ds. (2.4)

As depicted in the figure 1, N(t) changes only by the inflow and outflow, so

dN(t)

dt
= Q(x, t)−Q(x+ ∆x, t) = −

∫ x+∆x

x

∂Q(s, t)

∂s
ds. (2.5)

Combining (2.4) and (2.5) we obtain∫ x+∆x

x

∂ρ(s, t)

∂t
ds = −

∫ x+∆x

x

∂Q(s, t)

∂s
ds,∫ x+∆x

x

(
∂Q(s, t)

∂s
+
∂ρ(s, t)

∂t

)
ds = 0.

Now we use the following theorem (from [2]).
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∆x

Qin
Qout

Qtot(x, t) Qtot(x + ∆x, t)

Figure 1: Homogeneous road section

Theorem: Let F be a real-valued continuous function in the neighbourhood of a given
point x∗. Let B(x∗, r) be a ball with a center in x∗ and a radius r. Then the following holds

lim
r→0

1

B(x∗, r)

∫
B(x∗,r)

F (x)dx = F (x∗).

By taking the limit, dividing by the road section ∆x (which plays the role of the ball)
and using the theorem we get

∂Q(x, t)

∂x
+
∂ρ(x, t)

∂t
= 0 (2.6)

which is the continuity equation in its form for the homogeneous type of roads.
The continuity equation (2.6) implies that the change of the density can be caused

only by the inflow and outflow. If the outflow is bigger than the inflow, then the term
∂Q
∂x

is negative and the density in the road section decreases. This situation describes

for example newly free traffic after a traffic jam. In the second case when the term ∂Q
∂x

is positive, the inflow is larger than the outflow and therefore change in the density is
positive. This describes growing traffic density which can cause a traffic jam.

Another approach of deriving by using the transport theorem can be found in [6].

2.2.3 Road with on- and off-ramps

Even though we will use for simplicity only the continuity equation for a homogeneous
type of roads we can show another forms of the equation which brings something new.

We consider that we have on-ramps and off-ramps. We say that the length of the on-
or off-ramp is Lramp, the number of lanes is I and the new flow from the side road is
Qramp.

Then the continuity equation has according to [1] the following form

∂ρ

∂t
+
∂(ρ V )

∂x
= νramp,

where νramp =
Qramp

Lramp I
.
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Qin
Qout

Qramp

Lramp

Figure 2: Road with on-ramp

From the relation for νramp we can observe that the quantity νramp is the larger the
shorter the area with ramp is. This absolutely corresponds to the idea how the drivers
join the traffic, because if we have shorter area to join, the density is increasing faster.
Also if there is a higher number of lanes, νramp is smaller. Again, this is natural, because
for a big number of lanes the new drivers can join the traffic more fluently and without a
big increase in density.

2.2.4 Change of the number of lanes

Qin
Qout

Lramp

Figure 3: Road with the change of number of lanes. The length Lramp is taken as the
distance from the traffic sign to the end of the lane.

For this third case we are forced to consider I(x) as number of lanes depending on
the location. I(x) can be any real positive number which indicates that if we have a
non-integer number of lanes, an integer number of lanes are fully used at location x and
one lane is about to be closed (or has been opened a few seconds ago). For example, if
we take I(x) = 3.1 it means that the fourth lane is used only 0.1 times than the others.
And moreover if I(x) tends to 3, the fourth lane is being closed.
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So the continuity equation for the road with a change of lanes is given by

∂ρ

∂t
+
∂(ρ V )

∂x
= −ρ V

I

dI

dx
.

The general form of the continuity equation (for details see [1]) is

∂ρ

∂t
+
∂(ρ V )

∂x
= −ρ V

I

dI

dx
+ νramp.

2.2.5 Continuity equation from the driver’s perspective

In order to introduce the equation from the driver’s point of view we need to show what
the Lagrangian description is. The previous theory was built on the so-called Eulerian
description where we watched the road section as observers. The Eulerian (spatial) de-
scription considers one point in a space which is watched from outside and through that
the particles (vehicles) pass. On the contrary, the Lagrangian description (material) de-
scribes one particle (vehicle), in fact we are interested in the trajectory of this particular
particle. More about the Lagrangian description can be found in [7].

The first step is to define the material derivative and find all the quantities which are
used in the continuity equation in terms of the Lagrangian coordinate. In order to do
this we change from the usual coordinate x to ξ(x, t), where x is the location and ξ is one
particular vehicle’s index. After a few computational steps we can arrive at the continuity
equation

∂h

∂t
+
∂v

∂ξ
= 0.

which holds for a homogeneous type of road. The quantity h represents the distance from
the front bumper of one vehicle to the front bumper of another one, we can write

ρ(x, t) =
1

h(ξ(x, t), t)
.

The quantity v represents the velocity.
For a general road section the continuity equation has the following form

∂h

∂t
+
∂v

∂ξ
= h2

( v

h I
I ′(x)− νramp

)
.

The precise derivation can be found in [1].
The Lagrangian approach is sometimes used instead of the Eulerian one, because we

can directly watch a specific particle (whether it is a particle of a fluid or a vehicle).
Lagrangian coordinates can help when we need to describe the traffic ’from inside’.

However, in the text we will use only the first approach, because it will fit better on
the problems that will be discussed. In the whole text everything (besides the continuity
equation in Lagrangian coordinates) is taken from the macroscopic point of view.
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3 Solution to LWR models

The continuity equation is without any doubts the most important equation in the theory
of the traffic flow. There are many models that consider besides the continuity equation
one more equation called acceleration equation. For those who are familiar with the flow
of fluids, the acceleration equation is very similar to the Navier-Stokes equations and the
continuity equation remains the same (for the homogeneous type of road). Such models
are called second order models. Some of them are mentioned in [1].

However, there is a class of models that consider only the continuity equation to sim-
ulate the traffic flow. Such models are called LWR models (Lightwill-Whitham-Richards
models). In this section we will discuss these models, we will demonstrate our findings on
selected problems.

3.1 Formulation of LWR

Lightwill-Whitham-Richards models (or so called first order models) are specific for its
formulation. They consist only of the continuity equation which has the following form

∂ρ(x, t)

∂t
+
∂Q(ρ(x, t))

∂x
= 0.

This equation can be, thanks to the corresponding flow-density relation (2.3), i.e.

Q(ρ(x, t)) = ρ(x, t)V (ρ(x, t)).

rewritten as
∂ρ(x, t)

∂t
+
∂ (ρ(x, t)V (ρ(x, t)))

∂x
= 0.

Note that this equation is suitable only for the case where the road is homogeneous
without any ’obstacle’. The general equation is of the form

∂ρ

∂t
+
∂ (ρ V )

∂x
= −ρ V

I

dI

dx
+ νramp.

The LWR models are specific for their relations between the density and the velocity.
They assume that the velocity is a function dependent on the density and we call such
function a velocity function. We have a lot of options how to choose the velocity function
and after choosing one we can substitute to the continuity equation and get one of the
LWR models. So the LWR models are a class of models that differ only by velocity
function.

3.2 Velocity function

To solve, or at least to see how a LWR model looks like, we need to choose the velocity
function.

One of the pioneering approaches is the Greenshields’ model with the Greenshields’
velocity function

Vg(ρ) = Vfree

(
1− ρ

ρmax

)
,

where the speed of the vehicles Vg(ρ) is given by the density ρ, the maximal density ρmax
which is usually taken as the density typical for the congested traffic and the velocity
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Vfree which is typical velocity for the free traffic; ρmax and Vfree are positive constants.
The relation between the velocity and the density is linear.

Another models often used are given by these relations

Vsq(ρ) = Vfree

(
1−

(
ρ

ρmax

)2
)
,

Vexp(ρ) = Vfree exp

(
− ρ

ρopt

)
,

Vln(ρ) = Vfree ln

(
ρmax
ρ

)
.

For simplicity, we will also use the velocity function of the following form

Vsq2(ρ) = Vfree

(
ρ

ρmax
− 1

)2

.

The parameter ρopt is the optimal density. The corresponding graphs of these velocity
functions are depicted in the figure 4. There are much more velocity functions, some
mathematicians even consider the same velocity functions we had before, but with Vmax
instead of Vfree etc.
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Figure 4: Velocity function for the Greenshields’ model, the exponential, the logarithmic
and quadratic both concave and convex velocity function for given data: ρopt = Vfree = 1.

Another type of velocity function is given by the diffusion model which takes into
consideration the behaviour of drivers. This model consists of the density term from the
Greenshield’s model and of the diffusion term

Vd(ρ, ρ
′) = Vfree

(
1−

ρ

ρmax

)
− Dv

ρ

(
∂ρ

∂x

)
,
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where Dv denotes the diffusion coefficient.
There were proposed more types of velocity functions, each of them can be used and

each can be meaningful for a specific road sections or for a specific behaviour of the drivers.

3.3 Method of characteristics

The LWR model is represented by a partial differential equation with respect to time t
and spatial coordinate x. It is defined in two dimensional space and we are able to solve
it by the method of characteristics and sometimes find the exact solution.

Now let us show the method of characteristics by taking the continuity equation for
the homogeneous road section. In order to apply the method we need besides the equation
an initial condition on the function ρ. Thus we solve the initial value problem (Cauchy
problem)  ∂ρ(x, t)

∂t
+Q′(ρ)

∂ρ(x, t)

∂x
= 0,

ρ(x, 0) = ρ0(x).
(3.7)

We can directly apply the method of characteristics (the following is based on the
theory from [3]). From the partial differential equation we can see that these are the
characteristic equations

dt

ds
= 1,

dx

ds
= Q′(z),

dz

ds
= 0

with the initial data

t(x0, 0) = 0,

x(x0, 0) = x0,

z(x0, 0) = ρ0(x0).

From the characteristic equations we are able to express by integrating t and z

t(x0, s) = s+ c1(x0),

z(x0, s) = c3(x0), (3.8)

where c1(x0) and c3(x0) are constants with respect to the parameter s that come from the
integration. If we use the initial conditions we get

c1(x0) = 0,

c3(x0) = ρ0(x0). (3.9)

Now we can derive the expression for x(x0, u)

x(x0, s) = Q′(z) s+ c2(x0)
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that can be, using (3.8) and (3.9), rewritten as

x(x0, s) = Q′(ρ0(x0)) s+ c2(x0).

We can express s = t(x0, u) and get

x(x0, t) = Q′(ρ0(x0)) t+ c2(x0).

Taking the initial condition into consideration, we obtain

x(x0, t) = Q′(ρ0(x0)) t+ x0. (3.10)

The last expression (3.10) defines the characteristic curves along which the solution is
constant. These characteristics are straight lines and each of them passes through x0.

The characteristic curves can have different slopes and therefore we distinguish a few
cases. The first is when the characteristic curves have the same slope. In such situation
we have a solution defined everywhere. The second case is when the characteristics do
not have the same slope and intersect in a positive time. In this situation points of
discontinuities develop and the solution is defined up to these points only. The third case
is when the characteristics do not have the same slope but they do not cross each other
in a positive time.

In the next section we will discuss particular problems that show the characteristic
curves and possible intersections.

To express the solution from the characteristic curves we can denote v as the points
x0 and since ρ(x, t) = ρ0(v) we get

t = u,
x = Q′(ρ0(v))u+ v,
ρ = ρ0(v).

(3.11)

which is the parametric expression for the solution to the Cauchy problem (3.7).

3.4 Existence and uniqueness

Method of characteristics for finding the solution to the LWR model works very well if
the characteristics do not cross each other.

Let us say something about the existence and also the uniqueness of the Cauchy prob-
lem. As we have seen in the second section the Cauchy problem (3.7) has a unique solution
under some conditions. The conditions, i.e. that all the functions are analytic, are sat-
isfied. However, the unique solution is, according to the Cauchy-Kowalewskaya theorem,
defined only for some neighbourhood of the t = 0. Our aim is to study the neighbourhood.
In particular, we intend to determine the minimal time, when characteristics cross and
the existence and uniqueness of the solution is broken for certain x.

3.5 Intersections of characteristics

In this section we will discuss the time until which we can find the solution for every x. As
we have seen the solution does not have to be defined for the whole time. In those points
where the characteristic curves intersect we speak of points of discontinuities. Until these
points we can define the solution. But in the points of discontinuities a so-called shock
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appears. Therefore we denote the time when the characteristic curves intersect tshock. At
the time tshock a shock develops and after that moment the LWR model with an initial
traffic density cannot describe the traffic flow.

Let us look at the figure 5. There are two characteristic curves with the initial states
in x1 and x2. The distance between the two characteristics at a certain time t is given by

d(x1, x2, t) = |Q′(ρ0(x1)) t+ x1 −Q′(ρ0(x2)) t− x2|.

The function inside the absolute value is positive for t < tshock and negative for t > tshock.
The point where the characteristics cross each other is the intersection and the distance
is equal to zero.

x2

x1

t

x

+
0

+

tshock

Figure 5: Characteristic curves and the sign of the values of the function d2(t)

Now consider the distance function d(x1, x2, t) squared and look at the figure 5. The
function

d2(x1, x2, t) = [Q′(ρ0(x1)) t+ x1 −Q′(ρ0(x2)) t− x2]
2

is positive both on the left and on the right side of tshock. This function is never negative
and the only point where it is equal to zero is exactly the shock time.

So we have a function dependent on three variables x1, x2 and t and our goal is to
find the minimum of the function and determine the shock time tshock.

To find the minimum we need to make the derivatives of d2(x1, x2, t) with respect to
x1, x2 and t and equate these derivatives to zero. So we have

∂d2

∂x1

= 2 (Q′(ρ0(x1)) t+ x1 −Q′(ρ0(x2)) t− x2) (Q′′(ρ0(x1)) ρ′0(x1) t+ 1) = 0,

∂d2

∂x2

= 2 (Q′(ρ0(x1)) t+ x1 −Q′(ρ0(x2)) t− x2) (−Q′′(ρ0(x2)) ρ′0(x2) t− 1) = 0,

∂d2

∂t
= 2 (Q′(ρ0(x1)) t+ x1 −Q′(ρ0(x2)) t− x2) (Q′(ρ0(x1))−Q′(ρ0(x2))) = 0.

From these equations we can see that we have two options how to solve this system. The
first is that

Q′(ρ0(x1)) t+ x1 −Q′(ρ0(x2)) t− x2 = 0 (3.12)

and the second one 
Q′′(ρ0(x1)) ρ′0(x1) t+ 1 = 0,
−Q′′(ρ0(x2)) ρ′0(x2) t− 1 = 0,
Q′(ρ0(x1))−Q′(ρ0(x2)) = 0.

(3.13)

24



From these two problems we can find the points x1 and x2 and using them we can
determine the shock time for specific problems with a given velocity function and a given
initial traffic density. The shock time can be, sometimes, found very easily. However in
some cases the procedure is not so easy and we are forced to use a suitable software.

Now we can derive the shock time in general. Let us take the first option (3.12). From
there we have

(Q′(ρ0(x1))−Q′(ρ0(x2)) ) t+ x1 − x2 = 0.

We can isolate the variable t under the condition that Q′(ρ0(x1)) 6= Q′(ρ0(x2)), we have

t =
x2 − x1

Q′(ρ0(x1))−Q′(ρ0(x2))
. (3.14)

To find the minimum of the time t, we need to make the derivatives with respect to x1

and x2 and put them equal to zero

∂t

∂x1

=
− (Q′(ρ0(x1))−Q′(ρ0(x2)) )− (x2 − x1)Q′′(ρ0(x1)) ρ′0(x1)

[Q′(ρ0(x1))−Q′(ρ0(x2))]2
= 0,

∂t

∂x2

=
Q′(ρ0(x1))−Q′(ρ0(x2)) + (x2 − x1)Q′′(ρ0(x2)) ρ′0(x2)

[Q′(ρ0(x1))−Q′(ρ0(x2))]2
= 0.

Both equations can be modified to

−(Q′(ρ0(x1))−Q′(ρ0(x2)) )− (x2 − x1)Q′′(ρ0(x1)) ρ′0(x1) = 0,

Q′(ρ0(x1))−Q′(ρ0(x2)) + (x2 − x1)Q′′(ρ0(x2)) ρ′0(x2) = 0

and under the condition x1 6= x2 we can divide by x2 − x1. Then we obtain

−
Q′(ρ0(x1))−Q′(ρ0(x2))

x2 − x1

−Q′′(ρ0(x1)) ρ′0(x1) = 0, (3.15)

Q′(ρ0(x1))−Q′(ρ0(x2))

x2 − x1

+Q′′(ρ0(x2)) ρ′0(x2) = 0. (3.16)

By substituting (3.14) to (3.15) and (3.16) we get

1

t
= −Q′′(ρ0(x1)) ρ′0(x1),

1

t
= −Q′′(ρ0(x2)) ρ′0(x2).

By comparing the two equations we have that

t = −
1

Q′′(ρ0(x1)) ρ′0(x1)
= −

1

Q′′(ρ0(x2)) ρ′0(x2)
. (3.17)

By this approach we could find all the points x1 and x2 that satisfy both the equation
(3.17) and under the conditions Q′(ρ0(x1)) 6= Q′(ρ0(x2)) and x1 6= x2. After finding such
points we could compute the corresponding time t when two characteristics which start
in points x1 and x2 intersect and we also could find the minimum.
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Now let us switch to the other option (3.13). From the second equation we can express
t as

t = −
1

Q′′(ρ0(x2)) ρ′0(x2)
(3.18)

and substitute to the first one, we obtain

Q′′(ρ0(x1)) ρ′0(x1) = Q′′(ρ0(x2)) ρ′0(x2).

From the third equation of the system we can see that

Q′(ρ0(x1)) = Q′(ρ0(x2)).

So we have detected that we can find the points x1 and x2 by minimizing the expression
(3.18). After finding such points while minimizing the time t we would see if the following
property Q′(ρ0(x1)) = Q′(ρ0(x2)) holds.

In conclusion, these two options are somehow eliminated to just one problem, i.e. to
minimize the function

tshock = −
1

Q′′(ρ0(v)) ρ′0(v)
, (3.19)

where v is an initial state for x. The first option allows us to find the intersections for the
characteristics with the initial states x1 and x2 and compute the time of the intersections.
But the second option finds directly the minimal time for the first intersection.

By minimizing the time (3.19) we mean maximizing the nominator which leads to
making the derivative of the nominator with respect to v and putting it equal to zero. So
we get

Q′′′(ρ0(v)) ρ′20 (v) +Q′′(ρ0(v)) ρ′′0(v) = 0. (3.20)

By solving the equation (3.20) we obtain the point v for which the time when the
characteristics intersect is the minimal possible. By substituting the exact value of the
point v to (3.19) we get the value of the shock time.

We have derived the shock time using the characteristics. Now we will verify it by
using another method, i.e. the solution not the characteristic curves. We can imagine that
the solution is defined until ρ(x, t) is unique . So putting the derivative (with respect to
x) of the solution ρ(x, t) equal to infinity means to find the time from which the solution
is not defined.

Take the parametric expression for the solution (3.11). By making the derivative of ρ
and x with respect to v we get

dx

dv
= Q′′(ρ0(v)) ρ′0(v)u+ 1,

dρ

dv
= ρ′0(v).

Then the derivative of ρ with respect to x is given by

dρ

dx
=

ρ′0(v)

Q′′(ρ0(v)) ρ′0(v)u+ 1
.

We need to have the derivative equal to infinity in order to find the time, when the density
ρ(x, t) starts to tilt. So we have

ρ′0(v)

Q′′(ρ0(v)) ρ′0(v)u+ 1
→∞.
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From this equation we can observe that the denominator must be zero

Q′′(ρ0(v)) ρ′0(v)u+ 1 = 0.

If we express the variable u which represents the time we obtain

u = −
1

Q′′(ρ0(v)) ρ′0(v)
,

which is exactly the same result as (3.19).
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4 Particular LWR models

The LWR models are not complete without the velocity functions. In order to investigate
specific models we will introduce four different types of velocity function. We will discuss
the form of the solution, we will show the expressions for the characteristics, derive the
shock time and find some conditions on the initial density under which we will be able
to define the shock time. The results from this section will be applied directly to some
problems introduced later.

4.1 Quadratic concave velocity function

In this section we will introduce the LWR model with a quadratic concave velocity function
of the form

Vsq(ρ) = Vfree

(
1−

(
ρ

ρmax

)2
)
.

We will proceed the steps in the method of characteristics. Then we will discuss the
solution to the problem and also a shock that will develop.

We will see that we can also make some conclusions about the initial density and find
the relation between the initial traffic density and the shock time.

4.1.1 Formulation

To show how the LWR model describes the traffic flow we use the method of characteristics
and show the characteristic curves.

Without loss of generality we can set Vfree = 1 and ρmax = 1, so we use the velocity
function of the following form

Vsq(ρ) = 1− ρ2.

We obtain the following problem ∂ρ

∂t
+ (1− 3 ρ2)

∂ρ

∂x
= 0,

ρ(x, 0) = ρ0(x).
(4.21)

4.1.2 Method of characteristics

We will solve the problem (4.21) by the method of characteristics. According to the
previous section 3.3 where we looked for the characteristic curves in a general case we
now get

x(x0, t) =
(
1− 3 ρ2

0(x0)
)
t+ x0,

where x(x0, t) are the characteristic curves which depend on the initial state x0 and the
time t.The characteristic curves are straight lines. From the characteristics we can find
the solution ρ(x, t) that can be written in its parametric form

u = t,
x = (1− 3 ρ2

0(v)) u+ v,
ρ = ρ0(v).

(4.22)
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4.1.3 Shock

We have seen that the traffic can according to the LWR model collapse and in such cases
we cannot define the solution. So in this chapter we will imagine a situation with a general
initial traffic density and the quadratic velocity function and we will determine the time
(shock time) when the traffic collapses.

In the section 3.5 we have seen the method how to find the shock time for a general
case with no specific velocity function. Now we take the quadratic velocity function and
derive the shock time. According to the general case we need to minimize the function

d2(x1, x2, t) =
[
(1− 3 ρ2

0(x1)) t+ x1 − (1− 3 ρ2
0(x2)) t− x2

]2
which represents the squared distance of two characteristic curves with the initial states
x1 and x2.

We proceed the same steps as in the section 3.5 and according to (3.19) we obtain

tshock =
1

6 ρ0(v)ρ′0(v)
, (4.23)

where v is an initial state for x.
Then the point v which determine the shock time is according to the (3.20) given by

the equation
ρ′20 (v) + ρ0(v) ρ′′0(v) = 0 (4.24)

4.1.4 Initial traffic density

Before using this model for particular situations we can discuss when the shock time can
be determined and if there are some situations for which we cannot find the shock time.

Firstly, let us consider the traffic density ρ(x, t) positive in order to simulate real
situations in which we are interested. Note that zero initial traffic density does not bring
any interesting results.

If we look at the equation (4.24) we can see that

ρ′20 (v) = −ρ0(v) ρ′′0(v). (4.25)

The initial density ρ0(x) is a positive function. From (4.25) we have that since also ρ′20 (v)
is always positive for all x in order to find the shock time we want

ρ′′0(v) < 0

to be valid for some v. Under this condition we might be able to determine the shock
time. However, even if it is a necessary condition it is not a sufficient condition.

We have another condition which come from the expression for t (4.23). We can see
that when we want t to be positive, we need to have

ρ′0(v) > 0

for some v.
So the initial traffic density must be, at the points which define the shock time, in-

creasing and concave. If the initial density is not increasing and concave in any point,
then we can say that we cannot determine the shock time.
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We can make another conclusion from (4.22). If

ρ2
0(v) =

1

3
then the solution to the Cauchy problem is independent of time and it depends only on
the initial state v. This means that the density in a particular place will stay the same in
time. For some other values of initial densities this does not happen and the density will
’move’ forward or backward with time. We will illustrate this result later in particular
problems.

4.2 Greenshields’ velocity function

In this section we will briefly introduce the Greenshields’ model which is the simplest
option how to describe the relation between the velocity and the traffic density. The
Greenshields’ velocity function is linear and it has the following form

Vg(ρ) = Vfree

(
1−

ρ

ρmax

)
.

Without loss of generality we take the parameters Vfree = 1 and ρmax = 1, so we have a
simple relation

Vg(ρ) = 1− ρ.

4.2.1 Formulation, method of characteristics, shock

Take the continuity equation and the linear velocity function. After substituting and
adding the initial condition on the traffic density we get ∂ρ

∂t
+ (1− 2 ρ)

∂ρ

∂x
= 0,

ρ(x, 0) = ρ0(x).

In comparison with the quadratic velocity function, the Greenshields’ model has the
partial differential equation simpler.

Using the method of characteristics we are able to arrive at the characteristic curves

x(x0, t) = (1− 2 ρ0(x0)) t+ x0

and the solution in its parametric form
u = t,
x = (1− 2 ρ0(v)) u+ v,
ρ = ρ0(v).

(4.26)

In order to derive the shock time we can follow the same steps as in the case of the
quadratic concave velocity function and we obtain the following expression

tshock =
1

2 ρ′0(v)
. (4.27)

By minimizing the time we mean maximizing the denominator which leads to the equality

ρ′′0(v) = 0. (4.28)

By solving this equation and substituting to (4.27) we can get the shock time. We can
observe taht the points which determine the shock time are exactly the inflection points
of the initial traffic density
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4.2.2 Initial density

From (4.28) we have seen that the initial density must have an inflection point in order
to have the opportunity to find the shock time.

Another condition come from (4.27), we can observe that the derivative of the initial
density must be for some v positive

ρ′0(v) > 0

in order to obtain a positive time.
In conclusion, the initial density ρ0(v) must be an increasing function for some v and

v must be an inflection point. Then we might be able to define the time when a shock
appears. We can make a comparison with a quadratic velocity function. In order to
determine the shock time we need an inflection point, in the quadratic case we need a
concave part of the initial density. Since the initial density has an upper and lower bound
(ρmax = 1 and 0 respectively), we know that whenever the initial density has a concave
part it also has an inflection point and vice versa.

From this discussion we can make a nice result, whenever the problem with the
quadratic velocity function can have a shock time we know that also the problem with the
Greenshield’s velocity function can have a shock time and vice versa. The only difference
is that the value of the shock time is not the same for the two cases.

Another observation can be made from the parametric expression for the solution
(4.26). If the initial density is for some x equal to 1

2
the solution depends only on the

initial state and not on time. This is very similar result to that in the section 4.1.4.
Depending on the initial density we can stay with three situations. The first is when the
initial density will ’stay’ and will be independent of time for some x, the second one is
when the initial density will move forward and the third is moving backward. We can
imagine that such an initial density which does not remain the same for any v has to
be less than 1

2
for all the time or higher than 1

2
for all the time. When any x satisfies

ρ0(x) = 1
2

then the density will remain for that x with the same value.

4.3 Exponential velocity function

In this section we will introduce a velocity function of exponential type, we will proceed
the method of characteristics, find the solution and also the shock time. At the end we
will discuss the initial density.

Let us choose the velocity function of the form

Vexp(ρ) = Vfree e
− ρ
ρopt .

Without loss of generality we can choose the parameters Vfree = 1 and ρopt = 1. Then
we can work with Vexp(ρ) = e−ρ.

4.3.1 Formulation, characteristics, shock time

The problem we need to solve is the following ∂ρ

∂t
+ e−ρ (1− ρ)

∂ρ

∂x
= 0,

ρ(x, 0) = ρ0(x).
(4.29)
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According to the general form of the characteristic curves (3.10) and the solution
(3.11) we can write

x(x0, t) = e−ρ0(x0) (1− ρ0(x0)) t+ x0

and the solution to the Cauchy problem (4.29) is
u = t,
x = e−ρ0(v) (1− ρ0(v)) u+ v,
ρ = ρ0(v).

(4.30)

The expression for the shock time is

tshock =
1

e−ρ0(v) ρ′0(v) (2− ρ0(v))
. (4.31)

To minimize the time we maximize the nominator and we get an equation that determines
the point x which after substituting to (4.31) gives the value for the shock time. The
mentioned equation has the following form

(2− ρ0(v)) ρ′′0(v) = (3− ρ0(v)) ρ′20 (v). (4.32)

4.3.2 Initial density

One condition on the initial density comes from (4.31). We can observe that in order
to get a positive finite time we need to have the initial traffic density increasing. The
nominator of (4.31) must be positive and so since the exponential is never negative and
the initial density is less or equal than one we have that

ρ′0(v) > 0

for some v.

Another condition comes from the equation (4.32) which says that if ρ0(v) = 1 then

ρ′′0(v) = 0.

This is a similar result which we have for the Greenshields’ model. In the case that
0 < ρ0(v) < 1 we have that the sign of the functions ρ′′0(v) and ρ′20 (v) is the same and
since ρ′20 (v) is always non-negative we have

ρ′′0(v) ≥ 0

for some v.

We have seen that in the case of the exponential velocity function the condition under
which we are able to find the point that determines the shock time is given by the fact
that the initial density must be increasing and convex for that point (or it can be exactly
the inflection point).

From (4.29) or also from (4.30) we have that if ρ0(v) = 1 then the solution is indepen-
dent of time and the value of the density is given only by the initial state of x.
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4.4 Quadratic convex velocity function

Since the exponential velocity function has one disadvantage, namely we assume that the
vehicles can still move and go on with a low speed even if the maximal density is achieved,
we should take a model with another velocity function. The logarithmic one is better,
however, in that case we would assume that the vehicles can move with any velocity (even
infinitely large) which is in contradiction with the real traffic flow. Therefore we choose
the quadratic velocity function (it has similar qualitative properties as the two mentioned
velocity functions) of the following form

V (ρ) = (ρ− 1)2.

Note that the parameters Vfree and ρmax are already set on value 1.

4.4.1 Formulation, method of characteristics, shock

The problem with the new velocity function is given by ∂ρ

∂t
+ (3 ρ2 − 4 ρ+ 1)

∂ρ

∂x
= 0,

ρ(x, 0) = ρ0(x).
(4.33)

The characteristic curves are according to (3.10)

x(x0, t) =
(
3 ρ2

0(x0)− 4 ρ0(x0) + 1
)
t+ x0

and the solution using (3.11) to the Cauchy problem is
t = u,
x = (3 ρ2

0(v)− 4 ρ0(v) + 1) u+ v,
ρ = ρ0(v).

The shock time is given by the expression

tshock = −
1

ρ′0(v) (6 ρ0(v)− 4)
(4.34)

and the equation for finding the right initial state that determines the shock time is

ρ′′0(v) (3 ρ0(v)− 2) + 3 ρ′20 (v) = 0. (4.35)

4.4.2 Initial density

From (4.34) we can make a conclusion that we could define the shock time both if the
initial density is increasing and if the initial density is decreasing. If the initial density
satisfies

0 < ρ0(v) <
2

3

then since the term (6 ρ0(v)− 4) is negative we have

ρ′0(v) > 0.
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And when
2

3
< ρ0(v) < 1

then we arrive at
ρ′0(v) < 0.

In conclusion, the initial density needs to be increasing if 0 < ρ0(v) < 2
3

for some v to
have a positive shock time. And the initial density needs to be decreasing if 2

3
< ρ0(v) < 1

for some v to define a positive shock time.
Moreover, if the initial density

ρ0(v) =
2

3
then we can say for sure that this point v does never determine the shock time. This
result is very interesting because we have found such velocity function which does not
give a shock for some v.

The second condition is given by (4.35). We can observe that since the initial density
is between zero and one and the term ρ′20 (v) is always positive, we have that

ρ′′0(v) < 0.

We have found out that the initial density has to be concave at least for some v to be
able to evaluate the shock time. This result is quite different from the previous ones in
sections 4.1.4 and 4.2.2 where the initial density had to be convex or have an inflection
point.

From (4.33) we have that if

ρ0(x) = 1 or ρ0(x) =
1

3

the solution does not depend on time. This result will be shown later for particular
problems. We will see that if the initial density does not reach the value 1 and is always
higher than 1

3
then the density will change for all the points x.

4.5 Precautions

In this section we show some results which come from the relations for the shock times
and the initial densities. We try to make some precautions to postpone the shock time.
We can start with a comparison of the shock times for a given velocity functions, let us
remind the relations we derived.

The shock time for the concave quadratic velocity function is

tqv =
1

6 ρ0(v) ρ′0(v)
,

the shock time for the Greenshields’ model is

tgr =
1

2 ρ′0(v)

and the shock time for the quadratic convex velocity function

tqx =
1

−ρ′0(v) (6 ρ0(v)− 4))
.
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In our considerations we skip the exponential velocity function because of the reason we
have already mentioned, i.e. the exponential assumes that even if the traffic density is the
maximal possible, the vehicles can still move forward, moreover, the model does not have
a maximal density at all (see figure 4) which is in the contradiction with the common real
traffic. For simplicity we set the maximal traffic density on 1 for all models, which means
that the vehicles cannot move at all.

Since each of the model can give different values of the points v that determine the
shock time and different values of the shock time itself, we could theoretically be able to
choose one of them and apply directly on a given situation. The choice would be given by
the fact which of the shock times is the maximal. In order to postpone the shock as much
as possible, we could monitor the traffic and compute the shock times and according to
the current situations we would choose a suitable velocity function.

We have seen that for some velocity functions, namely the quadratic convex one, it
can happen that the shock does not appear (for some point v). This result could lead to
creating such velocity function which would not allow the shock to develop for more than
one point v.

Nevertheless, even if these theoretical results are correct, we are not able to force the
drivers to follow exactly one particular velocity function. Every driver behaves differently
and we cannot order them how to drive and how to change their style of driving. What
is more probable is that we could have special devices in cars which would measure the
traffic and according to the traffic density it would choose one velocity function. As for
the realization, this is more possible than the previous approach.

However, how we could be able to control the traffic is to change the speed limits on
the road according to a current traffic density. From the formulas for the shock times we
can observe that for some initial densities the shock can appear quite early and for some
others the shock could develop later. Let us imagine two different initial densities, one
with low values and small slopes and the second one with various values and large slopes.
If the shock occurs in both cases, we can say that the second situation causes a shock
sooner than the first one.

An interesting finding about the quadratic convex velocity function is that for very
high increasing initial density (ρ0(x) > 2

3
) the shock does not appear at all. This means

that we need to keep the traffic density without large and fast growth. It is better if the
density is higher than when the density is low and increases rapidly.

So while we would watch the traffic, we could change the speed limits on some sections
where it would be appropriate. Let us consider a situation with the exponential initial
density. In the first part of the road, where the density is not so high, we could decrease
the top speed and force the drivers to slow down so that they catch the cars in front of
them later or even never. We could also increase the speed limit in the last part of the
road in order to let the traffic become free as soon as possible. The realization of this
regulation is more possible than the regulation with the ideal velocity function. It requires
some electronic devices along the road to show the drivers the current speed limits and
some devices to record and measure the current traffic density. In some countries such
regulations are already in progress. It appears during some road works, during a traffic
jam, when it starts to rain etc.

The exact values of shock times will be computed for particular problems in the next
section. We will see how much the shock could be postponed if we modify a given initial
traffic density. We will also compare the three LWR models.
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5 Problems

In this part of the thesis we will utilize the models that were introduced in the section 4
and we will apply the derived formulas on particular problems. We choose some initial
traffic densities, compute the times when shocks appear and illustrate the solution for
given problems. We will see that the results will correspond to the theory from the
chapter 4 and we will point out some interesting facts.

Note that in the following text we will keep the notation x0 for the point which
determine the shock time (instead of v) and for the shock times we will use the notation
tqv, tgr and tqx as it was denoted in 4.5.

5.1 Initial density of type sin(x)

In this section we will utilize the function sinus as an initial traffic density and we will
create problems modelled by the LWR models with three types of velocity functions. The
first part will show one particular problem for three LWR models and the second part of
this section will discuss the function sinus from more general point of view.

5.1.1 Basic case

In the first problem we will handle with the initial traffic density of the form

ρ0(x) =
1

2
(sin(x) + 1).

Some important facts are displayed in the table 1.

ρ0(x) = 1
2

(sin(x) + 1)
vel. function tshock equation for x0

1− ρ2 tcv =
2

3 (sin(x0) + 1) cos(x0)
2 sin2(x0) + sin(x0)− 1 = 0

1− ρ tgr =
1

cos(x0)
sin(x0) = 0

(ρ− 1)2 tcx =
− 2

cos(x0) (3 sin(x0)− 1)
−6 sin2(x0) + sin(x0) + 3 = 0

Table 1: Velocity functions with the equation for finding the point x0 in order to determine
tshock.

We can use the equations from the table 1 to compute the points x0 and then substitute
them to the formulas for the shock times displayed also in the table 1.

From the theory about the shock time we know that we have to solve the equations
from the table 1. The solutions to them are shown in the following table 2. Note that the
equations (table 1) for finding those points x0 that determine the shock times have more
than one solution. We choose the ones which are suitable, it means which give a positive
shock time. We can substitute the computed values of x0 to the expression for the shock
times and we get the times shown in the table 2.

We can see the differences in the times when shocks appear. It is clear that in the
case of this particular initial density the best velocity function from these three is the
Greenshields’ because it gives the largest shock time.

36



ρ0(x) = 1
2

(sin(x) + 1)
vel. function x0 tshock

1− ρ2 π/6 + 2 k π 0.51
1− ρ k π 1

(ρ− 1)2
1

12
±
√

73

12
+ 2 k π 0.89

Table 2: Velocity functions with the computed points which give the shock times.
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Figure 8: Evolution of ρ, model with 1− ρ2. Time 0 ≤ t ≤ 0.8, space −π ≤ x ≤ π.
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For the Grienshields’ model (figure 7) we can see that ρ(x, t) at time t = 1 has the
derivative with respect to x equal to infinity (the shock time derived using this idea was
mentioned in the section 3.5). This means that in one point on the road the traffic density
rapidly increases and the traffic flow stops. We can remark that from the evolution of ρ
we can directly see that until the time t = 1 we are able to define the solution but after
this time the shock appears and we cannot define it. Another fact that was shown in the
section 3.5 is that the solution is independent of time where ρ0 = 1

2
. This is also clear from

the figure 7 where all the curves for given times intersect exactly when ρ0(x) = ρ(x, t) = 1
2
.

The quadratic concave velocity function (figure 6) has the shock at time approximately
0.51 and we can see very similar behaviour of the evolution of ρ as in the case of the
Grienshields’ model.

plot
3

4
$ sin v C1

2
K2$ sin v C1 C1 $1.5C v,

1

2
$  sin v C1 , v =Kπ ..π , 

3

4

$ sin v C1
2
K2$ sin v C1 C1 $0.89 C v,

1

2
$  sin v C1 , v =Kπ ..π , 

3

4
$ sin v

C1
2
K2$ sin v C1 C1 $0.5 C v,

1

2
$  sin v C1 , v =Kπ ..π ,

3

4
$ sin v C1

2
K2

$ sin v C1 C1 $0 C v,
1

2
$  sin v C1 , v =Kπ ..π , linestyle = dashdot, dash, dot, solid ,

color = green, blue, red, black

t = 1.5 t = 0.89 t = 0.5 t = 0

x

K3 K2 K1 0 1 2 3

ρ

0

0.2

0.4

0.6

0.8

1

plot
3

4
$ sin K0.1 C1

2
K2$ sin K0.1 C1 C1 $t K0.1,

3

4
$ sin K0.2 C1

2
K2$ sin

K0.2 C1 C1 $t K0.2, 
3

4
$ sin K0.5 C1

2
K2$ sin K0.5 C1 C1 $t K0.5, 

3

4

$ sin K0.7 C1
2

K2$ sin K0.7 C1 C1 $t K0.7 , t = 0 ..1.2

Figure 9: Evolution of ρ, model with (ρ− 1)2.

The figure 8 displays a three-dimensional evolution of ρ(x, t) to the problem given
by the quadratic concave velocity function. Note that ρ(x, t) is a solution only until the
shock time. In the foreground we can see ρ(x, t) at time t = 0.8 when the shock already
is in progress and the function ρ(x, t) is not a solution to the Cauchy problem any more.
In the background there can be ’glimpsed’ the initial traffic density.

In the figure 9 there is depicted the evolution of the traffic density for the model
with the quadratic convex velocity function. The curves ρ(x, t) have now quite different
qualitative behaviour but we can see that the shock develops as well. The independence
of time t of the solution is clear from the intersection for ρ(x, t) = ρ0(x) = 1

3
.

5.1.2 Example with parameter

We have seen a particular problem with a given initial density. Now let us take the initial
density of type

ρ0(x) =
1

2

(
sin
(x
a

)
+ 1
)
, (5.36)
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where a is a positive real number. Such an initial density gives us the opportunity to
compare many problems with different initial densities from one class.

Let us denote the points which we have to find as
x̂0

a
instead of x0 in order to have

better comparison between the previous example and this one.
After solving the equations (4.24),(4.28) and (4.35) (which are almost the same like

the equations in the table 1 with the difference that the equations are for the unknown
x̂0
a

instead of x0) we find out that

x̂0

a
= x0.

Using these points to the relations (4.23),(4.27) and (4.34) we get the values for the shock
times depending on the parameter a. The relations are displayed in the table 3.

ρ0(x) = 1
2

(
sin

(
x

a

)
+ 1

)
vel. function tshock

1− ρ2
2 a

3 (sin(x0) + 1) cos(x0)

1− ρ
a

cos(x0)

(ρ− 1)2
− 2 a

cos(x0) (3 sin(x0)− 1)

Table 3: Velocity functions with the shock times tshock.
plot

1

2
$ sin

x

2
C1 ,

1

2
$ sin x C1 , x =K2$Pi ..2$Pi, color = red, blue , linestyle = dash,

solid

1

2
$ sin

x

2
C1

1

2
$ sin x C1

x

K6 K4 K2 0 2 4 6

ρ
0

0.2

0.4

0.6

0.8

1

plot
1

2
$ sin

x

2
C1 , x =K2$π ..2$π

Figure 10: Initial densities and their graphs.

In conclusion, the shock develops with a linear dependence on the parameter a. The
larger the value of the parameter a is, the later the shock appears. We can show this
result on one example, take the problem in the section 5.1.1 and a problem with the initial
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density (5.36) with a = 2. The graphs of the two initial traffic densities are depicted in
the figure 10.

We can remark that when the density does not change very much and the slope is
smaller then the shock can appear later. For the the initial density from the previous
example we had, for instance for the Greenshields’ model, the shock time tgr = 1. In the
case of the second initial density it would be tgr = 2. This difference is very big if we
realize that in the real traffic it means that the shock can arise in a couple of minutes for
the original initial density or in twice longer time for the modified initial density.

5.1.3 Low initial density

Until now we have seen only the cases with the initial densities that attain all the values
between the minimal and the maximal possible (zero and one respectively). In this section
we show one example with the following initial density

ρ0(x) =
1

8

(
sin
(x

2

)
+ 2
)

(5.37)

whose maximal value is less than 0.4 and minimal is higher than 0. The figure 11 shows
the corresponding evolutions to the problem with the initial traffic density (5.37) and the
quadratic concave velocity function .

We can see that, in the contrast with the previous examples, the initial curve ’travels’
forward and there is not such a point where all the curves intersect. This is in accordance
with the fact we have pointed out in the section 4.2.2, i.e. the solution is independent of
time if ρ0(v) = 1

2
for some v. In this particular case such a point does not exist and so

the solution ρ(x, t) always depends on time.

Another fact we can notice is that the time when the shock develops is not as short as
in the previous cases. For the first example (section 5.1.1) the time was for the quadratic
concave velocity function 0.51. Now we have approximately 9.69 which means that the
shock arises in 19× longer time period. In practice this means that if the shock should
appear in ten minutes for the original initial density, for this low initial density it appears
in three hours and ten minutes. This result is very strong and we can see that if we
influence the traffic density such that it is lower then the shock is postpone very much.

The solution and the evolution of the density to the Greenshields’ model is not inde-
pendent of the time as well. The graph looks very similar to the one in the figure 11, so
we can afford to skip it.

In the figure 12 we can see the evolution of the density to the problem given by the
same initial density but with the quadratic convex velocity function.

The biggest difference in comparison with the quadratic concave velocity function is
that the solution is now independent of time for some v. This is clear from the figure
where all the curves representing the solutions and evolution in time cross each other at
one point (in fact there are two places where they intersect, always for ρ0(x) = 1

3
).

Another detection we can make is that in this case the shock appears earlier than for
the quadratic concave model. But it is still much later than it would be for an initial
density with big differences in a short space interval and various values. The conclusion
is that the low values of the initial density causes bigger time intervals to the shock.
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Figure 11: Evolution of ρ, 1− ρ2.
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Figure 12: Evolution of ρ, (ρ− 1)2.

5.1.4 High initial density

This part will show the solution to such initial density that is higher along the whole road
section and we will be able to compare it with the previous cases.

Consider

ρ0(x) =
1

8

(
sin
(x

2

)
+ 6
)
.

The maximum of this function is less than 0.9 and the minimum is higher than 0.6.

The solutions to the problem with the quadratic concave and convex velocity functions
are depicted in the figures 13 and 14. We can also see there what happens when the
solution is not defined.

We can see that in this case the curves ’travels’ backward and there is no point where
the curves for given times intersect. As for the Grienshields’ model the solution looks very
similar, there also is not any point for which the curves intersect. This fact corresponds
to the theory about the initial density (sections 4.1.4, 4.2.2 and 4.4.2.) We can observe
that the values of the time to the shock are high which is caused by the fact that the
slope of the initial density is not much steep. The result for high initial density is very
similar to that with low initial density. The shock time is also postponed.

5.1.5 Summary

The problem with the initial traffic density of type sin(x) gives us an idea how the model
can describe the traffic flow. We have demonstrated that if the initial density passes the
value which leads to the independence of time, then the solution remains for all the values
of time at that point the same.

On the contrary, when the initial density is always lower then the solution ’move’
forward and the shock develops much later. But if the initial traffic density is always
higher then the solution ’travel’ backward and the time interval to the shock is again
longer.
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Figure 13: Evolution of ρ, 1− ρ2.
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Figure 14: Evolution of ρ, (ρ− 1)2.

This result could be used for regulation the traffic flow. We have learnt that it is
important to have the values of the initial density quite close to each other and it is not
good to have big slopes. Even if the initial density is very high it is better than when it
rapidly increases from zero to one.

5.2 Gaussian initial density

In the first part of this section we will deal with the Gaussian initial density of the form

ρ0(x) = e−x
2

,

we show the shock times for three different LWR models and compare them. At the end
of the section we will introduce a set of problems given by a general initial density of the
Gaussian type and we will make some conclusions about the shock.

5.2.1 Basic case

Take the following initial traffic density ρ0(x) = e−x
2
. In order to obtain tshock for each

velocity function we need to solve the equations as before but this time with another
ρ0(x). After solving we would see that there are some points which do not satisfy the
positivity of the shock time, so we choose always the points that gives positive values.

In the table 4 we can check the values for the points x0 and the shock times for the
three models. In this case the most convenient model is the model with the quadratic
convex velocity function because it gives the latest option of the shock.

The corresponding evolutions of the initial traffic density are depicted in the figures
15, 16 and 18. We can see the points where the solution is independent of time; for the
quadratic velocity function there are two points where ρ0(v) =

√
3

3
, in the case of the

Greenshields’ model we can see two crossing points where ρ0(v) = 1
2

and for the quadratic
convex velocity function we have three points, for which the solutions for different times
intersect, where ρ0(v) = 1

3
and ρ0(v) = 1.
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ρ0(x) = exp(−x2)
vel. function x0 tshock

1− ρ2 −1
2

0.27

1− ρ −
√

2
2

0.58
(ρ− 1)2 −1.16 0.68

Table 4: Velocity functions with the computed points which give the shock times.
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Figure 15: 1− ρ.
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Figure 16: 1− ρ2.
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Figure 17: Evolution of ρ, (ρ− 1)2.
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Figure 18: (ρ− 1)2.

We can also notice that each solution has different behaviour in time. The curves
for the quadratic concave model tilts to the left, while the ones for the quadratic convex
model tilts to the right. Nevertheless, for all the three models we have the solution to the
Cauchy problem only for some time.
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The figure 17 represents the evolution in time to the quadratic convex model. In the
background of the graph we can see the initial traffic density and in the front part there
is figured the shock that causes tilting of the function ρ(x, t).

5.2.2 Example with height parameter

In order to see how the exponential initial traffic density influences the time of the shock
we consider more general case, i.e.

ρ0(x) = e−a
2 x2 ,

where a represents a positive real number.
It can be derived that for all the two velocity functions (the quadratic concave and

Griendshields’) the value of the shock time is now equal to the value of the shock time
for ρ0(x) = e−x

2
divided by a. This means that for bigger a the shock comes earlier. On

the contrary, if a < 1 we can postpone the shock as much as possible. The corresponding
times of the shock are enlisted in the table 5 where tcv and tgr are the shock times for
the initial density ρ0(x) = e−x

2
with the quadratic concave, Grienshields’ and quadratic

convex velocity function respectively.
We have to remark that as for the quadratic convex velocity function we are not able

to find analytically the form of the shock time in general.

ρ0(x) = exp(−a2 x2)
vel. function shock time

1− ρ2
1

a
tcv

1− ρ
1

a
tgr

Table 5: Velocity functions with the shock times.
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We can evaluate the shock times; take the previous problem with ρ0(x) = e−x
2

and
with the Greenshields’ velocity function and another problem with the same velocity
function and with ρ0(x) = e−a

2 x2 , a = 1
2
. We have seen that the shock time for the first

problem was tgr
.
= 0.58. For the second problem it is around 1.16. This detection that the

shock develops later for the modified initial density than for the original could by justified
by looking at the graphs of these functions (figure 19). The modified initial traffic density
has smaller slopes and the differences between the values of the density are not so big per
unit length as for the original density.

From the figure 19 we can also see that while the original density causes a shock the
modified initial problem has still the solution defined. But not for the whole time, the
shocks are obstacles in both cases.

5.2.3 Example with width parameter

We can take another type of exponential initial traffic density and find what is the impact
on the shock time. Consider the following initial traffic density

ρ0(x) = b e−x
2

,

where b ≤ 1 in order to keep the maximal density equal to 1.
It can be derived that for the quadratic concave velocity function the shock time is

equal to the value of the shock time for ρ0(x) = e−x
2

divided by b2. For the Greenshields’
model it is equal to the shock time for ρ0(x) = e−x

2
divided by b. The relations are

enlisted in the table 6 where tshock is the shock time for the problem with ρ0(x) = e−x
2
.

In all the models we have that the smaller the value of the parameter b is the later the
shock develops.

ρ0(x) = b exp(−x2)
vel. function shock time

1− ρ2
1

b2
tqv

1− ρ
1

b
tgr

Table 6: Velocity functions with the shock times.

The solution to the problem with the Greenshields’ velocity function and the compar-
ison is depicted in the figure 20. We have seen that the shock time for the first problem
was tshock

.
= 0.58. For the other problem it is approximately 1.16. This fact is quite clear

from the graph of the initial densities where the modified initial density has the maximal
value 0.5 while the original one has the maximal value 1. The larger differences in values
the density has the earlier the shock appears.

5.2.4 Summary

We have seen that the Gaussian initial density can be modified by a parameter which
causes a change of the solution and also of the shock time.

The parameter that multiplies the variable x in the initial density causes that the
modified initial density is more narrow or wider than the original one. The larger the
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Figure 20: Comparison, 1− ρ

parameter is the shorter the shock time is. On the contrary if the value of the parameter
is very small then the shock develops later. For all the mentioned velocity functions the
impact on the shock time is the same.

The parameter which multiplies the whole initial density changes the maximal value
of it. Since its value is less than one it causes that the shock appears later than with
the original initial density, however the effect of the parameter is not the same for all
the velocity functions. We have seen that the shock for the quadratic concave model is
postponed more than the shock for the Grienshields’ model.

5.3 Initial density of type arctan(x)

In this section we will focus on the LWR model with the initial traffic density given by
a function of type arctan(x). Firstly, we will deal with an increasing density, then we
will introduce a decreasing function where we will show that for such initial densities the
shock does not appear. The last part will demonstrate two cases, one with constantly
high initial density and one with constantly low one.

5.3.1 Increasing

In every case we have seen the initial density was from part an increasing and from part
a decreasing function. Now we consider an increasing initial traffic density and we will
see if there is any difference between the cases.

Take the initial density as

ρ0(x) =
1

π
arctan (x) +

1

2

and take the model which utilizes the quadratic concave velocity function V (ρ) = (1−ρ)2.
We can compute that x0

.
= 0.27 and after substituting this value to the relation for

the shock time we have tshock
.
= 0.96. The corresponding evolution in time is shown in

the figure 22, the solution in three dimensions is depicted in 21.
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Figure 22: The initial density and the evolu-
tion.

We can see that there is no big difference between this example and the previous ones.
The shock appears and the shock time is not much different. The figure 21 shows in the
foreground the shock and the initial traffic density in the background.

The solutions to the other models given by the Grienshields’ and the quadratic convex
velocity function are not much different and so we can afford to skip them.

5.3.2 Decreasing

In the previous situations we had only increasing initial traffic densities (or from part
increasing). Now we will focus on a decreasing function. From the theory about the
initial density discussed in the sections 4.1.4, 4.2.2 and 4.4.2 we know that in all the cases
(for all the three velocity functions) the shock should not appear for a decreasing initial
traffic density. We will demonstrate this fact on the following initial density

ρ0(x) = − 1

π
arctan (x) +

1

2

and on the quadratic concave velocity function V (ρ) = (1 − ρ)2. The form of the shock
time is after substituting the initial density given by

t =
1

6

(
−

1

π
arctan (x0) + 1

2

) (
−

1

π

1

1 + x2
0

). (5.38)

Solving the equation

1

π
+ 2x0

(
−

1

π
arctan(x0) +

1

2

)
= 0

we find out that x0
.
= −0.27 and after using this value to compute the shock time from

(5.38) we have tshock
.
= −0.96 which, since it is a negative value, does not make any sense.
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We can remark that this problem is symmetric to the previous one with the increasing
arctan(x) type initial traffic density.

We have seen the theoretical background and now also a practical example say that
this type of a decreasing initial traffic density cannot allow a shock to develop. It is not
only theoretically justified; if we look at this problem as a real situation we can see that,
indeed, a shock should not appear when the traffic starts to be free. In other words, the
traffic density is high at the beginning (in the first part of a road) and the vehicles cannot
go very fast. On the contrary, in the second part of the road the vehicles are able to go
faster because the density is lower. So there is no reason why the shock should develop,
the vehicles that are behind cannot catch the ones in front of them.
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Figure 24: The initial density and the evolu-
tion of ρ.

For curiosity, the solution to this problem and the evolution of the traffic density in
time are depicted in the figure 24 and its 3d version in 23. We can observe that in the
first part of the road the traffic density decreases in time and the second part the traffic
becomes more dense. There is one point where all the curves intersect (figure 24) and
where the density remains the same for all the time. This result was derived in 4.1.4.

Very similar results, about not occurring shocks, can be achieved by taking another
model such as the Greenshields’ model or the quadratic convex one.

5.3.3 Low and high values

The value of the previous initial density ρ0(x) =
1

π
arctan (x) +

1

2
for which the solution

is independent of time is 0.57. In 4.1.4 we have derived that if ρ2
0(x) = 1

3
then ρ(x, t) will

have at this point x the same value for all the values of time. In this case the expression
ρ2

0(x) = 1
3

leads to ρ0(x)
.
= 0.57.
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Now we intentionally choose such initial densities that do not acquire this value. Take
the initial density of the form

ρ0(x) =
1

3 π
arctan (x) +

1

5

whose maximal values are not bigger than 0.57 and take another function

ρ0(x) =
1

3 π
arctan (x) +

4

5

which has the minimum higher than 0.58. Consider the quadratic concave velocity func-
tion (1− ρ)2.
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Figure 25: Evolution of ρ, low density.
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Figure 26: Evolution of ρ, high density.

We can observe that the fact that the initial density does not cross the approximate
value 0.57 means that there is no point where the value of ρ(x, t) should remain the same
in time. We demonstrate the same result as in the examples 5.1.3 and 5.1.4. The solution
moves forward when the initial density is always lower and it moves backward if the initial
density is always higher than the value 0.57.

5.3.4 Summary

We have demonstrated the solutions and the shock times for the initial traffic density of
type arctan(x). We have seen that the increasing version does not bring any new findings.
On the contrary, the decreasing initial density shows that the shock cannot arise and the
solution to the Cauchy problem is defined everywhere for all values of time. The problem
with low initial density leads to the fact that the initial density moves forward. The high
initial density cases moving backward. This is exactly the same result we obtained with
the low and high initial density of type sin(x).
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6 Conclusion

In the thesis we introduced four LWR models. Three of them satisfied our requirements
and we utilized them on particular problem. The first model was the LWR model with
the quadratic concave velocity function, the second one was the Greenshields’ model and
the third one was the model with the quadratic convex velocity function.

We realized that the solution to the Cauchy problem given by the particular LWR
model and a given initial traffic density is not defined for all the values of time. So
naturally we wanted to find the boundaries. We have derived the formula for the time
until which the solution is defined and then we applied it exactly on particular problems.

We have found out that there are some models for which the shock cannot develop
in some points. This idea could lead to a proposal of a new LWR model which would
prevent the shocks. We have also detected that for some models the shock, even during
high traffic density, does not appear as well.

In the last part of the thesis we demonstrated some examples and problems. We have
learnt that there are some rules how the traffic density behaves in time and we have found
out that it depends on the model and the properties of the initial density. One of the
most interesting result is that the initial density ’travel’ forward or backward in space
and sometimes it remains the same. This finding was justified by theoretical background.
Another very interesting fact is that for some models it is better to have a road with high
initial density than a road with very low density which rapidly increases. The difference
in the shock times was very big.

We can make conclusion about the regulation of the traffic flow. Both the velocity
function and the initial density can change the behaviour of the traffic density and post-
pone, or even prevent, the shocks. So, the first suggestion for the regulation is to follow
the theoretical results and find such a model that can guarantee traffic without shocks.
The second suggestion is to try to force the traffic density to acquire such values that the
shocks are postponed (or eliminated) as much as possible.
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