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A B S T R A C T

Discrete models of solids have been motivated, in large part, by the discontinuous and heteroge-
neous nature of material structure and its breakdown under loading. The capabilities of discrete
models have evolved over the past several decades, offering novel means for investigating
material structure–property relationships. However, lack of understanding of both the utilities
and disadvantages of discrete models limits their further development and applications. This
paper reviews relevant features of discrete approaches applied to modeling the mechanical
behavior of geomaterials, concrete materials in particular. The discrete models are classified
according to their form and abilities to represent elastic and fracture behaviors in the presence
of large-scale material heterogeneity. Discretization of the material domain plays a large role in
this respect. Emphasis is placed on particle-based lattice models. The relative merits of various
strategies for introducing reinforcing components, which are essential for many applications,
are outlined. Recent advances are highlighted, including the use of discrete models for coupled,
multi-field analysis. The merits of discrete approaches are summarized in the conclusions.

. Introduction

The mechanical behavior of solid materials has been a long-running subject of investigation. A core assumption of many theories
or describing and predicting mechanical behavior is continuity of the displacement field [1]. In recent decades, a class of models
hat abandons the displacement continuity assumption has come into view. Those models are typically composed of either basic
tructural elements (e.g., truss or frame elements) that form a lattice network or discrete particles that interact at their mutual points
f contact.

Concrete is a composite material consisting of aggregates, matrix, interphases and pores that form a complex and random internal
tructure. This material mesostructure strongly affects macroscopic mechanical behavior under loading. Distributed microcracking
ften precedes the formation of larger cracks that coalesce within the failure zone(s) [2]. At each scale of observation, these cracks
r slip mechanisms are discontinuities in the displacement field. Due to the presence of these features, and other examples of large
cale heterogeneity, tensile fracture exhibits post-peak softening [3]. Modeling the localization of distributed microcracking into
finite-size fracture process zone, and the resulting quasi-brittle behavior of the material volume, is essential to many applications.
his is especially important when the connectivity and openings of the crack network influence properties of interest, such as residual
trength or permeability. Moreover, the heterogeneous nature of these materials brings a characteristic internal length that needs
o be reflected by the model [4].
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Table 1
Partial listing of discrete modeling approaches applied to concrete materials and structures.

Modeling approach Model variants

Classical lattice models Section 2.1

Particle-based lattice models Section 2.2 Rigid-body–spring model
Lattice discrete particle model

Discrete element method Section 2.3

It is relatively difficult to incorporate such features into models that assume continuity of the displacement field, though a number
f such capable models exist, including [5–7] as recent examples. Alternatively, continuum formulations can account for crack
inematics by accommodating discontinuities within the solution space [8–10]. In contrast, the complex cracking mechanisms can
e effectively simulated using discrete models. The discontinuity that appears at the particle boundaries provides a simple, natural
eans for crack representation.

Discretization of the region of interest into lattice elements or particles can be of two forms. The discretization is either (i)
on-physical or (ii) based on some physical units of the material structure (e.g., stiff aggregate particles embedded in a more
ompliant matrix for the case of concrete.) The non-physical form represents a pure discretization technique, such that the model
esponse should be sufficiently independent of the discrete element size or shape, and without correspondence to material structure.
he effects of material structure can be represented either phenomenologically via internal length parameter(s) within the model
ormulation (homogeneous models) or by spatially varying the mechanical parameters according to some projected image of
aterial heterogeneity (mesoscale models). In contrast, physical discretizations explicitly represent relevant aspects of the material

mesostructure. Such mesoscale models contain an internal length scale that is physically significant. These discretization types are
referenced throughout the paper as they align with different motivations, methods and capabilities in discrete modeling.

Discrete modeling approaches, of both non-physical and physical discretization types, are the focus of this review paper. Emphasis
is placed on modeling mechanical behavior (particularly elasticity and fracture), since it is within that realm that discrete and
continuum models greatly differ. The differences between the two model categories are less apparent when simulating scalar field
behavior, such as that of heat transfer or mass transport. Although the discussions of discrete models are relevant to the broader
field of geomechanics, the main emphasis is on modeling concrete materials and structures.

This review paper starts by classifying discrete models according to their form, function and purpose. Some of the prominent
modeling approaches are briefly described. The efficacy of these approaches depends on the methods of domain discretization,
which are reviewed next. With that background, the elasticity and fracture properties of discrete models are covered, noting their
merits and demerits relative to continuum modeling approaches. In particular, efforts to simulate the Poisson effect with discrete
models are given special attention. Thereafter, the abilities of discrete models to simulate fragmentation and other phenomena
that occur under dynamical loading are discussed. Methods for incorporating reinforcing materials (e.g., reinforcing bars or fibers)
are highlighted, since most applications of concrete require reinforcement. The article then discusses the various computational
strategies employed for discrete model analyses of fracture, including means for reducing computational cost and complexity. As
many current developments and applications of discrete models involve coupling between multiple field quantities, the use of
discrete models for multi-field analysis is reviewed. Application examples, involving actual structures, are presented. The advantages
and disadvantages of discrete material descriptions are summarized in the conclusions.

2. Classification of discrete models

The term ‘‘discrete model’’, which appears widely in the fracture mechanics literature, can take on different meanings [11]. We
now provide a basic categorization of discrete models. Common to most modeling strategies, it is assumed that the field variables
are determined at nodal points placed within the computational domain.

From a general perspective, the models considered herein are based on pair-wise interactions between nodal points. These
interactions are typically short-ranged, such that they can be defined by elements that interconnect neighboring nodal points. In
some cases, one might want to enrich the pair-wise interaction by additional information from the neighborhood, e.g., in order
to fully control the Poisson’s ratio (see Sections 4.1.1 and 4.1.2) or to account for lateral confinement. Discrete models can be
classified according to the nature of these nodal/elemental interactions. Table 1 lists discrete models that have been applied to
concrete materials and structures. The term lattice model will be used for methods where the nodal connectivity remains constant.
This is in contrast to models that rely on contact determination to allow for nodal neighbors to change during the course of the
analysis to accommodate material flow or large localized deformations (such as the DEM models discussed in Section 2.3). To
maintain focus within this review paper, attention is mainly given to particle-based lattice models.

2.1. Classical lattice models

Classical lattice models are composed of ordinary truss, beam, or frame elements for structural problems (or 1-D conduit
elements for problems that involve scalar field quantities, such as temperature or electrical potential). Values of the field variable
are determined at the nodal points and within a limited nodal-pair neighborhood (e.g., along the element axis), not continuously
within the domain. Development of the lattice models originated in the field of theoretical physics, where they have been used to
2
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Fig. 1. (a) Basic mechanical element of two- and three-dimensional rigid-body–spring models with contact dimension 𝑆 and length ℎ; and (b) series construct
for visco-elastic and viscous creep modeling.

model the breakdown of various systems and establish scaling laws associated with such processes [12–14]. These models typically
featured regular triangular [15–18] or square [19,20] geometry. In mechanics, truss elements have been found unsatisfactory due,
in part, to their inability to transmit shear force; frame elements are needed to produce realistic results [21]. Whereas most frame
element formulations rely on Bernoulli–Euler beam theory, geometrically nonlinear shear-deformable beams allow for more general
deformation patterns [22]. With the growing power of modern computers, the necessary move to three dimensional versions has
been made [23–27]. Recent review papers, devoted mainly to these classical lattice models, cover the subject in more detail [28,29].
Due to their relative simplicity, lattice models have flourished as academic in-house computer codes. One can easily modify open
source software (e.g. [30]) for that purpose as well.

2.2. Particle-based lattice models

Whereas particle-based lattice models share many features with classical lattice models, they differ in that each node is positioned
within a geometric construct, or particle. Various models have been developed, differing mainly with respect to:

• shape and other properties of the particle;
• form of linkages between particles,
• means for identifying linked neighbors and
• the physical or non-physical meanings of the particle structure.

The earliest particle-based lattice models were applied to simulating concrete fracture. Bažant et al. [31–33] placed nodes at the
centers of circular aggregate particles and interconnected neighboring particles by truss elements. These early works demonstrated
the simplicity, robustness and promising potential of discrete models, but they also highlighted some limitations. For example, truss
connections do not enable control of Poisson’s ratio of the particle assemblage; planar analysis frameworks do not account for
three-dimensionality of the material structure and fracture processes.

2.2.1. Rigid-Body-Spring Models
For rigid-body–spring models (RBSM), the domain is discretized into ideally rigid units interconnected along their common

boundaries. Each connection is composed of a zero-size set of springs and rigid-arm constraints that relate the spring set and
nodal degrees of freedom [34], as shown in Fig. 1 where ℎ𝐼𝐽 and 𝑆𝐼𝐽 are the length and contact area associated with element
𝐼𝐽 . Equivalently, the flexibility of the spring set can be distributed over the contact surface. Domain discretization can be done
by the Delaunay/Voronoi tessellation of randomly placed generator points. The nodal degrees of freedom are defined at either the
generator points [35] or at the centroids of the Voronoi cells [36,37]. The rigid-body–spring elements are similar to the frame
elements commonly used in classical lattice models [17]. Indeed, the RBSM and classical lattice models result in the same stiffness
formulations for regular square lattices [35]. In contrast to ordinary lattice models, however, these contacts involve geometrical
parameters (e.g., area and moment of inertia) derived from the tessellation geometry. Furthermore, since the spring set is typically
positioned eccentrically to the element axis, the elemental axial and rotational stiffness terms are coupled. Though the RBSM are in
most cases used for quasi-static analyses, there are also dynamical versions [38–40]. To account for creep deformations, the normal
and tangential springs on the contact surface are replaced by the series construct shown in Fig. 1b [41,42]. Properties of the spring
and rheological components can be assigned, for example, according to solidification theory [43] or code type formulations [44].
Although the original formulation is based on the assumption of small generalized displacements, recent extensions accommodate
large displacements and rotations [45,46].
3
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2.2.2. Lattice Discrete Particle Model
The Lattice Discrete Particle Model (LDPM) utilizes the rigid-body–spring concept in conjunction with a physical discretization of

the concrete mesostructure [47–50]. The concrete material is discretized by placing nodes at the volume centroids of each aggregate
particle above a specified size threshold (Fig. 2d). The size distribution of aggregate particles follows an actual grading curve, as
determined by sieve analysis. Elements are defined by the edges of the Delaunay simplices constructed from the nodal points. The
elements represent the combined actions of the aggregates and intermediary matrix. The nature of interaction has been enriched to
account for the effects of triaxial stress conditions on element constitutive behavior. In this way, the LDPM has been successful in
simulating concrete behavior for the entire range of loading conditions, spanning uniaxial tension/compression to general triaxial
stress states [51–54]. LDPM was also used successfully to simulate rock behavior [55,56]. It employs an explicit dynamical solver
and has been applied to both quasi-static and dynamical loading cases, including those involving projectile penetration through
reinforced concrete slabs [57–59].

Variations in the material properties can be accommodated using a stochastic modeling approach featuring random fields [60,61].
For some basic loading conditions, model parameters can be identified from experiments conducted at the concrete mesoscale [62].

2.3. Discrete Element Methods

The Discrete Element Method (DEM), sometimes also referred to as the Distinct Element Method, is an effective means for
simulating the stability and flow of granular assemblies [63]. Unlike the lattice or RBSM with fixed inter-particle connectivity, the
DEM updates the connectivity in time and accounts for the change in topology due to large displacements and rotations. Particle
motion is tracked by (usually explicit) time integration of the dynamical equations of equilibrium. Contact modeling and stability
of the solution scheme are central requirements of DEM [11]. The particle shapes have been mostly spherical, but other shapes
(e.g., polyhedrons [64,65]) have also been implemented. Particle clusters [66,67] are also widely applied when complex grain shapes
are needed. Recently, the level set DEM [68] has been formulated to accurately capture complex particle shapes. The rigid units
in the system typically correspond to some real physical units of the heterogeneous material, i.e., the DEM models are mesoscale
models. Applications to cohesive heterogeneous materials often focus on rock formations [69], yet a variety of other materials
(e.g., nacre [70]) have also been studied.

DEM has been used to simulate fracture of concrete [71–74]. In such analyses, concrete is represented by a collection of
rigid particles that interact through point-wise contacts; the contact conditions are modeled by normal and tangential interactions
dependent on the particle overlap and relative sliding. Particle type can be associated with the different phase fractions of the
material. Parameters of the constitutive models acting at the contacts are calibrated, such that the DEM model represents the
macroscopic elastic and fracture properties of concrete. Although the contact properties depend on the nature of the particle
discretization scheme, realistic simulations of concrete fracture behavior can be achieved [67,75–77], including for cases of cyclic
loading [78].

A noticeable advantage of DEM is the existence of several commercial or open-source software products directly optimized for
particle simulations, for example YADE [79] or LIGGGHTS [80]. Due to the use of explicit time integration, the calculations can be
easily parallelized.

2.4. Meshless particle methods

There are various other methods that use particles as local representatives of a continuum. These particles are used to track
movements in the continuum and integrate its governing equations. These meshless methods are therefore continuum methods,
unlike the discrete methods considered herein. Such meshless methods are not studied in this review paper, but briefly covered in
this section to provide perspective.

One such method, which has been applied to concrete materials, is peridynamics. Peridynamic theory [81,82] assumes the
material to be composed of infinitesimally small particles whose movements are governed by Newton’s second law. Particles within
a finite distance from one another (called the material horizon) interact, in a pair-wise manner, according to a force density function.
The particle interactions are (in a sense) nonlocal and tend to be of longer range, relative to the other discrete approaches considered
herein. Newton’s second law is then used to track particle motion, in response to prescribed force or displacement boundary
conditions. The force density function can include moment components, such that the pairwise links between particles are akin
to frame elements. As peridynamic theory makes no assumptions regarding the continuity of displacement, both continuous and
discontinuous deformations emerge naturally from the model formulation. Peridynamics has been used to simulate qualitatively
microcracking and fracture of structural concrete [83], yet the extent of its applications to concrete has been quite limited.
Fundamental concepts and workings of peridynamic formulations are critiqued elsewhere [84].

Another example of meshless particle method is Smoothed Particle Hydrodynamics (SPH), which discretizes the computational
domain as a set of particles. Each particle interacts with its neighboring particles within a support domain at each time instant
without requiring information about the initial connectivity of the particles. The field variables are tracked along with the particles
even under large deformations. Applications to concrete materials include the simulation of fresh properties [85] and failure analyses
of structural concrete [86,87]. Wu et al. [88] critique the application of SPH to concrete failure analyses and offer an alternative
4
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Fig. 2. (a) 2D sketch of artificially generated concrete mesostructure with connectivity provided by Delaunay triangulation. (b)–(d) Various tessellations of the
domain into rigid bodies.

3. Domain discretization

This section describes domain discretization for mechanical analysis. Different approaches may be used for discretizing scalar
ields, as discussed in Section 7.1.

.1. Nodal grid arrangement and connectivity

Many of the early lattice models were based on regular (e.g., triangular) nodal patterns. It has since been recognized [21,33]
hat the pattern of nodal placement may strongly affect both the elastic and fracture properties of the model. Due to spatial isotropy
f the elements framing into a node, regular (structured) lattices are elastically homogeneous under uniform modes of straining.
owever, this attribute is offset by the tendency for cracks to run preferentially along the principle directions of the structured grid.

rregular (unstructured) grids reduce bias on potential cracking directions but are, in general, not elastically homogeneous. These
ssues are described further in Section 4.

The construction of irregular grids typically involves: (i) placement of generator points in the computational domain; and (ii)
ules for defining nodal connectivity. Nodal placement may be done using a process of random sequential addition. Similar results
an be achieved by using a Poisson distribution. The Delaunay tessellation of the nodal point set is an effective means for defining
odal connectivity [89]. The placement of points can be modified for physical discretization to account for size of individual particles

(Fig. 2a). Furthermore, the dual Voronoi tessellation (Fig. 2b) uniquely tiles the computational domain. The Voronoi cells define
the volumes and shapes associated with each nodal point. As explained later, the volume/shape information defines properties of
mechanical elements and is also relevant to dynamical or potential field analyses. In principle, any other tessellation can be used,
such as the power (Laguerre) tessellation ([90], Fig. 2c), which is convenient for physical discretization where the polyhedral cells
represent the larger aggregates and surrounding matrix. LDPM features its own tessellation type, depicted in 2D in Fig. 2d, which
provides a more effective representation of aggregate diameter and its relationship with the surrounding matrix.

Nodal density can be graded within non-physical random lattices to provide higher resolution in regions of interest. Geometrical
features can be explicitly represented through the strategic placement of nodes to sequentially define vertices, edges and faces,
followed by random nodal filling of the interior [91]. However, the Delaunay/Voronoi discretization of complex features or domain
geometries is challenging. In contrast to finite element methods, where nodes individually connect to define vertices, edges and
surfaces, multiple coordinated nodes are needed to define such features with the Voronoi diagram.

3.2. Representation of material heterogeneity

Concrete is often viewed as a three-phase material composed of aggregates, matrix, and aggregate–matrix interfaces. A fundamen-
tal aspect of domain discretization, and model development in general, is the degree to which such features (at the relevant length
scales) are explicitly represented by the mesh design. Fig. 3 shows, in schematic form, various potential means for representing
heterogeneity with a discrete approach. Whereas line-element links between nodes are shown in the figure, the concepts pertain to
particle-based lattices, as well.

Images of material structure can be synthetically generated or obtained via spatial mapping techniques, including computed
microtomography [92,93]. Some mapping techniques can be applied in situ, such that 3D crack development can be observed under
oading [94]. With respect to synthetically generated images, disks or spheres have often been used to the represent the aggregate
articles [17]. A range of disk/sphere sizes can be introduced to account for the particle size distribution of the concrete. Real-shape
articles can be generated using geometric models [95,96].

Discrete modeling approaches offer a variety of ways to represent the concrete meso-structure and its influences on mechanical
ehavior. Based on some form of image data, either physically mapped or synthetically generated, there are several possibilities for
5
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Fig. 3. Image data and corresponding levels of mesoscale material representation: (a) three-phase model featuring a refined discretization of the concrete–
aggregate interface; (b) three-phase model based on regular or irregular arrangement of lattice elements; (c) two-phase model with nodes placed at the aggregate
centroids; (d) mono-phase model in which mesh size relates to coarse aggregate size; and (e) mono-phase model acting as a pure discretization technique of
a homogeneous medium (i.e., the effects of individual aggregates are absent).

(a) Nodal points are pre-positioned to define the aggregate–matrix interface. This can be done to control interface thickness and
the orientation of lattice elements spanning the interface. Control of orientation allows for refined constitutive modeling of
interface behavior since, for example, normal and shear components of the elements can correspond to aggregate surface
features. Thereafter, the aggregate interior and surrounding matrix region are populated with nodes resulting in a semi-random,
three-phase model of the concrete [97–101].

(b) By mapping the lattice network or RBSM onto an image of the material structure, each lattice element can be associated with
one of the material phases. Depending on the positions of the element nodes, an element is assigned the properties of the matrix,
aggregate, or matrix–aggregate interface [17,26,102]. By mapping this non-physical discretization of the domain volume onto
the material structure, the fracture response of these models is to a large extent regularized. Alternatively, the discrete elements
can be formulated to accommodate weak and strong discontinuities that correspond to bi-phase elastic properties and cracking,
respectively [103]. In this way, the spatial arrangement of the matrix–inclusion interface can be precisely represented.
The lower bound of the size range of aggregate inclusions is constrained by available computational resources, since about
three elements (at a minimum) should span the smallest significant features in the image [104]. Only small material volumes,
relative to the size of inclusions, can be modeled with such mesoscale descriptions.

(c) By placing nodes at the volume centroids of aggregate particles, and establishing element connectivity on that nodal point set,
the resulting physical discretization captures mesoscale information at a coarser scale. This has several advantages, including
reductions in computational expense that enable simulations of much larger volumes of concrete. The load transfer mechanisms
between the main features of heterogeneity are explicitly represented. In that sense, the orientation of elements has physical
significance [50]. The displacement jump between rigid units can be viewed as a lumping of the deformation of the soft
matrix between stiff aggregates. The local stress variations resulting from the random geometry approximate the actual stress
oscillations in the material.

(d) Average element size is related to coarse aggregate size [105,106]. At this coarsest representation of the meso-scale, full-size
structural components can be analyzed. The properties of structural elements effectively represent aggregated information
about the mesostructure that spatially belongs to the individual elements. Alternatively, the influence of mesostructure can be
represented by material parameters that fluctuate according to a random field [107].

(e) The lattice may be employed as a pure non-physical discretization technique [35], such that element size and network geometry
do not correspond to material features. Whereas this allows for coarser discretizations that extend the size range of modeling
capabilities, internal length scale(s) need to be included in the constitutive formulations, such that realistic, energy-conserving
simulations can be made. Although this is attractive in concept, effective methods have so far been limited to basic loading
cases (e.g., tension dominant loading, as described in Section 4.2.1).

3.3. Domain dimensionality

The material structure and damage processes are typically three-dimensional, such that 3D models are required for quantitative
evaluation of most problems. For example, the planar representations of aggregate inclusions in 2D models, and the associated
interfaces, extend through the width of the material volume. Within such models, the area ratio of fractured interface and matrix
material is incorrect. Furthermore, any load transfer or toughening mechanisms that might develop in the through-width direction
are not present. Such inaccuracies cannot be corrected through adjustments in the fracture energy of the various phases, while
keeping the planar representation of those phases. 2D models are also largely inadequate to simulate fracture due to compression
loading.
6
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4. Mechanical behavior

4.1. Elastic behavior

For the particle assemblies considered herein, elastic behavior is governed by the geometrical structure of the assembly and
wo material constants associated with the particle contacts. Let us denote these constants as the normal stiffness, 𝐸0, and

tangential/normal stiffness ratio, 𝛼. In three dimensions, each contact between discrete units has some local orthonormal coordinate
system with normal direction 𝐧 and tangential directions 𝐦 and 𝐥 (see Fig. 1a). It is important for realistic shear behavior to have
the normal vector parallel to the line connecting the nodes [50]. The particles are assumed to be rigid, such that the displacements
of a given particle are represented by a single nodal point. The movements of two neighboring particles produce a displacement
jump vector at their point of contact. The geometrical equation relating nodal displacements to the strains typically assumes that
the strain vector is the displacement jump divided by Euclidean distance between the nodes ℎ. The normal (𝑠𝑁 ) and tangential (𝐬𝑇 )
components of stress are calculated from normal (𝑒𝑁 ) and tangential (𝐞𝑇 ) components of strain. The elastic constitutive relation is
typically expressed as

𝑠𝑁 = 𝐸0𝑒𝑁 𝐬𝑇 = 𝛼𝐸0𝐞𝑇 (1)

Note that the first equation involves scalar quantities, while the latter one features vectors in three-dimensional problems. For some
modeling approaches, rotational stiffness between the particles is also defined. The stresses, integrated over the contact area, result
in forces and moments acting at the nodes of the discrete model. The contact stiffness coefficients take the form

𝑘𝑁 =
𝑆𝐸0
ℎ

𝑘𝑇 = 𝛼
𝑆𝐸0
ℎ

(2)

where 𝑆 and ℎ are parameters associated with the cross-section area and length, respectively, of each element (i.e., of each two-
particle subassembly). It has become common to determine the area from the tessellation of the domain into polyhedral cells. Based
on the elemental relations, the set of equations for static or dynamical equilibrium is assembled and solved.

The equivalent macroscopic elastic behavior of discrete assemblies has been extensively studied for decades. Approximate
equations relating the material parameters 𝐸0 and 𝛼 to elastic constants from continuum mechanics (e.g. elastic modulus and
Poisson’s ratio) are known [50,108,109]. They impose a limit on the maximum macroscopic Poisson’s ratio 𝜈 of the discrete system:
1/3 and 1/4 for plane stress and plane strain simplifications, respectively, and 1/4 for three dimensional models. These limitations
complicate the application of discrete modeling to materials with higher Poisson’s ratio. The derivations were done under the
assumption of Voigt’s hypothesis that places kinematic constraint on the system. Therefore, they provide a lower bound estimate
of 𝜈 (the achievable values of 𝜈 are actually higher) and an upper bound estimate of elastic modulus. Liao et al. [110] developed
a best fit hypothesis based on static constraint, which delivers an upper bound estimate of the Poisson’s ratio and a lower bound
estimate of elastic modulus. These two estimates are similar for 𝛼 around 1 for which 𝜈 = 0, but significantly differ otherwise. Some
remedies enabling arbitrary Poisson’s ratio are described in Section 4.1.2 but they are suitable only for non-physical discretizations.

The geometry of the assembly plays an important role. To obtain an isotropic structure, there cannot be any directional bias
in the orientations of the contacts [111]. On the other hand if one desires to obtain an anisotropic structure, it can be achieved
by modifying the orientation distribution of model geometry [112]. It has been also shown that any deviation of the facet-normal
direction 𝐧 from the direction connecting individual nodes further decreases the Poisson’s ratio limits [113]. For example, such
situations occur when other than Voronoi (or Power) tessellation is used in RBSM or when non-spherical particles are applied in
DEM.

Discrete models also produce a wall effect. The presence of boundaries affects the directional distribution in the tessellation:
mechanical elements tend to be perpendicular to the boundary surface. In effect, the macroscopic elastic properties of the boundary
layer differ from those of the interior [111]. With physical discretizations, however, one can argue that this difference corresponds
to a real wall effect in concrete.

Similarly to the homogenization of mechanical properties, one often needs to estimate the macroscopic stress tensor in a discrete
assembly. The discrete system with rotational degrees of freedom asymptotically corresponds to micropolar continua [114,115] and
therefore the stress tensor obtained in this way is generally non-symmetric and couple stress tensor emerges. In both elastic and
inelastic regimes, the average stress and couple stress tensors in a system of volume 𝑉 with 𝑘𝑓 external forces 𝐟𝑖 and 𝑘𝑚 external
moments 𝐦𝑖 at locations 𝐱𝑖 read [115–118]

𝝈 = 1
𝑉

𝑘𝑓
∑

𝑖=1
𝐱𝑖 ⊗ 𝐟𝑖 (3)

𝝁 = 1
𝑉

𝑘𝑚
∑

𝑖=1
𝐱𝑖 ⊗𝐦𝑖 +

1
𝑉

𝑘𝑓
∑

𝑖=1
𝐱𝑖 ⊗

(

𝐱𝑖 × 𝐟𝑖
)

(4)

he first equation is independent of the reference system while the second equation requires use of the centroid as the origin.
7
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Fig. 4. Lattice configurations (left); relative error in field quantity (right).

Fig. 5. Sub-assembly of a particle system under uniaxial compression: (a) macroscopic Poisson’s ratio fixed to 1/4 in 3D; (b) macroscopic Poisson’s ratio ranging
from −1 to 1/4 in 3D depending on 𝛼; (c) all thermodynamically admissible values for Poisson’s ratio.

4.1.1. Local stress oscillations, elastic uniformity
The random discrete structures generate local stress oscillations. Models based on physical discretization assume that these

oscillations arise from mesoscale internal structure. Local stress peaks enable transversal tensile cracks under compressive loading,
a fundamental phenomenon missing in homogeneous continuum models. This is understood as one of the major advantages of discrete
modeling with physical discretization.

In contrast, models based on non-physical discretization deem these oscillations as nonphysical, not controllable and spuriously
affecting fracture development. Much attention has been therefore devoted to removing the oscillations, i.e. to obtain elastically
homogeneous models exhibiting uniform strain at all contacts when subjected to uniform external straining. Regular lattices are
elastically homogeneous by virtue of symmetry of the elements framing into a given nodal site. However, strong bias in the direction
of crack propagation arises from such regularity in geometry [119]. Irregular lattices reduce the directional bias but, in general, they
are not elastically uniform. Schlangen and Garboczi [119] developed the first method to remove stress oscillations by iteratively
adjusting the properties of the elements, albeit with some elements exhibiting non-physical properties (e.g., negative cross-section
areas and second area moments).

It is worth mentioning that for the case of 𝛼 = 1 (𝜈 = 0), the lattice is elastically uniform when geometrical properties of
the elements (i.e., area 𝑆 and length ℎ) are defined by the Voronoi tessellation, even if the lattice discretization is irregular [35].
Consider a homogeneous material discretized by RBSM, which is a form of irregular lattice, as shown in Fig. 4. For the elasticity
results presented in the figure, the lattice elements are defined by the Delaunay edges formed by a set of approximately 1000 nodal
points. Under uniform uniaxial loading, applied to the nodes along two opposing faces, uniform strain is produced throughout the
domain. This is evidenced by the computed displacements in the loading direction 𝑢𝑖 that match (to machine/algorithmic precision)
the theoretical values 𝑢̂𝑖 for each node 𝑖. In the same way, the uniform strain condition is obtainable when simulating creep behavior,
using the series construction (Fig. 1b) for each lineal spring in the RBSM [41]. The same Voronoi scaling produces homogeneous
models for potential field (scalar) problems, as described in Section 7. For the potential flow results presented in Fig. 4, nodal
potential was prescribed along opposing faces of the cube and 𝑢𝑖 represents the calculated potential at node 𝑖.

Furthermore, even when the displacement field is homogeneous the response of discrete models is not necessary equivalent to the
corresponding continuous solution. This aspect is illustrated in Fig. 5 and it is intrinsically associated with the issue of Poisson’s ratio
discussed in the next section. Fig. 5a shows a triangular subassembly of lattice elements subjected to a remote uniaxial compressive
field. The inclined lattice struts are in compression and, if the lattice elements do not carry shear, equilibrium requires the horizontal
strut to be in tension. Furthermore, if the constitutive equation is the one reported in Eq. (1) (with 𝛼 = 0, which corresponds to
no shear stress), both the axial strain and stress in the horizontal lattice element are tensile. This leads to a lateral expansion
that corresponds to a fixed macroscopic Poisson’s ratio of 1∕4 in 3D. Obviously this solution, although homogeneous for a regular
triangular lattice system, does not correspond to the continuous solution in which lateral deformation occurs at zero transverse
8
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stress. The case in which the lattice elements carry shear (i.e, when 𝛼 ≠ 0 in Eq. (1)) is portrayed in Fig. 5b, where 𝑔(𝛼) represents
he dependence of 𝑠𝑁 on 𝛼. By varying the shear stiffness, different values of stress in the horizontal lattice strut can be attained,
ven compression. Correspondingly, the lateral deformation can be controlled and different values of macroscopic Poisson’s ratio
an be simulated within the limits of −1 (for 𝛼 → ∞) and 0.25 (for 𝛼 = 0). However, the stress in the horizontal strut is equal to
ero only for 𝛼 = 1 which corresponds to a zero Poisson’s ratio. The reason for this behavior is that the constitutive laws in Eq. (1)
o not allow for the deviatoric–volumetric split of the elastic energy, which is one of the fundamental assumptions of the theory of
lasticity of continua. Indeed, such split can be included in the formulation of discrete models if one has

𝑠𝑁 = 𝐸𝑉 𝜀𝑉 + 𝐸𝐷(𝑒𝑁 − 𝜀𝑉 ) (5)

𝐬𝑇 = 𝐸𝐷𝐞𝑇 (6)

here 𝜀𝑉 is the volumetric strain calculated in a volume of material adjacent to the lattice element, 𝐸𝑣 is the volumetric modulus
nd 𝐸𝐷 is the deviatoric modulus. In this case (Fig. 5c) the exact continuum solution is obtained with no limitation on the value of
he Poisson’s ratio [120].

In this case, however, the calculation of the volumetric strain requires information beyond that supplied by each two-node
lement, such that the fracture formulation becomes more cumbersome. It also leads to complete loss of stress oscillations and
ransverse tension, which are main advantages of discrete models with physical discretization. Other methods for partially or fully
liminating stress oscillations exist. They are described in Section 4.1.2, because stress uniformity is directly tied with an ability to
epresent the full range of Poisson’s ratio.

.1.2. Simulating the Poisson effect
As described in the previous section, the Poisson effect is typically simulated by changing the parameter 𝛼 in Eq. (1). By reducing

𝛼, a discrete assembly of particles exhibits a larger macroscopic Poisson’s ratio. For lattice models composed of structural elements,
this is done by reducing the shear stiffness of the elements. However, the full theoretical range of Poisson’s ratio is unattainable (as
noted in Section 4.1). This is not a major limitation in the analysis of concrete materials, which exhibit a relatively low Poisson’s
ratio, but it poses a problem for the analysis of some geomaterials.

To address this problem and the question of elastic uniformity, remedies have been proposed to achieve the full range of
thermodynamically admissible Poisson’s ratio. Although it is not often obvious, these remedies are based on separate treatments
of the volumetric and deviatoric parts of the strain and stress tensors as discussed in the previous section. Furthermore, some
nonlocal operator acting over several neighboring nodes is involved in obtaining these tensorial quantities. Consequently, the stress
oscillations caused by the irregular geometry of the system can be fully or partially eliminated. Several of these remedies are
described below.

• Provided the starting lattice is elastically homogeneous for the case where 𝜈 = 0, a hybrid combination of lattice and finite
element technology can be used to introduce the Poisson effect [121]. The Delaunay tessellation can be used to form volume-
filling simplex finite elements that provide only the Poisson effect (i.e., the other stiffness contributions of the finite elements
have been removed). Whereas this approach is effective in simulating elastic behavior, the complications of continuum
elements arise whether modeling fracture.

• As discussed in the previous Section 4.1.1, the constitutive relation can be directly cast as a function of the volumetric and
deviatoric parts of the strain tensor [120], see Eq. (6). The volumetric part of the strain tensor is computed from changes
in volume of the corresponding Delaunay simplices.

• The distinct lattice spring model (DLSM) [122] uses multi-body shear springs for each pair of contacting particles to overcome
the limitations of ordinary lattice models in representing Poisson’s ratio. Shear strain is determined, in a rotationally invariant
manner, from the displacements of neighboring particles using a least squares method.

• An auxiliary stress can be introduced to achieve the Poisson effect [123,124]. Setting 𝛼 = 1, Eq. (1) is supplemented by
an additional vector term, which is determined via an iterative procedure (L. Khazanovich, personal communication, December
24, 2009). This method has been extended to represent transversely isotropic media [125]. Capabilities of the approach are
demonstrated in Fig. 6, which involves a circular inclusion that is embedded within a homogeneous matrix under far-field
uniform compression. The nodal stress values are calculated using Eq. (4). Since 𝑟 = 𝐿∕100 ≪ 𝐿, the solution for an infinite
domain [126] can be used for comparison. When there is a significant mismatch in the elastic moduli of the different phases,
the stress field local to such inclusions depends greatly on the values of Poisson’s ratio.

• Similar modifications are done in Ref. [127] and Ref. [128], either by adding a lateral stress term into Eq. (1) or by modifying
the strain definition to account for an average deformation of the bodies.

In summary, these various remedies are counterproductive for physical discretizations because crucial information about the internal
structure of the material would be lost. In contrast, the non-physical discretizations achieve the following benefits: the models are
elastically homogeneous and the effects of Poisson’s ratio are precisely represented, both globally and locally. However, the local
behavior no longer depends exclusively on the displacements of neighboring particle pairs, which complicates the formulation of
fracture behavior.
9
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Fig. 6. Stiff circular inclusion (𝑖) embedded in a homogeneous matrix (𝑚) under far-field uniform compression: (a) planar discretization; and (b) major principle
stress contours local to the circular inclusion (𝐸𝑖∕𝐸𝑚 = 3; 𝜈𝑖 = 𝜈𝑚 = 0.2).

4.2. Fracture

Discrete modeling approaches accommodate a variety of methods for simulating fracture. The fracture criteria are usually
formulated in terms of element strain (or inter-particle displacement), generalized force, or energy, as determined by the nodal
displacements.

Intra-element modeling of fracture within continuum finite elements (e.g., at the element integration points) involves the
participation of all of the element nodes. For tetrahedral elements, the simplest of 3D finite elements, four sets of nodal displacements
are involved. The discrete approaches considered herein represent the continuum with two-node elements, such that the local
processes of material separation (or sliding) involve only two nodes. As main consequences of this dimensional reduction, the
constitutive modeling is simpler (having vector instead of tensor bases) and stress locking is more easily avoided. Discrete models are
effective in modeling cases where distributed microcracking precedes localized fracture, which is common for concrete materials.
Furthermore, interface fracture in composite materials can be accurately represented. Discrete models provide a more direct means
for simulating quantities of critical interest for the long-term durability of structural concrete including, for example, crack opening
and crack spacing. Much of the research has focused on simulating tensile fracture, which is of fundamental and practical interest.
In general, however, most problems involve fracture under multiaxial stress conditions. Both scenarios are reviewed.

4.2.1. Tensile loading
Within classical lattice models, element stresses are typically determined from ordinary beam theory and compared with

a threshold value for crack initiation. Upon crack initiation, brittle fracture is assumed (i.e., the element is removed from the lattice).
Although such element removal approaches are objectionable from a fracture mechanics perspective, the consideration of material
structure introduces toughening mechanisms that act as a localization limiter. In concept, finer resolution of the material structure
should lead to tougher, more realistic fracture processes. However, the necessary 3D models are computationally demanding and
frictional effects are not captured, such that classical lattice approaches still lead to unrealistically brittle responses.

To address this shortcoming, softening behavior has been introduced within the element formulations, which accounts for
the missing influence of finer material structure. Importantly, the softening relations can be designed to ensure correct energy
dissipation during cracking. The saw-tooth constitutive model [129] is an effective means for introducing softening, while retaining
the simplicity of classical lattice methods. Instead of removing the critical element, its secant stiffness is simply degraded to the
next, more compliant saw-tooth. In other approaches, the elemental constitutive relations feature continuous softening [31,130].
The model can be additionally equipped with random descriptions of the material parameters [131]. There are also formulations of
lattice models for fracture under dynamical loading conditions [132,133].

Particle based models typically represent cracking as a displacement discontinuity at the particle boundaries, often coupled with
a cohesive crack formulation. As noted before, irregular geometries are preferred to reduce bias on potential cracking directions.
Variation in the angles produced by Voronoi facet intersections can be reduced by restricting the minimum distance between
neighboring nodes during a process of sequential random addition. Analogous capabilities exist in finite element technologies
through the development of polygonal finite elements [134,135] and interface elements [136]. Physical models composed of rigid
bodies (representing both the stiff aggregates and surrounding matrix) advantageously assume that one crack can be developed at
each contact. Therefore, standard crack band [137] regularization can be applied to ensure constant energy dissipation per unit
of crack area irrespective of the distance between particle centers. The macroscopic fracture energy may become several times
10
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Fig. 7. (a) Crack band modeling of Mode-I fracture within rigid-body–spring networks, where 𝐹𝑅 is the resultant of the normal and tangential spring forces;
(b) corresponding stress–crack opening relationship defined by tensile strength 𝜎𝑡 and traction-free crack opening 𝑤𝑐 ; and (c) crack trajectory and local energy
consumption 𝑔𝐹 over ligament length 𝓁 of a notched beam subjected to three-point loading [139].

Fig. 8. LDPM results for compressive and multiaxial loading [52]: (a) biaxial failure envelope; (b) triaxial compression; crack openings developed in (c) low-
friction compressive test and (d) cylindrical specimen initially compressed and then loaded in torsion (the color spectra represent crack opening with larger
openings indicated in red).

higher than the one prescribed at the contact level because of tortuosity of the crack path, crack branching and local mixed-mode
propagation. The resulting model is robust and capable of correctly describing the transition from diffuse to localized cracking. It
however fails if more than one crack ought to form between two aggregates as may happen, for example, under high strain rate
loading.

On the other hand, some particle-based models that rely on non-physical discretizations of the material domain attempt to avoid
the influence of contact orientation on energy dissipation, since those contacts do not represent actual material heterogeneity. They
employ a smeared representation of cracking via the crack band model, as shown in Fig. 7 where 𝐹𝑅 is the resultant of the normal
and tangential contact forces and 𝜃𝑅 is the angle it makes with the element axis. In other words, there is an equivalence between
the discrete view (displacement jump at the boundary between particles) and the crack band model (with the displacement jump
smeared over element length). In this latter case, the Voronoi cell mainly serves to discretize the domain and define the cross-section
properties of each element framing into the cell node.

For the case of 𝛼 = 0, the stiffness properties of the spring set representing the contact conditions are rotationally invariant.
Aligning the normal spring in the direction of principal tension, the crack back forms within the geometric confines of the element
volume. If the crack band dimensions reflect the projected area of the fracture surface, the mode I fracture response follows the
softening relation precisely, as shown in Fig. 7c where specific fracture energy 𝐺𝐹 is equal to the area under the stress–crack opening
relationship. This regularization method [138,139] provides an energy conserving description of Mode I fracture. It is arguably the
simplest means for propagating a tensile crack through an unstructured grid without significant bias on the crack trajectory. This
capability supports important areas of study, including the durability mechanics of concrete, but its applicability breaks down under
predominantly multiaxial load conditions. Furthermore, there is a noticeable difference in the discrete-like quality of simulated
cracks when comparing 2D and 3D simulation results. With higher dimensionality of the model, there is an increased potential for
artificial toughening mechanisms associated with infrequent, problematic arrangements of the random grid structure.

4.2.2. Compressive and multi-axial loading conditions
Many practical problems of interest involve multi-axial loading conditions and the potential for mixed-mode fracture. Compared

to the number of studies involving tensile loading, however, discrete modeling efforts on mixed-mode fracture are sparse and include,
e.g., simulations of shear capacity of reinforced concrete walls [140], beams [51,141] or frames [142].
11
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Fig. 9. (a) LDPM simulation of projectile impact and penetration through fiber-reinforced concrete panels (Smith and Cusatis [58]); (b) RBSM simulation of
tensile fracture of a concrete cylinder loaded in a split Hopkinson pressure bar apparatus and damage pattern within the physical specimen (Hwang et al. [39]).

The irregular geometry of discrete assemblies imposes local mixed-mode stress states at the individual contacts even for uniaxial
loading of the particle system. The constitutive modeling of the contact conditions should account for this multiaxiality and couple
behaviors in the tangential and normal directions accordingly [52,98]. As an attractive solution, the constitutive models can be
derived in a thermodynamically consistent way using a thermodynamic potential [143,144].

The ability to model concrete failure under mixed-mode loading conditions can be demonstrated by simulating the biaxial failure
envelope. For example, Fig. 8a compares the simulated envelope according to the LDPM with the experimental data of Kupfer et al.
[145]. Due to the explicit representation of cracks and redistribution of load within the fracture process zone, the mesoscale discrete
models stand to capture the effects of crack parallel stress, which were recently observed in a novel form of gap test [146].

Similarly, the failure of concrete under uniaxial compressive load is largely governed by its mesostructure. The stress oscillations
due to heterogeneity give rise to tensile splitting cracks that tend to align with the direction of far-field compressive load. Fig. 8c
shows simulated crack patterns occurring in a low-friction compressive test [52]. Similar splitting cracks are reported for other
discrete models [74,147,148]. Triaxial compressive tests with high confinement prevent the development of splitting cracks,
therefore the compressive stress occurring at the interparticle interfaces becomes the major component of the model resistance.
Unfortunately, the strain vector available at the interfaces does not provide a tensorial representation of the state of deformation,
such that the confinement effect (i.e., dependence of the response on volumetric strain) cannot be implemented directly. For those
reasons, LDPM supplies the volumetric strain level to the each contact from its neighborhood by measuring volumetric deformation
of the attached Delaunay simplices. Fig. 8b shows LDPM simulations of triaxial compression and it demonstrates the ability of the
model to predict the transition from strain-softening to strain-hardening upon increasing confinement. Another example involving
triaxial compression is that of concrete confined by steel tubing [149].

The discrete, explicit representation of cracks simplifies constitutive modeling under non-proportional loading. The cracks and
possibly other inelastic phenomena are stored at the oriented contacts in the form of state variables. In this sense, the discrete models
mimic the actual material inelastic processes [150]. When load direction changes, the orientations of the contacts automatically
account for the loading history under the new loading direction. Fig. 8d shows a simulated crack pattern in a cylinder axially loaded
to 40% of its compressive strength and then loaded in torsion. Another example involves tensile cracking followed by shearing [102].

4.3. Dynamical loading and load rate dependency

Relative to quasi-static simulations of fracture, additional factors come into play when dynamical loads are present, including:
(i) influences of inertia on the strain and stress fields; and (ii) dependency of properties of the constituent materials on strain rate.
Discrete models can readily account for such factors. Mass is typically lumped at the particle centroids (or lattice nodes), rather than
being distributed over the elemental (internodal) volumes, which facilitates modeling of fragmentation phenomena. Most models
of dynamical behavior include means for controlling damping, which accounts for various forms of energy dissipation.

The ability of discrete models to simulate distributed cracking and fracture localization extends to cases of dynamical load-
ing. Wittel et al. [151] used a discrete element method to simulate fragmentation of brittle disordered solids under impact loading.
Their simulations captured the phase transition from damage to a fragmented state at a critical energy level; the fragment shapes and
mass distributions agreed with those measured in physical experiments. Whereas mean fragment size scaled with impact velocity,
the degree of disorder did not influence the fragment mass distributions.

The influences of coarse scale heterogeneity (e.g., the larger of the aggregate particles) are explicitly represented within LDPM
simulations of concrete behavior under dynamical loading. The constitutive formulation accounts for intrinsic rate-dependent
phenomena, including creep and Arrhenius-type behavior [152]; apparent phenomena associated with structural effects, such as
mass inertia and changes in crack patterns, appear naturally as part of the solution process. Smith and Cusatis [58] applied the LDPM
12
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to modeling the response of plain and steel fiber-reinforced concrete structures to impact loading. Fiber additions increased material
toughness, leading to reduced size of the damage zones (Fig. 9) and better performance under repeated impacts. In agreement with
test observations, the fiber additions had only a secondary effect on reducing the exit velocity associated with strike velocities above
the ballistic limit.

Hentz et al. [72,153] used the discrete element method to simulate concrete fracture under dynamical loading. For the purpose
f modeling larger structures, non-physical discretizations were employed. Parameter values were established through calibration

with quasi-static test results. Predictive capabilities of the model were demonstrated through good correlation with tests results
for dynamic compressive loading applied via a split Hopkinson pressure bar (SHPB) apparatus. The results also imply that rate-
dependency of compressive strength is primarily due to inertial effects. A material-intrinsic effect had to be included at the elemental
level to better capture the rate dependency of concrete tensile strength. Along similar lines of thought, Hwang et al. [38,39] used
Voronoi-cell lattice models to quantify the relative contributions of inertial and material-intrinsic effects to concrete tensile strength
at higher strain rates. Visco-elastic–plastic damage (or visco-plastic damage) units were introduced within the lattice elements to
represent the material-intrinsic components (e.g., the influence of pore water viscosity on fracture) of strain rate dependency.
As shown through comparisons with experimentally recorded damage patterns (Fig. 9), discrete models are adept at simulating
distributed damage and fracture localization within concrete under dynamical loading.

5. Computational strategies

5.1. Solution techniques

With respect to mechanical analyses, load is applied (or time advanced) incrementally. The treatment of fracture or other
nonlinear phenomena within each load (or time) increment can be done in several ways.

5.1.1. Event-by-event quasi-static solution
Within each load step, a strength criterion is used to assess the cracking potential of each contact element. The critical element

with the highest cracking potential is either removed from the lattice [17,154] or degraded (in strength and stiffness) according
to the sawtooth approach [129]. Each fracture event typically involves the reconstruction and solution of the system equilibrium
equations. To improve computational efficiency, the changes associated with fracture events can also be introduced via low-rank
updates of the factored coefficient matrix [155]. The overall event-by-event solution process is sequentially linear.

This approach has two main advantages:

• The convergence issues that may occur during iterative searches for equilibrium are avoided.
• By isolating each fracture event, the associated energy can be calculated, which is useful in verifying model behavior or when

comparing with experimental results, such as acoustic emission data.

On the other hand, there are also disadvantages related to sequentially linear strategies:

• Determination of the critical element can be difficult if a complex failure criterion is employed [156,157].
• The procedure is computationally demanding, particularly for 3D problems where fracture is extensive. When applying the

saw-tooth approach to modeling strain softening behavior, solution time is strongly affected by the resolution of the saw-tooth
approach.

• They are not applicable within dynamical analyses, due to the presence of inertia effects.

The classical event-by-event approach can be described as a total strategy. A total strategy starts each step from a zero stress state
and is limited to purely secant (damage based) loading–unloading constitutive relations. This straightforward approach, however,
fails in cases of non-proportional loading because the events are triggered under incorrect load. All the previously applied loads
must be added sequentially again in each step, such that new cracks or even system failure might occur at significantly different
load levels.

Modifications of the classical load-unload procedure were developed to allow non-proportional loading sequences [158–162].
These methods are incremental; the previous load is never removed. Also, they can accommodate arbitrary loading–unloading
elations (plastic or/and damage based formulations are possible). The incremental Force-Release algorithm [159,161] mimics highly
damped dynamical solution by introducing a sequentially linear redistribution loop after each event.

The incremental and total strategies provide different sequences of fracture events and therefore different results. A nice
comparison is presented in Ref. [163]. These strategies essentially differ in the time scales assumed for a load change and
a stress redistribution [164,165], as documented by comparison between quasistatic and dynamical simulations [166]. The general
method [164] shows connection between these approaches and enables indirect displacement control of the sequential solution
13
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Fig. 10. Adaptive discretization strategy applied to four-point bending test with random material parameters [168].

5.1.2. Implicit quasi-static or dynamical solutions
Inelastic behavior, particularly crack formation/advancement, occurs simultaneously within elements that violate the fracture

criteria. Iterations are performed, often using a Newton–Raphson scheme, to seek equilibrium of the internal and external forces
acting on the nodes. A force, displacement or energy norm, and a specified tolerance, are commonly used as convergence criteria.
Although each iteration typically requires a factorization and solution of the system of equations, the allowance for damage to
evolve simultaneously throughout the computational domain is computationally efficient. However, interactions between competing
damage mechanisms (e.g., the loading/unloading of proximate cracks) may cause convergence difficulties. It might also be difficult
to derive stiffness matrices in situations where complex constitutive models are used.

Dynamical problems are solved in similar way by including inertia and damping forces. There are several methods that provide
implicit time integration, each differing in control of numerical damping and accuracy. The generalized 𝛼 method [167] is one
prime example. An advantage of the implicit methods is that time steps of arbitrary size can be taken. The solution is always stable.
However, smaller time steps typically increase accuracy of the results.

5.1.3. Explicit dynamic solutions
Explicit time integration procedures overcome the difficulties of implicit solvers with respect to convergence and construction

of consistent stiffness matrices. They also avoid factorization of the coefficient matrices, which is computationally expensive for
large systems of equations. The price paid for these benefits is conditional stability: there exists a critical time step above which the
solution becomes unstable. This critical time step is inversely proportional to the maximum natural frequency of the system, i.e. it
is dictated by material density, size of the discrete units and stiffness of the lattice elements. The time step affects also accuracy,
but meeting the stability requirement usually provides sufficient accuracy.

Because of the time step size restriction, explicit algorithms are convenient for highly dynamical, short duration loading scenarios.
One can apply them also for quasi-static cases but this often requires a large number of time steps and an associated large
computational burden. Brittle fracture occurring under quasi-static loading may result in a rapid, highly dynamical local system
behavior with inertia playing a significant role. The dynamical simulation might be in such cases appropriate as it captures these
dynamical effects.

5.2. Reduction of computational demands

The mesoscale models cannot be used directly for analysis of large structural elements because of the large computational cost
associated with explicit representation of material structure. Discrete models, though considered to be efficient, are no exception.
We list here some techniques used to reduce the computational burden.

The most obvious technique would be to use the mesoscale discrete model only in critical areas that are expected to undergo
severe inelastic processes. The rest of the domain can be represented by a homogeneous continuum model such as, for example, one
based on elastic finite elements. Although there are several means for realizing the finite element-discrete model connection, none
of them is ideal. If the critical subdomain is not known in advance, one can employ some adaptive technique to interchange the
continuous and discrete models if needed. Examples of these adaptive calculations can be found in Refs. [15,169,170]. Alternatively,
one can avoid use of the continuum modeling by simply diluting the nodal density in (adaptively updated) regions of purely elastic
behavior (Fig. 10). This is possible because the effective elastic behavior of the discrete model is independent of discretization density
and all the inelasticity takes place in the finely discretized part of the domain. The problematic discrete-continuum interface is then
replaced by a transition from fine mesoscale to coarse homogeneous discrete models [168].

Another possibility is to scale the material internal structure and compensate for it by modifying the material parameters at the
particle contacts. This coarse graining technique has been used in conjunction with the LDPM approach [142]. For explicit dynamics
simulations, not only is the number of degrees of freedom reduced, but the critical time step is also substantially enlarged.

One can also use the quasicontinuum method known from atomistic simulations [171], which applies kinematic constraint in
areas of low interest. The degrees of freedom of the discrete model are made dependent on some underlying continuum governed
14
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Fig. 11. Volume discretization of reinforcing bar including surface features.

by representative nodes. The fully resolved discrete structure is kept in areas of high interest. The low and high interest regions can
be modified adaptively on the fly [172].

The technique of model order reduction was applied in Ref. [173], where the mechanical problem was projected into a subspace
with fewer degrees of freedom and solved there. The subspace projection should comprehend the essential behavior of the original
problem, such that the subspace must be chosen carefully. Ceccato et al. [173] used snapshot-based proper orthogonal decomposition
to determine the optimal subspace. When inelastic phenomena (e.g., cracks) evolve, the subspace definition must be updated
relatively often to account for them. It is therefore convenient to project only those parts of the domain that remain elastic [174].

Computational homogenization is another option for reducing the expense of discrete models. The macroscopic homogeneous
continuum model is solved with constitutive relations provided by a ‘‘virtual experiment’’, a full mesoscale discrete simulation of
a representative volume element (RVE). Each integration point of the continuum model is coupled with one RVE and a number of
fine scale problems are run in every computational step [115,175]. Significant time savings can be achieved in elastic or strain-
hardening regimes. Application of the homogenization for strain-softening behavior is less effective because the RVE volume must
coincide with the material volume associated with a corresponding integration point.

6. Discrete reinforcing components

Cement-based materials, being relatively weak in tension, are typically augmented with reinforcing bars or short, dispersed fibers.
For practical applications, and the development of new composite materials and structures, the computational model must account
for these reinforcing components and their interactions with the host medium. Discrete modeling approaches accommodate several
alternative ways to incorporate such reinforcement.

6.1. Volumetric discretization of reinforcing components

The volumetric discretization of reinforcing components offers several advantages, which may justify its high computational
expense. It allows for explicit modeling of the bar–concrete interface, including the features that provide for mechanical interlocking
between the bar and concrete [176,177] (Fig. 11). By accurately modeling the shape of transverse bar ribs, local stress conditions
and the associated diagonal/radial cracking that develops during bar pullout from the concrete [178] are realistically captured.
Such behavior cannot be simulated by conventional bond–slip models that rely on line element (e.g., truss or frame element)
representations of the reinforcement. The influences of other reinforcing details, including bar hooks or headed bars, can be explicitly
modeled [176]. Although finite element models have been successful in these respects [179,180], discrete modeling approaches offer
simpler representations of interface behavior and, in particular, the displacement discontinuities that develop along the interface.

By discretizing the bar volume with sufficient resolution, the local bending behavior of reinforcing bars can also be mod-
eled [181]. Matsumoto et al. [182] introduced damage in concrete affected by asymmetric loss of bond along the bar perimeter.
During subsequent application of pullout load, the reinforcement exhibits local bending, especially in cases with mechanical
anchorage.

6.2. Line element discretization — explicit approach

Within discrete models of the bulk material, reinforcing components can be represented by conventional truss or frame structural
elements, similar to what has been done in finite element models [183]. In contrast to most finite element applications, however,
reinforcing components can be positioned irrespective of the background discretization of the material volume [184–186]. In one
form of lattice model, for example, each reinforcing bar is represented by a series of frame structural elements, as shown in
Fig. 12. As part of the discretization process, frame element nodes are positioned along the path traversing each Voronoi cell and
connected to each respective concrete node via zero-length link elements and rigid-arm constraints. The link elements are similar
to those introduced by Ngo and Scordelis [187], except for the presence of the rotational spring. The tangential spring of each link
element accounts for the bond actions between the reinforcement and concrete [188]. This approach has been effective in modeling
15
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Fig. 12. Explicit modeling of reinforcing components via frame and bond-link elements: (a) two-dimensional model showing the bond link configuration; and
(b) three-dimensional model.

Fig. 13. Transfer of force between matrix and embedded fiber crossing a crack. Bridging force effects: (a) lumped at the crack faces (in the form of a zero-size
spring aligned with the fiber and having stiffness 𝑘𝑓 , which evolves during fiber debonding and pullout); and (b) distributed along the embedded lengths as
generalized nodal forces [199].

fracture of fiber-reinforced cement composites [186,189]. Since these reinforcing components possess nodal degrees of freedom,
however, their use is cost prohibitive for modeling large volumes of fiber reinforced materials, where the number of fibers can be
extremely large. Similar approaches have been developed for explicitly representing reinforcing components within DEM analysis
frameworks [190].

6.3. Line element discretization — embedded approach

By embedding the reinforcing components within one or more discrete elements, they are not assigned degrees of freedom.
Instead, the pre- and/or post-cracking actions of the reinforcement depend on the motion of the background mesh representing
the matrix [191,192] or concrete materials [193–196]. A similar approach has been developed for simulating fiber reinforced
polymers [197]. In this way, large numbers of reinforcing components can be represented enabling, for example, simulations of
fracture of realistic volumes of fiber reinforced concrete. In combination with the explicit modeling approach, described in the
preceding section, this embedded approach has been used to simulate the tensile fracture behavior of fiber-reinforced concrete
containing steel reinforcing bars [198].

In one approach based on the rigid-body–spring concept, a fiber element is formed whenever the fiber crosses a boundary between
matrix particles, as shown in Fig. 13a. A zero-size spring, directed along the fiber axis, is placed at the boundary crossing. The axial
stretching/contraction of the spring depends (via rigid arms 𝑖−𝑝 and 𝑗−𝑝) on the generalized displacements of the associated matrix
nodes. Prior to matrix cracking, spring stiffness is determined according to elastic shear lag theory [191,200], such that axial stress
in the fiber agrees well with theory. After matrix cracking, the spring forces evolve according to the nonlinear processes of fiber
debonding and pullout from the matrix [191,201]. It has recently become evident that, when a fiber intersects multiple boundaries
between matrix particles, lumping the fiber pullout force at the entry points from the crack faces is not objective with respect to
non-physical mesh refinement [202]. Distributing the pullout force along the embedment lengths of individual fibers, as pictured in
Fig. 13b, suppresses the spurious localization of damage and reduces mesh size dependency. Moreover, proper transfer of bridging
force is necessary for accurate simulation of crack spacing and opening in fiber reinforced cement composites [199].

7. Multi-field analyses

Concrete behavior, including its susceptibility to cracking, is governed by various chemical and physical phenomena. On the
one hand, cement hydration consumes water and produces heat as the cement paste becomes stiffer and stronger. On the other
hand, changes in moisture content or temperature cause volumetric changes that, in the presence of restraint, produce stress in
the concrete. In addition to applied mechanical loading, hygral or thermal effects may also contribute to crack initiation and
16
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Fig. 14. Discretization strategies for multi-field analyses: (a) structural and flow network nodes are coincident; (b) structural and flow networks are defined by
the Delaunay and Voronoi tessellations, respectively; and (c) dual-lattice construction in three dimensions.

development. Concrete creep, and its interplay with fracture phenomena, also depends on the moisture and temperature conditions
of the concrete. The durability mechanics of structural concrete is thus affected by a combination of mechanical, hygral and/or
thermal processes, which typically commence at early ages [203,204] and evolve over the life-cycle of the structure. Therefore, for
many applications, concrete fracture should be modeled using a multi-field analysis framework.

This article centers on the mechanical modeling of concrete and its fracture. Within this subject area, continuum and discrete
models differ greatly. As noted above, however, the strain or stress fields that drive fracture may arise from mechanical, hygral or
thermal loadings. Accordingly, this section briefly reviews the capabilities of discrete models for simulating scalar field (e.g., relative
humidity or temperature) behaviors, along with their potential advantages in multi-field analyses.

7.1. Discretization of the scalar potential field variable(s)

The field quantity is typically transported along 1D conduit elements interconnected at the nodal sites. In the absence of
cracking, it is common to use the same nodal sites for representing the mechanical (i.e., displacements) and flow-related quantities
(e.g., moisture content and temperature) [41,205], as shown in Fig. 14a. By scaling the cross-section areas of the conduit elements
according to the corresponding Voronoi facet areas, the lattice of conduit elements can precisely represent uniform flow conditions
(Fig. 4). After crack formation, however, the conduit elements are highly skew to the crack path, which (in a conceptual sense)
follows the boundaries of the discrete bodies (Fig. 14b). This misalignment of the flow elements with the crack path does not allow
for realistic simulations of crack-assisted flow and its dependence on crack opening.

By defining the flow network on the particle boundaries (e.g., on the edges of the Voronoi tessellation or generally on the
dual grid [206]), both pre-cracking and postcracking flow can be simulated [37,207]. The cross-section areas of the flow elements
scale according to the corresponding facets of the Delaunay tetrahedra, enabling precise simulations of uniform flow through the
uncracked material (Fig. 4). Furthermore, as seen in Fig. 14b, flow elements are now aligned with potential cracks. The structural
analysis provides values of crack opening, which govern the properties of the flow elements along the crack path [37,207,208].
This one-way coupling between fracture analyses and crack-assisted transport is relevant to a variety of durability problems of
structural concrete [209], since most of the deterioration mechanisms are affected by the presence and transport of water or chemical
species in solution [210]. For example, Wang and Ueda [211] used this form of one-way coupling to compute profiles of chloride
concentration in cracked concrete specimens. Such analysis is difficult in homogeneous continuum models as the information about
crack connectivity and opening is not directly available. Using this dual network complex, two-way couplings between fluid pressure
and evolving crack networks enable simulations of hydraulic driven fracture in concrete and other geomaterials [206,212–215].

Whereas these representations of post-cracking flow or flow-driven fracture are realistic, this dual-lattice approach introduces
several complicating factors.

• In three dimensions, the dual lattice defined by the edges of the tessellation is computationally more expensive than its
Delaunay counterpart. The numbers of dual lattice vertices and flow lattice elements are dramatically greater than those of
the Delaunay vertices and structural lattice elements, respectively.

• Coupling of the displacement and flow fields is complicated by the use of different nodal sets for each respective field (Figs. 14b
and c).

• The occurrence of essentially zero-length conduit elements can ill-condition the system of equations associated with the
flow field analyses. Such zero-length edges rarely occur from the random placement of structural nodes, but some regular
arrangements of nodes lead to degenerate Delaunay tessellations and zero-length Voronoi edges. The problem can be mitigated
by assigning a sufficiently large length to the elements in question.

In summary, crack development introduces new pathways for mass transport, which can be readily handled by discrete
approaches, albeit with increased computational cost. In contrast, continuum approaches may require remeshing to accommodate
crack development and the associated new pathways for mass transport. This is complicated for various reasons, including difficulties
in simulating the transition from diffused to localized cracking, the need to transfer history-dependent internal variables onto the
new mesh configurations and occurrence of crack-induced flow anisotropy.
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7.2. Flow field analyses

By virtue of nodal site symmetry, regular lattices of conduit elements represent the condition of uniform flow through
homogeneous medium. The same capability is achieved with irregular lattices, provided the element areas are based on the

orresponding Voronoi facet areas of the nodal point set (or potentially some other means of tiling the domain with the individual
lement volumes) [208]. This condition of flow uniformity is analogous to the condition of elastic uniformity, described in
ection 4.1.1, for the case of a mechanically loaded lattice. Mass conservation calculations for flow entering/leaving each Voronoi
ell (analogous to the force balance condition represented by Eq. (4)) provide nodal flux values [41], which can serve as a basis
or stream line visualization. The previous discussions of physical and non-physical discretization approaches and their relationship
ith material structure, given in Section 3.2, also apply to these discrete models of potential flow.

.3. Coupling schemes

As noted, discrete models can represent one- or two-way couplings involving the network structure and field quantities of interest.
everal forms of coupling exist. Simultaneous coupling of the field quantities can be introduced within the theoretical formulations
using, e.g., the effective stress concept of Biot). Alternatively a sequential procedure can be used, where one set of field quantities is
alculated separately, assuming the other field quantities are in a steady-state condition. In many cases, results of the potential field
nalyses feed forward into the mechanical analyses [41,205]. Iterative solutions can account for interplay between the differing
ield variables within each computational cycle, which may better account for the path dependent, irreversible nature of crack
ropagation [215]. Coupled hydro-mechanical processes are central to several geoscience applications, where many advancements
n modeling have been made [216].

. Practical applications

Several applications of discrete models in realistic scenarios are discussed now. We begin with mechanical models of fracture
nd continue with multi-field applications.

.1. Applications in structural mechanics

The structural applications of mesoscale models of concrete are rather limited due to excessive computational cost when used for
eal-sized structural members. Exceptions include the simulations of reinforced concrete beams (up to length 4.6 m) [51,217] and
dhesive anchors [218] by LDPM. Bhaduri et al. [219] used LDPM for detailed analyses of the interplay between reinforcing bars
nd short fiber reinforcement during shear and bending failure of ultra high performance concrete beams. The mesoscale models
f concrete are advantageously used to validate homogeneous continuum models [107,220], or for detailed study of the fracture
rocesses in heterogeneous materials [106]. Interesting applications of mesoscale discrete models at the structural level are available
or various forms of masonry [221–225].

The homogeneous or macroscale models, on the other hand, more readily accommodate the structural dimensions used in practice.
BSM has been used for structural concrete analyses, including high-fidelity simulations of concrete walls under reversed cyclic

oading [226] or bridge piers [184]. Rasmussen and de Farias [227] and Kim et al. [228] apply discrete models for analysis of
ock tunnels, accounting for elastic and strength anisotropy; Chang et al. [229] employed a lattice model to assess the buildability
erformance of 3D-printed concrete; Luković et al. [186] study effective of repair systems made of strain hardening cementitious
omposites. Pullout capacities and cracking patterns are simulated, considering the weakened zone caused by closely spaced
einforcing bars [177]. Eddy and Nagai [105] developed models that explicitly represent the complicated arrangement of reinforcing
ars with mechanical anchorages in the beam–column joints. Effects of the arrangement of the reinforcement in the joint region
ould be analyzed, including the patterns of load transfer and crack propagation (Fig. 15).

As another form of discrete model, Deng et al. [230] represent planar RC walls and other RC components as assemblages
f nonlinear line (truss) elements. Truss cells, composed of vertical, horizontal and diagonal truss elements, are assembled into
acro-elements that permit practical-scale analyses of RC structures. The representation of local behavior with two-node elements

ffectively captures shear failure and other forms of damage localization.

.2. Multi-field applications

With respect to concrete structures, and geomaterials in general, many application needs involve a coupling between mechanical
ehavior and other field quantities, such as temperature or fluid pressure. As previously noted, variations in those scalar field
uantities often contribute to crack initiation and propagation. In turn, cracking may profoundly affect mass transport through the
aterial domain. Such coupled analyses benefit from the accurate representation of cracking in discrete models. The most common

oupling schemes involve mechanical behavior and fluid transport. Two-way couplings realize both the effect of fluid pressure on
aterial structure and the effect of deformation and cracking on mass transport. One obvious application of such coupling schemes

s hydraulic fracturing. Various discrete model types have been used to simulate hydraulic fracturing, for example particle-based
18
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Fig. 15. Discrete modeling of (a) shear failure of ultra high performance concrete beams [219] and (b) beam–column joint [105]: discretization of reinforcement
and crack pattern after loading.

Fig. 16. Cracking due to corrosion of rebars: (a) 2D simulation from [241] and (b) 3D model from [240] (red color indicates high stress level); (c) thermal
spalling simulated by LDPM [245] (red color indicates large crack openings associated with fragments).

Another largely studied topic is cracking due to expansion of steel corrosion products within structural concrete. The model is
often only mechanical in nature. To represent the effects of expansion of the corrosion products, pressure is applied at the interface
between the rebar and concrete [237,238]. Since the reinforcement is discretized in its circumferential direction, the expansion
can be introduced differentially in the radial direction according to the corrosion conditions. Pullout tests and simple beam tests of
reinforced concrete with corrosion damage were analyzed in [106,239,240] (Fig. 16b).

One way coupling between transport and mechanical behavior was considered in simulations of deterioration due to corrosion
in [241,242] (Fig. 16a). The cracks induced by externally applied pressure at the interface served as channels for the corrosion
products in the transport model. Amalia et al. [243] considered also reduction of the pressure due to the movement of the corrosion
products through the cracks. This scheme was expanded to simulate electric current flow during the corrosion process so as to
simulate the crack propagation simultaneously [244].

Other coupling schemes have been developed to simulate various practical problems. Liu et al. [246] simulated drying shrinkage
coupled with the transport of moisture by mesoscale lattice models. Creep and shrinkage of concrete have been simulated by
coupling LDPM with the prevailing thermal and humidity fields [247,248]. A similar setup was applied in [249] to simulate concrete
deterioration due to alkali-silica reaction and in [245] to simulate thermal spalling (Fig. 16c). RBSM was used to model deterioration
due to frost damage in [250,251] by coupling mechanical behavior with heat and moisture transport. Chloride diffusion affected
by cracking was studied in [252,253] using a lattice model with projected concrete mesostructure. Mass transport, heat generation
and diffusion, and mechanical behavior were coupled within homogeneous RBSM to simulate the early-age conditions of concrete
bridge decks [42]. Wang et al. [254] simulated cracking due to alkali silica reaction and delayed ettringite formation by mesoscale
RBSM.

8.3. Identification of model parameters

Many practical modeling applications that involve concrete fracture treat the concrete as a homogeneous continuum. For cases
of tensile fracture, the parameters of interest include tensile strength, specific fracture energy, and the shape of the relationship that
governs tension softening. Due to difficulties in conducting uniaxial tension tests, however, these parameters are often not measured
directly, but rather calibrated through inverse analyses of flexural test results [255,256] or some other indirect means. This situation
is more complex when other materials or loading configurations are considered [257]. In general, such calibration is needed on a
case-by-case basis, due to the relative lack of physical bases of the model formulation.
19
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One intention of mesoscale modeling is to provide increased physical bases to the analysis efforts. The degree to which this
oal is met depends on the validity of the model and accurate assignments of the model parameters. Attempts have been made to
easure parameter values through testing at the mesoscale [62,258] or at the microscale using nanoindentation techniques [259–
61]. In most cases, however, the parameter values are difficult to measure directly due to limitations in experimental capabilities or
ouplings between the behaviors represented by the parameters. Furthermore, the potential benefits of mesoscale modeling typically
ome with an increase in the number of parameters. The problem of parameter identification is further complicated when considering
ultiple, interacting field quantities in the analyses.

For both homogeneous and mesoscale concrete models, parameter identification involves the fitting of one or more aspects of the
odel response to corresponding sets of experimental data. In most cases, a trial set of parameter values is updated by an iterative
rocedure. Although this updating process has been done heuristically (i.e., as a trial-and-error process), modern needs strongly
avor classical algorithmic [262–264] or machine learning [265–267] approaches for inverse analyses. Janouchová et al. [268]
resent a probabilistic calibration of the LDPM, which uses Bayesian inference to solve the inverse problem in a robust way, while
roviding quantitative information regarding the uncertainties of the parameter values. Calibration and validation, at all relevant
cales covered by the model formulation, are essential for both scientific and practical applications of the model.

. Conclusions

This paper reviews discrete mechanical and multi-physical models of concrete with particular focus on simulating fracture. These
iscrete models are described according to their purpose, formulation, and form of domain discretization. In particular, physical

and non-physical forms of discretization offer differing, complimentary means for simulating material and structural behavior. In the
former case, relevant aspects of material heterogeneity are directly captured by the discrete particles and their modes of interaction.
In the latter case, the mechanical behavior of homogeneous media can be simulated, which can be used for structural scale modeling
or the explicit representation of material phases at the concrete mesoscale.

Both discrete and continuum models are capable of matching a range of experimental results as recently demonstrated, e.g., in
ef. [269]. There are however fundamental differences that should be acknowledged and understood. This paper aims to provide
uch understanding and clarify the merits and demerits of discrete models relative to continuum models in general, as well as
utually across the various types of discrete models. The following statements can be made.

• Most discrete models are composed of two-node elements or pairwise assemblies of neighboring particles. As a consequence,
stress and strain are defined as vectorial quantities that (for physical forms of discretization) tend to correspond directly with
material structure. The vectorial basis of the constitutive relations provides simple, transparent representations of material
behavior.

• The pairwise interactions between particles, or lattice nodes, offer effective means for representing discontinuities in the
displacement field due to cracking or slippage. Furthermore, since only two nodes are involved in modeling the local process
of material separation (i.e., fracture), the stress-locking problems of ordinary continuum formulations are largely avoided.

• By capturing the displacement discontinuity of cracks, and the stress variations associated with crack opening, discrete models
are effective in representing the anisotropy induced by crack formation. When heterogeneity is present, discrete models are
adept at simulating the development of diffuse cracking and its transition to localized fracture.

• On the other hand, the vectorial descriptions of material behavior pose challenges in simulating elasticity of the composite
material or its constituents.

– The discrete structure exhibits stress variations that (for the case of non-physical discretizations) are viewed as spurious
heterogeneity. When using physical discretizations, however, these variations are considered to be beneficial, as they
reflect the presence of actual heterogeneity. Under uniform compressive load, for example, patches of transverse tension
appear throughout the domain, which can induce splitting cracks that align with the direction of compression.

– There are upper limits on the achievable Poisson’s ratio of discrete assemblies. Several remedies exist for allowing
the full range of thermodynamically admissible Poisson’s ratio (see Section 4.1.2). These remedies also remove the
aforementioned stress oscillations caused by the discrete structure.

– Through systematic scaling of the cross-sectional areas of elements, or the contact areas between particles, discrete
models can be rendered elastically homogeneous under uniform modes of straining. This is advantageous when employing
non-physical forms of discretization to model homogeneous behavior, either at the structural or material component levels.

– The vectorial constitutive law needs to be equipped with volumetric deformation dependence to simulate triaxial
compression. This requires use of information from the element neighborhood, beyond what is available from the
individual two-node elements.

• It is widely accepted that irregular, or quasi-random, nodal arrangements should be used since the resulting models exert less
bias on potential crack directions. As a consequence, the model response includes random features, as well. When physical
discretizations are employed, these features may be associated with randomness of the natural material; on the other hand,
the features appear as spurious artifacts within non-physical discretizations of the material domain.

• The discretization technique unavoidably introduces a boundary layer with different material properties than the bulk
material [111]. It may be interpreted as realistic for physical discretizations, but may introduce unwanted bias within
non-physical ones.
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• Discrete models are often the method of choice for solving coupled multi-physical problems relevant to concrete materials.
Several points can be made.

– Discrete models are applicable to scalar field analyses, in which the field quantities are transported via lineal conduit
elements. The observations made regarding physical and non-physical forms of discretization hold for scalar field analyses,
as well. Through appropriate scaling of the cross-section areas of the conduit elements, the model can be rendered
homogeneous, such that uniform potential flow can be simulated without mesh bias.

– The explicit description of cracking makes discrete models highly suitable for simulating transport through cracked
media.

– In the absence of cracking, the same set of nodal points can be used for the mechanical and scalar field analyses. In the
presence of cracking, however, the dual-lattice approach (Section 7) offers a direct and robust technique for such types
of coupling. The conduit elements reside in the potential planes of cracking, allowing for transport both along individual
cracks and within the uncracked bulk material, as the fracture network evolves under loading.

• Discrete modeling approaches accommodate the inclusion of reinforcing components, which are essential for many applications
of concrete materials. Several possible approaches, differing in computational demands and accuracy, are available (Section 6).
Both steel bar and short fiber reinforcement can be introduced irrespective of the background discretization of the material
volume.

• There are many practical applications of discrete models at the structural level (Section 8). Computational complexity
is of paramount importance in applied numerical modeling. Models with physical discretization are arguably the most
effective kinematic representation of mesoscale material structure. Yet, practical applications use mostly scalable non-physical
discretization as the mesoscale models are still expensive, even though several reduction techniques are available (Section 5.2).

The discrete models reviewed herein, and concrete models in general, rely on input parameters that are often difficult to
easure and quantify. Multiscale modeling addresses some of the issues associated with parameter identification, but difficulties
ay persist. This calls for continued collaboration with experimentalists and recognition of the potential capabilities of inverse

nalysis techniques. As a related matter, verification and validation exercises, extending across the length and time scales of the
odel, should be a focal point of future research and model development.
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