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a b s t r a c t

This paper discusses the problem of stabilization and destabilization of fractional
oscillators by use of a delayed feedback control. A mathematical part of the problem
consists in stability analysis of appropriate fractional delay differential equations with
the derivative order varying between 1 and 2. Derived stability criteria are efficient and
easy to apply when stabilizing or destabilizing fractional oscillators in the standard as
well as inverted form. As a by-product of our results, we explicitly describe critical values
of a delay control parameter when stability property turns into instability and vice versa.
Evaluations of these stability switches are possible also in the limit harmonic case which
brings new insights into classical stability results on this topic.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

The model of a fractional oscillator originates from the equation of motion for the classical harmonic oscillator where
he second-order derivative (appearing in the acceleration term) is replaced by a fractional-order derivative between 1
nd 2. Existing analysis of this fractional model revealed some similarities compared to a damped harmonic oscillator.
owever, this damping property does not follow from friction (or other external sources) as in the classical harmonic
ase, but from the internal structure of the fractional oscillator itself. For more details, including the cause of this intrinsic
amping, physical interpretations of fractional oscillators, and their response to some external forces, we refer to [1–4].
The decay of amplitudes of fractional oscillators is supported by another specific property, namely a weak oscillation.
hile in the classical subcritically damped case, an oscillation around the equilibrium state occurs, the fractional oscillator

pproaches the equilibrium from one side only (after a few overshoots) with oscillating velocity. Thus, from a certain
oment, its behavior begins to resemble rather critical or supercritical damping whose decay rate is not exponential, but
lgebraic [5].
The classical damped harmonic oscillator has also its fractional extension. When studying the problem of the motion

f a rigid plate in a Newtonian fluid, the usefulness of a fractional damping term compared to classical damping was
ustified theoretically as well as empirically in [6], and later analyzed in [7,8]. From the mathematical point of view, the
irst derivative term (representing a damping proportional to velocity) was replaced by terms with rational derivative
rders (mostly 1/2 or 3/2). As it was shown in these and several following papers [9,10], this fractional model keeps
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the same stability properties compared to the classical one, but has a different asymptotics. In particular, the fractional
damping term implies an algebraic decay of amplitudes to the equilibrium position.

Coming back to the fractional oscillator model, its fractional-order derivative guarantees asymptotic stability of the
ystem (as recalled above, this is not true for the oscillator with fractional damping). On the other hand, considering the
nverted oscillator (when the internal force linearly depending on the deflection is acting towards this deflection), the
symptotic stability property does not hold for any derivative order between 1 and 2.
These observations can be extended via adding a suitable feedback control. The most simple feedback control is

hat proportional to a current state of the system. However, it is easy to check that such a control cannot change
tability properties of neither harmonic nor fractional oscillator (including their inverted forms). Moreover, in the practical
mplementation of feedback controls, it is very likely that time delays will occur. Therefore, it is important to understand
he sensitivity of the control system with respect to a time delay in the feedback loop. Depending on the values of a
elay, (asymptotic) stabilization or destabilization of many integer-order dynamical systems were reported. While general
easons for a feedback stabilization consist in bringing the unstable (or even chaotic) system into a stable position, the
mportance of a feedback destabilization appears in situations when we need to destabilize the stable, but in a certain
ense undesirable (e.g. pathological) state [11–13].
A mathematical platform for such feedback (de)stabilization of fractional models is provided by fractional delay

ifferential equations (FDDEs); for basics of the corresponding theory we refer, e.g. to [14–16]. Their stability analysis
urrently belongs among rapidly developing research topics due to its practical as well as theoretical importance. However,
ffective stability criteria for FDDEs are still rare (for some basic results we refer to [17–22]). From this viewpoint,
ractional and harmonic oscillators (whose position is at the border between stability and instability) represent very
uitable test models for stability analysis of their extended delayed feedback loops.
Following such outlines, we wish to discuss these problems: As a preliminary motivation, we consider the (undamped)

armonic oscillator controlled via a time-delayed feedback loop that is linearly depending on the state of the system (but
ot on its velocity). We wish to describe the structure of all delay and gain control parameters that enable either damping
f the oscillator (more precisely, its asymptotic stabilization around the equilibrium), or obversely its destabilization. As
he main problem, we consider the fractional oscillator (including its inverted form) with the same type of a control and
ut similar questions on critical values of the control parameters, including a derivative order.
The paper is organized as follows. Section 2 introduces a short survey of some existing results, related notions and

ethods. These methods involve, among others, techniques originating from root analysis of the appropriate characteristic
quation. A detailed description of locations of characteristic roots including their basic properties is provided in Section 3.
ection 4 presents stability criteria for studied linear FDDEs with the derivative order between 1 and 2. These results
ndicate that when considering the derivative order as a varying bifurcation parameter, the first-order derivative can be
aken for the critical bifurcation value. More precisely, if the derivative order is changing between 0 and 1, the stability
reas display similar topological properties. However, exceeding the value 1, quite new features accompanying stability
nvestigations appear. Section 5 contains applications of these results to the problems of stabilization and destabilization of
ractional oscillators (including their inverted forms) via delayed feedback controls. As a by-product of these investigations,
e present appropriate results for the classical harmonic oscillator as well. The final section concludes the paper with a
urvey of the presented results and possible perspectives.

. A brief mathematical background

The dynamics of a fractional oscillator is given by the fractional differential equation

Dαy(t) + ωαy(t) = 0, t > 0 (2.1)

here α ∈ (1, 2) and ω > 0 is a parameter corresponding to frequency [3]. The symbol Dα f (t) used here stands for the
Caputo fractional derivative which is, for any positive real α and a given function f , introduced as a composition of the
standard ⌈α⌉th order derivative (⌈·⌉ means a ceiling function) and the fractional (⌈α⌉ − α)th order integral

I⌈α⌉−α f (t) =

∫ t

0

(t − ξ )⌈α⌉−α−1

Γ (⌈α⌉ − α)
f (ξ )dξ , t > 0,

.e.

Dα f (t) = I⌈α⌉−α d
⌈α⌉f (t)
dt⌈α⌉

, t > 0.

If we put I0f (t) ≡ f (t) and α is a positive integer, then the Caputo derivative coincides with the standard (integer-order)
derivative (for more details on fractional operators we refer, e.g. to [23,24]). Thus, if particularly α = 2, then (2.1) becomes
the model for the classical harmonic oscillator

y′′(t) + ω2y(t) = 0, t > 0. (2.2)

It is well-known [2] that while (2.2) is non-asymptotically stable, its fractional analogue (2.1) is asymptotically stable
for any α ∈ (1, 2). In the inverted case, both the classical model

y′′(t) − ω2y(t) = 0, t > 0
2
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as well as its fractional analogue

Dαy(t) − ωαy(t) = 0, t > 0

are unstable.
To change stability or instability properties of these models, we introduce the control term u into their right-hand

ides. If we employ the basic feedback control u(t) = Ky(t), where K is a real gain parameter, then it is known (and
asy to verify) that its impact on stability properties of these models is limited. In particular, we are not able to achieve
symptotical stabilization of (2.2) for any real K . We show that this situation changes if we consider the delay feedback

control of the form u(t) = Ky(t − τ ) where, in addition to a gain parameter K , we employ also the real time lag τ > 0 as
he second control parameter.

From the mathematical point of view, we investigate stability properties of the FDDE

Dαy(t) = ay(t) + by(t − τ ), t > 0 (2.3)

here α ∈ (1, 2), τ > 0 and a, b are real parameters. Stability properties of (2.3) are known in both the limit integer-order
ases. It might be useful to recapitulate them [25,26].

heorem 1. (i) Let α = 1. Then (2.3) is asymptotically stable if and only if either

a ≤ b < −a and τ is arbitrary,

r

|a| + b < 0 and τ <
arccos(−a/b)
(b2 − a2)1/2

.

ii) Let α = 2 and b > 0. Then (2.3) is asymptotically stable if and only if a < 0 and there exists a non-negative even integer
such that

2ℓπ < τ
√

−a < (2ℓ + 1)π (2.4)

nd

τ 2b < min(−(2ℓ)2π2
− τ 2a, (2ℓ + 1)2π2

+ τ 2a). (2.5)

emark 1 (a). Both the parts (i) and (ii) were derived by use of root analysis of the corresponding characteristic
uasi-polynomials

P1(z) ≡ z − a − b exp(−zτ ) and P2(z) ≡ z2 − a − b exp(−zτ ), (2.6)

espectively. More precisely, the well-known stability condition says that (2.3) with α = 1 or α = 2 is asymptotically
table if and only if all roots of (2.6)1 or (2.6)2, respectively, have negative real parts (see, e.g. [27]). A crucial problem,
amely how to convert this theoretical condition into an efficient form, was solved by use of the D-partition method [26]
the case α = 1) and the Pontryagin criterion for location of quasi-polynomial roots in the open left complex
alf-plane [25] (the case α = 2).
(b) The case b < 0 was not explicitly discussed in [25]. However, using similar arguments as those used for b > 0, the

xtension of the part (ii) to b < 0 can be provided as well. We add that these results, even in a more efficient form, can
e also obtained as particular (limit) cases of our next considerations.

The above stated stability conditions for both the integer-order cases are of a quite different nature as illustrated by
igs. 1 and 2 depicting appropriate stability regions in the (a, b)–plane.
Following both the integer–order cases, conditions for asymptotic stability of (2.3) originate from the requirement

n location of all characteristic roots left to the imaginary axis. More precisely, when considering (2.3), the generalized
haracteristic quasi-polynomial takes the form

Pα(z) = zα
− a − b exp(−zτ )

nd the corresponding theoretical stability condition can be stated as follows:

emma 1. Let α > 0, τ > 0 and a, b be real numbers.
(i) If all the roots of Pα(z) have negative real parts, then (2.3) is asymptotically stable.
(ii) If there exists a root of Pα(z) with a positive real part, then (2.3) is not stable.

The proof of this assertion originates from the Laplace transform method and can be found in several earlier papers
or α ∈ (0, 1) (see, e.g. [21, Lemma 1]). Its extension to arbitrary positive real values α uses an analogous argumentation.

Recently, results on effective stability conditions for (2.3) with α ∈ (0, 1) have appeared in [17,18,21]. The stability area
n the (a, b)-plane was described either via boundary parametric curves, or via implicit formulae involving the (unique)
3
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Fig. 1. Stability region of (2.3) for α = 1 and τ = 1.

Fig. 2. Stability region of (2.3) for α = 2 and τ = 1.

switch between stability and instability with respect to increasing τ (this type of description is used in Theorem 1 (i)
for α = 1). In both these descriptions, stability properties of (2.3) with α ∈ (0, 1) essentially share the same structure
as in the case α = 1. As Figs. 1 and 2 indicate, if α ∈ (1, 2), then the structure of stability properties of (2.3) become
qualitatively different. From this point of view, α = 1 can be viewed as an important bifurcation value with respect
to a changing derivative order. This fact brings another reason why to study (2.3): we wish to clarify a mathematical
background of this phenomenon and provide an interpolation between both the systems of stability conditions for (2.3)
(recalled in Theorem 1) with α continuously varying between 1 and 2.

3. Distribution of characteristic roots

In this section, we analyze location of characteristic roots of Pα(z) with respect to the imaginary axis (and discuss also
some related root properties). Thus we prepare a necessary mathematical apparatus for conversion of Lemma 1 into an
effective from.

In addition to some elementary and well-known root properties of Pα(z) (such as complex conjugacy), the series of
the following properties holds.
4
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Proposition 1. Let α ∈ (1, 2), τ > 0 and a, b be real numbers. Then z = r exp(iϕ) (r ≥ 0, ϕ ∈ (−π, π]) is a root of Pα(z)
ith multiplicity greater than one if and only if either z = 0 or there exists an integer k such that αϕ − ϕ + τ r sin(ϕ) = kπ
nd τ r sin(αϕ) + α sin(αϕ − ϕ) = 0. Moreover, any root of Pα(z) has multiplicity at most three.

roof. Let z be a root of Pα(z) with multiplicity two. Then it also must hold

αzα−1
+ bτ exp(−zτ ) = 0, (3.1)

nd we get a = zα
+

α
τ
zα−1, b = −

α
τ
zα−1 exp(zτ ). Since a, b are real numbers, the first part of the assertion follows by

elaborating these two expressions for zero imaginary parts with respect to z = r exp(iϕ) (r ≥ 0, ϕ ∈ (−π, π]).
Further, a triple root of Pα(z) satisfies, in addition to (3.1), also α(α−1)zα−2

−bτ 2 exp(−zτ ) = 0. Such a system admits
a unique solution z = (1− α)/τ occurring if a = (1− α)α−1/τ α , b = −α(1− α)α−1 exp(1− α)/τ α (provided these values
are feasible). Similarly we can show that there are no roots of multiplicity greater than three. □

Proposition 2. Let α ∈ (1, 2), τ > 0, a < 0 and b be real numbers. Then there exists δ = δ(α, a) > 0 such that all the roots
z of Pα(z) satisfy | arg(z)| > π/2 whenever |b| < δ.

Proof. Let z = r exp(iϕ) where r ≥ 0 and |ϕ| < π/2. We substitute it into Pα(z) = 0 and rewrite the real and imaginary
parts as

rα cos(αϕ) + |a| − b exp(−rτ cos(ϕ)) cos(rτ sin(ϕ)) = 0,
rα sin(αϕ) + b exp(−rτ cos(ϕ)) sin(rτ sin(ϕ)) = 0,

which implies

(rα
− |a|)2 + 2rα

|a|(1 + cos(αϕ)) = b2 exp(−2rτ cos(ϕ)). (3.2)

Since r ≥ 0 and |ϕ| < π/2, the left-hand side of (3.2) has a minimum equal either to a2 or a2 sin2(αϕ) for |αϕ| ≤ π/2 or
|αϕ| > π/2, respectively. The right-hand side of (3.2) reaches its maximum for r = 0 and its value is b2. Thus, (3.2) has
no solution for any b such that |b| < δ = |a| sin(απ/2) which implies the assertion. □

Lemma 2. Let α ∈ (1, 2), τ > 0 and a, b be real numbers. Then all functions z = z(a, b) defined implicitly by Pα(z) = 0 are
continuous whenever z(a, b) is not zero.

Proof. Denote z = r exp(iϕ) and let F and G be real and imaginary parts of Pα , respectively. For the sake of clarity, we
will use the notation Pα(a, b; z) to point out the dependence on parameters a, b. Then we can expand Pα(a, b; z) = 0 as

F (a, b; r, ϕ) ≡ rα cos(αϕ) − a − b exp(−rτ cos(ϕ)) cos(rτ sin(ϕ)) = 0 ,

G(a, b; r, ϕ) ≡ rα sin(αϕ) + b exp(−rτ cos(ϕ)) sin(rτ sin(ϕ)) = 0 .

The implicit function theorem states that if the fixed values â, b̂, r̂, ϕ̂ satisfy F (â, b̂; r̂, ϕ̂) = 0, G(â, b̂; r̂, ϕ̂) = 0 and
Fr (â, b̂; r̂, ϕ̂)Gϕ(â, b̂; r̂, ϕ̂)− Fϕ(â, b̂; r̂, ϕ̂)Gr (â, b̂; r̂, ϕ̂) ̸= 0, then there exists an open set O ∈ R2 containing (â, b̂) such that
there exist unique continuously differentiable functions r, ϕ such that r(â, b̂) = r̂ , ϕ(â, b̂) = ϕ̂ and F (a, b; r(a, b), ϕ(a, b)) =

0, G(a, b; r(a, b), ϕ(a, b)) = 0 for all (a, b) ∈ O.
In our case, FrGϕ − FϕGr equals

r ·

[(
αrα−1

− τ |b| exp(−rτ cos(ϕ))
)2

+ 2αrα−1τ |b| exp(−rτ cos(ϕ)) (1 + sgn(b) cos(rτ sinϕ + αϕ − ϕ))
]
. (3.3)

Since z (then also r) is nonzero, (3.3) can be equal to zero provided the term in the square bracket is zero. Assume that
this does occur. Since both the terms in the square brackets are nonnegative, we obtain

|b| =
α

τ
rα−1 exp(rτ cos(ϕ)) and rτ sin(ϕ) + αϕ − ϕ =

(
2k +

1 + sgn(b)
2

)
π for a suitable k ∈ Z.

After some technical rearrangements, we can see that these conditions are identical to those for multiple roots described
in Proposition 1.

Thus we get that if â, b̂ are fixed and ẑ is a nonzero root of Pα(â, b̂; z), i.e. ẑα
− â − b̂ exp(−ẑτ ) = 0, then there

exists a complex-valued function z(a, b) such that z(â, b̂) = ẑ and Pα(a, b; z(a, b)) = 0. By a continuous extension of the
corresponding open set O, we obtain that this function is unique and continuous for all points (a, b, z(a, b)) provided
z(a, b) is not a multiple root of Pα(a, b; z).

Pα(a, b; z) has countably many nonzero roots. It defines countably many branches of z(a, b) which do not intersect
each other unless a, b imply a multiple root z of Pα(a, b; z); in this case, the corresponding branches cross each other.
Since all the functions involved in Pα(a, b; z) are continuous at these points, we conclude that the branches z(a, b) do not
lose their continuity property there. □
5
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Remark 2. Lemma 2 admits that the zero root occurring for a + b = 0 might not depend continuously on a, b. Indeed,
for values of α not admitting negative real roots of Pα(z), we can observe that the zero root ‘‘disappears’’ when crossing
the line a + b = 0.

Now we proceed to analysis of conditions ensuring that all the roots of Pα(z) have negative real parts. Doing it, we
employ the D-partition method. This method, when applied to Pα(z), originates from analytical descriptions of curves
in the (a, b)-plane such that Pα(z) admits either zero or purely imaginary roots just when its coefficients a, b are
lying on these curves. Such descriptions are independent of values of the parameter α and appeared in several earlier
papers [18,21]. It holds that Pα(z) has the zero root if and only if a + b = 0, and Pα(z) has a purely imaginary root
z = ±is/τ (s > 0) if and only if s ̸= jπ for any integer j and

a =
sα sin(s + απ/2)

τ α sin(s)
and b = −

sα sin(απ/2)
τ α sin(s)

. (3.4)

rom the geometrical point of view, Pα(z) admits the zero or purely imaginary roots if and only if the couple (a, b) is lying
ither on the line a + b = 0, or on some of the curves Γj (j = 0, 1 . . . ) given in the parametric forms

Γj : aj(s) =
sα sin(s + απ/2)

τ α sin(s)
,

bj(s) = −
sα sin(απ/2)

τ α sin(s)
,

s ∈ (jπ, jπ + π ). (3.5)

his system of curves plays a crucial role in stability investigations of (2.3). Properties of these curves significantly differ
ith respect to α ∈ (0, 1] or α ∈ (1, 2). In the sequel, we explore the latter case in a more detail.

emma 3. Let α ∈ (1, 2), τ > 0 be real numbers and let Γj (j = 0, 1 . . . ) be the curves defined by (3.5). Then it holds:
(i) The line a + b = 0 is tangent to the curve Γ0 at the origin, and the line

p−

0 : b = a −

(π

τ

)α

cos
(απ

2

)
is the asymptote to Γ0 as s → π−. Moreover, b0(s) < 0, b0(s) < a0(s) − (π/τ )α cos(απ/2) and b0(s) < −a0(s) for all
∈ (0, π ).
(ii) If j is a positive odd integer, then Γj has asymptotes p+

j (as s → jπ+) and p−

j (as s → (j + 1)π−) given by

p+

j : b = a −

(
jπ
τ

)α

cos
(απ

2

)
and p−

j : b = −a +

(
jπ + π

τ

)α

cos
(απ

2

)
.

Moreover, bj(s) > 0, bj(s) > aj(s)− (jπ/τ )α cos(απ/2) and bj(s) > −aj(s)+ ((jπ + π )/τ )α cos(απ/2) for all s ∈ (jπ, jπ + π ).
(iii) If j is a positive even integer, then Γj has asymptotes p+

j (as s → jπ+) and p−

j (as s → (j + 1)π−) given by

p+

j : b = −a +

(
jπ
τ

)α

cos
(απ

2

)
and p−

j : b = a −

(
jπ + π

τ

)α

cos
(απ

2

)
.

Moreover, bj(s) < 0, bj(s) < −aj(s)+ (jπ/τ )α cos(απ/2) and bj(s) < aj(s)− ((jπ + π )/τ )α cos(απ/2) for all s ∈ (jπ, jπ + π ).

roof. Verifications of all the three parts are of a technical nature. We derive the part (i), the remaining parts can be
roven analogously.
Let j = 0. Then lims→0+ (a0(s), b0(s)) = (0, 0) due to α > 1, and the form of the tangent line a + b = 0 easily follows

rom the property lims→0+ b0(s)/a0(s) = −1. Similarly, the value of slope k and b-intercept q of the asymptote p−

0 to Γ0
as s → π−) follow from the standard formulae

k = lim
s→π−

b0(s)
a0(s)

= 1 and q = lim
s→π−

(b0(s) − a0(s)) = −

(π

τ

)α

cos
(απ

2

)
.

Further, the property b0(s) < 0 is evident. The second inequality appearing in the part (i) is equivalent to

sα

τ α sin(s)

(
sin

(απ

2

)
+ sin(s) cos

(απ

2

)
+ cos(s) sin

(απ

2

))
>

(π

τ

)α

cos
(απ

2

)
,

and also to

sα
(
1 + tan

(απ

2

) 1 + cos(s)
sin(s)

)
< πα

due to s ∈ (0, π ) and α ∈ (1, 2). The validity of the last inequality is easy to verify.
Similar calculations also imply b (s) < −a (s) for all s ∈ (0, π ). □
0 0

6
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Fig. 3. The common asymptote to Γ1 and Γ2 and the corresponding trapezoids for α = 1.8 and τ = 1.

emark 3. Lemma 3 implies that each of the curves Γj (j = 0, 1 . . . ) is contained in an infinite trapezoid bounded
y the a-axis and two straight lines (namely its asymptotes). These asymptotes intersect the a-axis at the values a =

(jπ + π )/τ )α cos(απ/2). Also, we can see that each pair Γj, Γj+1 shares a common asymptote. The situation is depicted
in Fig. 3.

Lemma 4. Let α ∈ (1, 2), τ > 0 be real numbers, and let Γj (j = 0, 1 . . . ) be the curves defined by (3.5). Further, let
Xm,n = (am,n, bm,n) be intersections of Γm and Γn (if they exist). Then it holds:

(i) The intersection (am,n, bm,n) exists (and it is unique) if and only if m, n have the same parity.
(ii) am,m+2k < 0 for all k ∈ Z such that k > −m/2.
(iii) am,m+2k > am,m+2(k+1) for all k ∈ Z such that k > −m/2.
(iv) am,m+2k > am+2ℓ,m+2k+2ℓ for all k ∈ Z such that k > −m/2 and ℓ = 1, 2 . . . .

Proof. (i) By Lemma 3, the sign of functions bj(s) from (3.5) depends on parity of j. Hence, to find the intersections
between Γm and Γn, we put n = m + 2k for a suitable k ∈ Z and search for a couple (sm,m+2k, sm+2k,m) such that
sm,m+2k ∈ (mπ,mπ + π ), sm+2k,m ∈ ((m + 2k)π, (m + 2k + 1)π ) and

am(sm,m+2k) = am+2k(sm+2k,m), bm(sm,m+2k) = bm+2k(sm+2k,m).

Substituting (3.5) into these relations one gets
(sm,m+2k)α sin(sm,m+2k + απ/2)

sin(sm,m+2k)
=

(sm+2k,m)α sin(sm+2k,m + απ/2)
sin(sm+2k,m)

and
(sm,m+2k)α

sin(sm,m+2k)
=

(sm+2k,m)α

sin(sm+2k,m)
(3.6)

which leads to sin(sm,m+2k + απ/2) = sin(sm+2k,m + απ/2), hence

sm+2k,m = (2m + 2k + 3 − α)π − sm,m+2k.

Let sm,m+2k = mπ + ξ for a suitable ξ ∈ (0, π ). Then using (3.6), intersections between Γm and Γm+2k can be expressed
via roots of the function

gm,m+2k(ξ ) =
sin(απ + ξ )

sin(ξ )
−

(
(2m + 2k + 3 − α)π

mπ + ξ
− 1

)α

. (3.7)

ince limξ→0+ gm,m+2k(ξ ) = ∞, limξ→π− gm,m+2k(ξ ) = −∞ and g ′

m,m+2k(ξ ) < 0 for all ξ ∈ (0, π ), the root ξm,m+2k of
gm,m+2k exists and it is determined uniquely.

(ii) Let sj be a root of aj(s), s ∈ (jπ, jπ + π ). Obviously, this root is determined uniquely as sj = (j + 1 − α/2)π for all
j = 0, 1, . . . . Moreover, aj(s) > 0 for s < sj and aj(s) < 0 for s > sj. We put ξ0 = sj − jπ = (1 − α/2)π . The property (ii)
now follows from g (ξ ) > 0 for any m, k.
m,m+2k 0

7



J. Čermák and T. Kisela Communications in Nonlinear Science and Numerical Simulation 117 (2023) 106960

M

t

Fig. 4. Some intersections Xm,n = (am,n, bm,n) for α = 1.8, τ = 1 and m, n ∈ {0, 1, 2, 3, 4, 5, 6, 7}.

(iii) Since gm,m+2k(ξ ) < gm,m+2(k+1)(ξ ) for all ξ ∈ (0, π ), the roots of these functions satisfy ξm,m+2k > ξm,m+2(k+1).
oreover, aj(s) is monotonically decreasing whenever aj(s) < 0, which implies am,m+2k > am,m+2(k+1).
(iv) The statement is a consequence of the property (iii). Indeed, am,m+2k > am,m+2k+2ℓ = am+2k+2ℓ,m > am+2k+2ℓ,m+2ℓ =

am+2ℓ,m+2k+2ℓ. □

Remark 4. For the sake of lucidity, the location and ordering of intersections Xm,n = (am,n, bm,n) between Γm and Γn is
depicted in Fig. 4.

Lemma 5. Let α ∈ (1, 2), τ > 0, a < 0 and b be real numbers, and let a couple (a, b) ∈ Γj for a unique j. If |b| increases,
then a new root of Pα(z) with a positive real part appears.

Proof. Let z = z(a, b) be the corresponding purely imaginary root of Pα(z). By Lemma 2, there exists a neighborhood of
(a, b) such that z(a, b) is a continuous function on this neighborhood. Moreover, we can calculate

∂z(a, b)
∂b

=
exp(−zτ )

αzα−1 + bτ exp(−zτ )
=

zα
− a

b(αzα−1 + τ zα − τa)
,

which is the well-defined expression because the root z = z(a, b) is simple. Substituting z = is (s > 0) and evaluating
he real part we get

R
(

∂z(a, b)
∂b

) ⏐⏐
z=is =

1
b
x1x3 + x2x4
x23 + x24

where x1 = sα cos(απ/2) − a, x2 = sα sin(απ/2), x3 = αsα−1 cos((α − 1)π/2) + τ sα cos(απ/2) − τa and x4 =

αsα−1 sin((α − 1)π/2) + τ sα sin(απ/2). If a < 0 then

x1x3 + x2x4 = τ (sα + a)2 − 2asατ (1 + cos(απ/2)) − αasα−1 sin(απ/2) > 0.

Since analogously we can dispose with the complex conjugate case z = −is (s > 0), unifying both the cases we get

sgn
(

∂R(z(a, b))
∂b

⏐⏐
z=±is

)
= sgn(b)

which proves the assertion. □

4. Effective stability criteria for (2.3) with α ∈ (1, 2)

Lemma 1 supported by the results of Section 3 shows that the line a+ b = 0 and the curves Γj given by (3.5) will play
a crucial role in the formulation of efficient stability conditions for (2.3). Before we state these conditions, some auxiliary
notation might be useful.
8
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w
g

Fig. 5. Stability boundary Γ AS and stability region Sα of (2.3) for α = 1.8 and τ = 1.

Let P be the line segment

a = −s, b = s, s ∈ (0, T )

here T = (3π − απ )α/(2τ α
| cos(απ/2)|), and let Γ̃j (j = 0, 1, . . . ) be the parts of Γj with the endpoints Xj,j−2 and Xj,j+2

iven by its intersections with the neighboring curves Γj−2 and Γj+2 (see Fig. 4). If j = 0 or j = 1, then the curves Γ−2
and Γ−1 are not defined; in such a case, we introduce the corresponding endpoints as (0, 0) and (−T , T ), respectively (for
analytical descriptions of all the other endpoints we refer to Lemma 4 and its proof). Further, we put

Γ AS
=

∞⋃
j=0

Γ̃j ∪ P

and denote by Sα the open area in the (a, b)-plane containing the negative part of a-axis and bounded by Γ AS . Also, we
set Uα = R2

\cl(Sα) where cl(·) means the closure of a given set. The area Sα (including some angular bounds of the curve
Γ AS and a detail of the situation near the origin) is depicted in Figs. 5 and 6.

Then an effective reformulation of Lemma 1 is provided by

Theorem 2. Let α ∈ (1, 2), τ > 0 and a, b be real numbers.
(i) If (a, b) ∈ Sα , then (2.3) is asymptotically stable.
(ii) If (a, b) ∈ Uα , then (2.3) is not stable.

Proof. By Lemma 1, it is enough to show that if (a, b) ∈ Sα , then all the roots of Pα(z) have negative real parts, and if
(a, b) ∈ Uα , then there exists a root of Pα(z) with a positive real part.

Proposition 2 implies that there exists a neighborhood O of the negative a-axis where all the roots of Pα(z) have
negative real parts. In addition, all the roots of Pα(z) depend continuously on its parameters a, b due to Lemma 2. Hence,
the neighborhood O can be expanded until it is bounded by the appropriate parts of the line a + b = 0 and the curves
Γj (j = 0, 1 . . . ). The properties described in Lemmas 3 and 4 (supported by some simple calculations) yield that such an
expansion of O is bounded just by the curve Γ AS . Finally, by Lemma 5, when crossing Γ AS through any curve Γ̃j (while
expanding the neighborhood O), a root of Pα(z) with a positive real part appears. To complete the proof, it is enough to
employ an obvious property claiming that Pα(z) admits a root with the positive real part whenever a + b > 0. □

Remark 5. Geometry of the stability boundary Γ AS can be described as follows: If a < 0 and b > 0, then this curve is
formed by a part of the line a + b = 0 connecting the origin and the curve Γ1. Then Γ AS follows Γ1 until it is crossed by
Γ3, etc. If b < 0, then Γ AS follows the curve Γ0 (that crosses the b-axis at b = −(π/τ − απ/(2τ ))α) until it is crossed by
Γ2, then follows appropriate part of Γ2 until reaching Γ4, etc.

Theorem 2 yields a geometric description of the stability area Sα of (2.3) in the (a, b)-plane. In the sequel, we provide

an alternative stability criterion for the case a < 0 that better agrees with the form of the conditions of Theorem 1 (the

9
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Fig. 6. Stability boundary Γ AS and stability region Sα of (2.3) for α = 1.4 and τ = 1.

ase a > 0 is not considered here because the corresponding stability conditions are quite straightforward as illustrated
n Figs. 5 and 6). On this account, for any α ∈ (1, 2), τ > 0, a < 0 and b being real numbers, we introduce the symbols

τ+

ℓ =
ℓπ +

(2−α)π
2 + arcsin

(⏐⏐ a
b

⏐⏐ sin( απ
2 )

)(
a cos( απ

2 ) +

√
b2 − a2 sin2( απ

2 )
)1/α and τ−

ℓ =
ℓπ + π +

(2−α)π
2 − arcsin

(⏐⏐ a
b

⏐⏐ sin( απ
2 )

)(
a cos( απ

2 ) −

√
b2 − a2 sin2( απ

2 )
)1/α ,

ℓ = 0, 1, 2 . . . . Then it holds

Theorem 3. Let α ∈ (1, 2), τ > 0, a < 0 and b be real numbers.
(i) If − sin(απ/2) < b/a < sin(απ/2), then (2.3) is asymptotically stable.
(ii) If b/a > sin(απ/2), then there exists an integer N1 ≥ 0 such that (2.3) is asymptotically stable for any τ ∈ (τ−

2k−2, τ
+

2k),
and it is not stable for any τ ∈ (τ+

2k, τ
−

2k+2) where k = 0, . . . ,N1 (here we set τ−

−2 = 0, τ−

2N1+2 = ∞).
(iii) If −1 < b/a < − sin(απ/2), then there exists an integer N2 ≥ 0 such that (2.3) is asymptotically stable for any

τ ∈ (τ−

2k−1, τ
+

2k+1), and it is not stable for any τ ∈ (τ+

2k+1, τ
−

2k+3) where k = 0, . . . ,N2 (here we set τ−

−1 = 0, τ−

2N2+3 = ∞).
(iv) If b/a < −1, then (2.3) is not stable.

Proof. By (3.4),

b
a

= −
sin(απ/2)

sin(s + απ/2)
. (4.1)

his immediately implies the property (i) because all the couples (a, b) lying on Γ AS have to satisfy |b/a| ≥ sin(απ/2).
The proofs of the parts (ii), (iii) are technical. The formulae for τ+

ℓ , τ−

ℓ can be derived via expressing s from (4.1) in the
orm

s = (−1)ℓ+1 arcsin
(a
b
sin

(απ

2

))
+ ℓπ −

απ

2
,

using its proper sign analysis, substitution into (3.4) and some straightforward rearrangements. The existence of the values
N1, N2 follows from the property of the intersections Xj,j+2 = (aj,j+2, bj,j+2) between the curves Γj, Γj+2 discussed in
Lemma 4. Indeed, the ratio⏐⏐⏐⏐bj,j+2

aj,j+2

⏐⏐⏐⏐ =
sin(απ/2)

| sin(sj,j+2 + απ/2)|

is monotonically decreasing and tending to sin(απ/2) as j → ∞ because the sequence {sj,j+2 − jπ}
∞

j=0 is decreasing and
ts limit equals (3 − α)π/2 due to (3.7) (see the proof of Lemma 4).

The property (iv) is a direct consequence of the fact that the line a + b = 0 forms a part of Γ AS . □
10
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Remark 6. It might be interesting to discuss the conclusions of Theorem 2 with α → 2− and compare them with the
tability conditions of Theorem 1 (ii) derived for α = 2. To emphasize dependence on the derivative order α, we denote
he curves from (3.5) as Γα,j and their asymptotes (described in Lemma 3) as p+

α,j, p
−

α,j throughout this remark.
We describe the calculation with j being odd. First, we determine the distance between the curve Γα,j and its

symptotes p+

α,j, p
−

α,j in the sense of the supremum metric. On this account, we introduce the symbol dI (Γα,j, p) as
he difference between b–coordinates of Γα,j and a line p maximized over all a ∈ I . Further, we denote a+

j =

(jπ )α/τ α cos(απ/2), a−

j = (jπ +π )α/τ α cos(απ/2), and let s+j ∈ (jπ, jπ +π ) and s−j ∈ (jπ, jπ +π ) be such that a(s+j ) = a+

j
nd a(s−j ) = a−

j , respectively. Using this notation, we wish to show that d
[a+

j ,∞)(Γα,j, p+

α,j) → 0 as α → 2−. Indeed, it holds

d
[a+

j ,∞)(Γα,j, p+

α,j) = sup
t∈(jπ,s+j ]

sα

τ α sin(s)

(
sin

(
t +

απ

2

)
+ sin

(απ

2

))
−

(
jπ
τ

)α

cos
(απ

2

)
= sup

t∈(jπ,s+j ]

sα − (jπ )α

τ α

⏐⏐ cos(απ

2

) ⏐⏐ −
sα

τ α
sin

(απ

2

) 1 + cos(s)
sin(s)

=
(s+j )

α
− (jπ )α

τ α

⏐⏐ cos(απ

2

) ⏐⏐ −
(s+j )

α

τ α
sin

(απ

2

) 1 + cos(s+j )

sin(s+j )

ue to the monotony property of the maximized expression on the interval (jπ, s+j ]. Moreover, by use of the identity
(s+j )

α
− (jπ )α)| cos(απ/2)|/ cos(s+j ) = (s+j )

α sin(απ/2)/ sin(s+j ), we obtain

d
[a+

j ,∞)(Γα,j, p+

α,j) =
((s+j )

α
− (jπ )α)

⏐⏐ cos (
απ
2

) ⏐⏐
τ α| cos(s+j )|

.

Since s+j → jπ as α → 2−, we actually get d
[a+

j ,∞)(Γα,j, p+

α,j) → 0 as α → 2−. Similarly, we can show that

(−∞,a−

j ]
(Γα,j, p−

α,j) → 0 as α → 2− and, if we denote by p∗ the a-axis, then also d
[a+

j ,a−

j ]
(Γα,j, p∗) → 0 as α → 2−. A

imilar line of arguments leads to analogous results also for j being even.
Note that the asymptotes p+

α,j, p
−

α,j themselves tend to the lines b = −a − (jπ )2/τ 2 and b = a + (jπ )2/τ 2 as α → 2−.
ence, one can observe that the stability area described in Theorem 2 actually approaches (when α → 2−) the system
f triangles bounded by these lines and the negative a-axis (see Fig. 2). Thus the stability conditions of Theorem 2 are
onverting to those of Theorem 1 (ii) when α → 2−.
This fact provides another interesting consequence. If we make this limit transition also in Theorem 3 (serving as

n alternative description of Sα using τ as a driving parameter), then we can easily deduce that (2.3) with α = 2 is
symptotically stable if and only if 0 < |b| < −a and

ℓπ
√

−a − |b|
< τ <

(ℓ + 1)π
√

−a + |b|
(4.2)

here ℓ is a non-negative integer that is even for b > 0 and odd for b < 0. This form of conditions seems to be more
ffective compared to that of Theorem 1 (ii), especially with respect to explicit evaluations of stability switches for a
arying delay parameter.

. Stabilization and destabilization of harmonic and fractional oscillator

Now we apply conclusions of the previous section to the problem stated in the introductory part. First, we consider
he classical harmonic oscillator and show how it can be asymptotically stabilized or destabilized via a feedback control
epending only on a position of the controlled object. Although these results can be partially derived from Theorem 1 (ii),
e deduce them more straightforwardly from (4.2). Then we study the linear fractional oscillator (which is, in the
ncontrolled case, asymptotically stable for any derivative order between 1 and 2) and describe conditions for its
estabilization. Also, we consider both these types of oscillators in their inverted forms and discuss conditions for their
tabilizations.

.1. Delayed feedback control of a harmonic oscillator

We consider a controlled harmonic oscillator in the form

y′′(t) + ω2y(t) = u(t), t > 0 , (5.1)

> 0 is a real number representing frequency. Based on an elementary analysis, the uncontrolled linear oscillator (when
is identically zero) is non-asymptotically stable and cannot be asymptotically stabilized via a feedback control of the
11
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Fig. 7. The stability region for harmonic oscillator (5.1) with control (5.2) depicted in the (ω2, K )-plane for τ = 1.

orm u(t) = Ky(t) for any real gain parameter K (obviously, it can be destabilized whenever K ≥ ω2). When implementing
time lag into the controller, i.e. when

u(t) = Ky(t − τ ), (5.2)

he situation becomes different. There exists a nonempty set of couples (K , τ ) such that (5.1)–(5.2) is either asymptotically
table or unstable. To describe these sets, we can set a = −ω2 and b = K in (2.4), (2.5) and obtain their analytical
escriptions explicitly depending on the gain parameter K . More precisely, (5.1)–(5.2) is asymptotically stable if and only
f there exists a non-negative integer ℓ such that

2ℓπ/τ < ω < (2ℓ + 1)π/τ and |K | < min
(
ω2

− (ℓπ/τ )2, ((ℓ + 1)π/τ )2 − ω2)
here ℓ is even or odd for K positive or negative, respectively (see Fig. 7 for the corresponding stabilization region).

f we need to evaluate an explicit dependence of stability of (5.1)–(5.2) on a time lag parameter, then (4.2) provides a
ore suitable platform. Indeed, (4.2) with a = −ω2 and b = K immediately implies that if the gain K is fixed such that

0 < |K | < ω2, then (5.1)–(5.2) is asymptotically stable if and only if

ℓπ√
ω2 − |K |

< τ <
(ℓ + 1)π√
ω2 + |K |

(5.3)

here ℓ is a non-negative integer that is even for K > 0 and odd for K < 0. In addition, we can notice that the inequality

ℓπ√
ω2 − |K |

<
(ℓ + 1)π√
ω2 + |K |

an actually occur provided ℓ is less than the value

ℓ∗
=

ω2
− |K | +

√
ω4 − K 2

2|K |

that enables to determine the number of such stability switches.
Quite analogously, as a counterpart of the condition (5.3), we can formulate the conditions for destabilization of the

harmonic oscillator via the control (5.2).
Finally, it may be useful to describe this asymptotic stabilization or destabilization area in the domain (K , τ ) of both

he control parameters. Appropriate boundary curves τℓ = τℓ(K ) can be obtained directly from (5.3) in the form

τℓ =
ℓπ√

ω2 + (−1)ℓ+1K
, −ω2 < K < ω2, ℓ = 0, 1, . . .

and they are depicted in Fig. 8.

5.2. Delayed feedback control of an inverted linear oscillator

We consider the controlled inverted linear oscillator

y′′(t) − ω2y(t) = u(t), t > 0 (5.4)

that is for u = 0 unstable. Obviously, using the control u(t) = Ky(t), it can be stabilized (only non-asymptotically) provided
K < −ω2 (in fact, thus we convert (5.4) into the standard harmonic case). If we employ the control (5.2), then our previous
analysis easily shows that asymptotic stabilization of (5.4) is not possible for any couple (K , τ ).
12
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Fig. 8. The stability region for harmonic oscillator (5.1) with control (5.2) depicted in the (K , τ )-plane for ω = 1.

.3. Delayed feedback control of a fractional oscillator

Now we consider the controlled fractional oscillator

Dαy(t) + ωαy(t) = u(t), t > 0 (5.5)

here α ∈ (1, 2) and ω > 0 are real numbers. It is well-known [2] that this fractional model considered without a control
erm is asymptotically stable for any α ∈ (1, 2). Thus, using our results from the previous section, we can discuss its
ossible destabilization via (5.2).
By Theorem 3, if |K | < ωα sin(απ/2), then (5.5) remains asymptotically stable for any non-negative value of τ , hence

ts destabilization is possible only when |K | ≥ ωα sin(απ/2). If, particularly, K > ωα , then (5.5) is destabilized via (5.2)
nconditionally, i.e. for any τ > 0. For other values of K , the stability behavior depends on τ . If ωα sin(απ/2) < K < ωα ,
hen (5.5) becomes destabilized via (5.2) provided

K >
sαω,ℓ sin(απ/2)
τ α sin(sω,ℓ)

for a non-negative odd integer ℓ, (5.6)

sω,ℓ being determined uniquely by ωα
= −sαω,ℓ sin(sω,ℓ + απ/2)/(τ α sin(sω,ℓ)), sω,ℓ ∈ (ℓπ, ℓπ + π ). If K < −ωα sin(απ/2),

then (5.5) becomes destabilized via (5.2) provided

K <
−sαω,ℓ sin(απ/2)

τ α sin(sω,ℓ)
for a non-negative even integer ℓ, (5.7)

ω,ℓ being introduced as above. The corresponding stability region in the (ωα, K )-plane is depicted in Fig. 9.
The use of criteria (5.6) and (5.7) requires a numerical solving of nonlinear equations which negatively affects their

ractical usability. Therefore, we describe the destabilization boundary in the (K , τ )–plane since it can provide explicit
ormulae. Indeed, using Theorem 3 (parts (ii) and (iii)), we can evaluate stability switches with respect to a time lag. First,
e determine the number ℓ∗ of stability switches via roots ξj,j+2 of gj,j+2(ξ ) = 0 (see (3.7)) for j odd (if K > 0) and even

(if K < 0). The value ℓ∗ is given uniquely by

| sin(ξℓ∗,ℓ∗+2 + απ/2)| ≥
ωα

|K |
sin(απ/2) and | sin(ξℓ∗−2,ℓ∗ + απ/2)| <

ωα

|K |
sin(απ/2).

hen (5.5) is destabilized via (5.2) when

τ+

ℓ < τ < τ−

ℓ , ℓ < ℓ∗ ,

τ > τ+

ℓ∗

here ℓ is odd (if K > 0) or even (K < 0), and τ+

ℓ , τ−

ℓ are defined by Theorem 3. Similarly as in the harmonic case α = 2,
ormulae for τ+

ℓ , τ−

ℓ can be interpreted as parts of the stability boundary curve τ = τ (K ) in the (K , τ )-plane (see Fig. 10).

.4. Delayed feedback control of an inverted fractional oscillator

Finally, we consider the controlled inverted fractional oscillator

Dαy(t) − ωαy(t) = u(t), t > 0 (5.8)
13
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Fig. 9. The stability region for fractional oscillator (5.5) with control (5.2) depicted in the (ωα, K )-plane for the values α = 1.8 and τ = 1.

Fig. 10. The stability region for fractional oscillator (5.5) with control (5.2) depicted in the (K , τ )-plane for the values α = 1.8 and ω = 1.

that is unstable if u = 0. Introducing the control term (5.2) one can stabilize this system as demonstrated by the stability
region in Fig. 11 (note that stabilization is not possible for α = 2). Unlike the classical fractional oscillator case, there are
no stability switches. The boundary curve for the asymptotic stability region in the (K , τ )-plane can be described as

τ (K ) =

(2−α)π
2 + arcsin

(
ωα

K sin( απ
2 )

)(
ωα cos( απ

2 ) +

√
K 2 − ω2α sin2( απ

2 )
)1/α , K ≤ −ωα.

Asymptotic stabilization of (5.8) via (5.2) then occurs whenever τ < τ (K ) as depicted in Fig. 12.

. Concluding remarks

We have discussed the problems connected with (asymptotic) stabilization and destabilization of fractional oscillators
ia a delayed feedback loop. The mathematical background of the problem consisted in analysis of appropriate FDDEs.
tability properties of these equations with the derivative order between 0 and 1 were described previously. Our analysis
howed that the topological structure of stability regions (considered in the parameter space) significantly changes when
he derivative order exceeds the value 1. In particular, a repeated occurrence of finitely many stability switches with
espect to a changing delay parameter is a product of this analysis.

The derived stability criteria are easy to apply and result into effective conditions on control parameters ensuring
equired asymptotic stabilization or destabilization of the studied models. In the limit case, when the fractional oscillator
ecomes the harmonic one, stability switches can be evaluated fully explicitly. Thus, our stability criteria offer a new
omputational view on the existing results also in this classical case.
14
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Fig. 11. The stability region for inverted fractional oscillator (5.8) with control (5.2) depicted in the (ωα, K )-plane for the values α = 1.8 and τ = 1.

Fig. 12. The stability region for inverted fractional oscillator (5.8) with control (5.2) depicted in the (K , τ )-plane for the values α = 1.8 and ω = 1.

This research can be continued towards more advanced types of (nonlinear) fractional oscillators and controls of
their stability or oscillatory properties. It seems to be unavoidable that the development of techniques for analysis of
appropriate (nonlinear) FDDEs will require new approaches.
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