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Basic notation and definitions

1) N is the set of natural numbers.

2) R is the set of real numbers.

(1)
(2)
(3) Ry is the set of nonnegative real numbers.
(4) For any = € R, we put

o) = 5(al — o), [l = 5(lal +).

(5) essinf{f(t) :t > a} =sup{be RU{—oc0}: f(t) > b for a.e. t > a}

(6) C([a,b];R) is the Banach space of continuous functions u : [a,b] — R equipped
with the norm
||ul|c = max {|u(t)] : t € [a,b]}.

(7) AC([a,b];R) is the set of absolutely continuous functions u : [a,b] — R.

(8) AC!

1oe(I) is the set of functions u : I — R which are absolutely continuous
with their first derivative on every compact subinterval of I.

(9) L([a,b];R) is the Banach space of Lebesgue integrable functions f : [a,b] — R
equipped with the norm

b
1A= [ 176)lds

(10) Lioe(I) is the set of functions f : I — R which are Lebesgue integrable on
every compact subinterval of I.

f i [a,b] x A — B satisfying the Carathéodory conditions, i.e.,

(a) f(-,z) :[a,b] = B is a measurable function for all x € A,
(b) f(t,:) : A — B is a continuous function for almost all ¢ € [a, b],

(c) for every r > 0 there exists ¢, € L([a, b]; R) such that

|f(t,x)| < g (t) fora.e.t€[ab]and all z € A, |z] <

3
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DEFINITION 0.1. An operator ¢ € L, is said to be positive if the relation
(u)(t) >0 fora.e. té€la,b
holds for every function v € C([a, b]; R) satisfying the condition
u(t) >0 fort e a,bl.

The set of positive operators we denote by Py.
We say that an operator ¢ € Ly, is negative if —€ € Py,

DEFINITION 0.2. A functional h € F,, is said to be positive if the relation
h(u) >0
holds for every function v € C([a, b]; R) satisfying the condition
u(t) >0 fort € [a,b].
The set of positive functionals we denote PF .

DEFINITION 0.3. An operator K : C([a, b]; R) — L([a, b]; R) is said to be an a—Volterra
operator if for every ty € |a, b] and vy, vy € C([a, b]; R) satisfying

v1(t) = va(t) for t € [a, o],

we have

K(v1)(t) = K(vq)(t) for a.e. t € [a,to].

v



1 Introduction

The habilitation thesis is based on the author’s results obtained in the years 2003—
2015 and published in the papers [27-29, 39-45]. Three main topics are discussed:
asymptotic theory of delay differential equations, boundary value problems for func-
tional differential equations, and the singular Dirichlet problem.

The text consists of introduction, where a brief review of the discussed topics is
given, and three chapters, where the author’s results are presented.

Asymptotic properties

Second order nonautonomous ordinary differential equations (ODE) and the asymp-
totic behaviour of their solutions attracted attention in the early 20th century in con-
nection with the astrophysical investigations by R. Emden, where the equation of the
type

v +t7u" =0

appeared. Detailed qualitative investigation of that equation, which subsequently be-
came known as the Emden-Fowler equation, was realized by R. Fowler. The interest in
the study of the asymptotic properties of second order nonlinear equations essentialy
enhanced after the appearance of the well-known monograph [2] by R. Bellman, where
all main results are stated dealing with the Emden-Fowler equations. The current state
of this theory is presented in the monograph [15].

On the other hand, at the beginning of the 20th century the interest in studying so-
called differential equations with delay arguments (DDE) grew, especially in connection
with their extensive applications in mechanics, physics, biology, medicine, and economy.
The main reason is that many mathematical models cannot be really described by
ordinary differential equations. Indeed, the evolution of the process depends not only
on the current value of an unknown function but also on its past or future.

In particular, we mention two typical branches, where the DDEs are widely used.
DDE models naturally appear in the control processes. Almost every system including
a feedback control involves time delays. This happens because some (finite) time is
required to "transport” the information and then react to it (see, e.g., model of gantry
crane in Section 2.1). Aftereffects in biology has an important influence on biological
systems. These are usually related to such long processes as birth, growth, and death.
Therefore, the evolution of these processes depends in an essential way on the whole
previous history, and can be modelled by DDEs succesfully (see for example the models
of population dynamics in Section 2.2).

The bases of the qualitative theory of the equations with delayed arguments and
so-called integro-differential equations were put in the works of A. Myshkis and R.
Bellman (see, e.g., [2,22]) in the second half of the 20th century.

Boundary value problem for functional differential equations

The foundation of the theory of boundary value problems (BVP) for functional dif-
ferential equations (FDE) was laid in 70’s of the 20th century (see, e.g., [1,11,22,48]).
This theory has been intensively developed in the last 50 years. During this period,
the particular types of FDEs were studied, e.g., equations with delay arguments and



equations with Volterra’s right-hand sides. Some special types of boundary conditions
were also considered, e.g., two-point or periodic type conditions (see [1,11,20]). How-
ever, a quite wide class of BVPs for FDEs was not sufficiently investigated till now.
The reasons are obvious: the right-hand side of FDE contains operators, which are in
general nonlocal, and therefore, the investigation of FDEs is more complicated than the
study of ordinary differential equations (ODE). Other difficulties arise, when boundary
conditions are also nonlocal. Such kind of problems can be represented by the following
BVP

u'(t) = /K(t, s)u(s)ds +q(t); wu(a) = /a(s)u(s) ds,

where K : [a,b] X [a,b] = R and ¢,0 : [a,b] — R are suitable functions.

The analysis of simple FDEs shows that unlike ODEs, a theorem on differential in-
equalities is not valid, in general. It seems that the mentioned ”pathological” property
is the main reason why the most fruitful technique for ODEs cannot be used for the
investigation of FDEs.

Singular Dirichlet problem

Boundary value problems for singular second order ordinary differential equations
frequently arise in applications. It is sufficient to mention, e.g., the Bessel equation or
the hypergeometric equation. Nowadays, there is a quite complete theory of singular
boundary value problems for ordinary differential equations (see, e.g., [4]). In this
theory, it is usually assumed that the right-hand side of the equation is integrable with
a “linear weight”. However, many interesting problems do not satisfy this assumption
(for example, the Bessel equation). It is therefore desirable to extend the theory to
cover such cases.

The first step in this effort, of course, concerns the linear part of the theory, which
includes the Fredholm theory, well-posedness, and eigenvalue problems. These topics
are also studied in the given order in the case of nonsingular problems. For example,
the treatment of the eigenvalue problem in the regular case is based on the Fredholm’s
alternative and the continuous dependence on parameters.

In Section 5, we present our results concerning the Fredholm theory and well-
posedness of the singular Dirichlet problem. These results could be useful, in particular,
for the study of eigenvalue problems and nonlinear singular problems, which are the
topics of our further research.



2 Motivation

Functional differential equations, boundary value problems for FDEs as well as
ordinary differential equations with singularities arise in many applications in biological
models, engineering processes, mechanics, technical problems, medicines, chemistry,
economy, etc. (see, e.g., [7,22,49]). We introduce, for instance, the following three
models as a motivation for the study of qualitative properties of ODEs and FDEs.

2.1 Model of a gantry crane

Gantry cranes are used for transportation of objects within factories, railyards,
shipyards, ports, etc. We show a simple one-dimensional model (see Figures 2.1 and 2.2)
which was introduced in [7]. In this system, almost all controlling motions are done
automatically with some anti-sway control technique. Gantry cranes can transport
heavy objects, which weight several tons. Moreover, cable length can be over ten
meters. So it is necessary for the crane motion to be smooth, otherwise a subject may
start sway and the operator can lose control of the payload. We assume that the crane
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Figure 2.1: Schema of gantry cranes

rides on the frictionless rails, the payload rotates around a frictionless pivot P and the
cable is nonelastic. By using the second Newton’s law, one can derive from Figure 2.2
the following equations, which describe the motions of the crane and payload

Mu" +m(u" +10") = F,

2.1
m(u” +10") cos @ + mglsin§ = 0. 21)

Here, M and m are masses of the trolley and payload, F' denotes the force applied to
the motor of the trolley and @ is the angle of deviation. By elimination of the function
win (2.1) we obtain

F
0" ftgf4+——" 2.2
+ tg +(M+m>g , (2.2)
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Figure 2.2: Pendulum model for container crane

where the prime denotes the derivative with respect to the dimensionless time s = wt

and w is the payload frequency introduced by w = %. By using the so-called
Pyrygas-type control (]\f +(‘2)g = k(0(s —T) — 0(s)), where k is a real parameter and

T > 0 is a constant delay (see [47]), we get from (2.2)
0"(s) +tgl(s) + k(0(s—T)—0(s)) = 0. (2.3)

For small value of 6, the equation (2.3) can be linearized and thus, we arrived at
the linear second order differential equation with a constant delay

0"(s)+ (k—1)0(s) + kO(s — T) = 0.

In Chapter 3, we investigate oscillations of a two-term linear delay differential equation
with a non-constant coefficient and a non-constant delay.

2.2 Population dynamics

Functional differential equations appear in mathematical models of many biological
processes because, for example, population dynamic is related to long processes as
birth, growth, and death or food supply, etc. It is the reason why the evolution of
population systems depends on the previous history and can be modelled by FDEs
successfully.

We start with a basic population model of single species without "delay”. It is
assumed that the per-capita growth rate F' depends on the size of the population, i.e.,

N' = NF(N), (2.4)

where N (t) denotes the size (density) of the population at the time ¢. One of the first
and the most known example of the function F’ is

F(N)=r (1 - %) : (2.5)
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where the real constant » > 0 is a specific coefficient of the growth and K > 0 is a
measure of the environment carrying capacity. The model (2.4) with the function F
defined by (2.5) was introduced by Verhulst in 1838 and is commonly known as the
logistic equation.

In the above-mentioned model we assume that the growth rate F' at time ¢ depends
on the population size (density) N at the same time ¢. But there are models of pop-
ulation dynamics, where changes in the population size (density) do not correspond
to the growth rate instantly. Consequently, using DDEs is much more suitable than
using ODEs in these cases. Models with a "time delay” are, for example, those which
incorporate gestation and maturation of populations, differences in resource consump-
tion with respect to the age structure, dependence on a food supply, migration and
diffusion of populations, etc.

There are two basic concepts how a time delay is represented in biological models.
The first one lies in assuming that the growth rate is a function of the population size
(density) N(7(t)) at previous time 7(t) < t. These models can be introduced as follows

N'(t) = R(N(7(1))) = D(N(t)). (2.6)

Here, the function R denotes the birth rate and D denotes the death rate of population
size. For easier investigation of properties of population models, a so-called ”constant
delay” is usually used. Consequently, if we put 7(t) :=t — T, where T' > 0 is a real
constant, then we obtain from (2.6) the equation

N'(t) = R(N(t = T)) — D(N(t)),

where T is the time that members of population need to mature (i.e., to have an ability
of reproduction) and thus, N(t —T) is the number of adult members. Now one can see
that the function of birth rate depends only on the size (density) of adult population.
If the death rate of population is zero and the growth rate is given as in formula (2.5),
we get the logistic equation with a constant delay

N'(t) = N(t)r <1 — w> :

The second concept in biological models lies in assuming that a time delay is dis-
tributed over the time. Let p be a nonnegative function such that f0+oo p(s)ds =1 and
p(s)As is an approximation of the probability that the delay 7(s) is between s and
s+ As. Then we obtain the integro-differential equation

+oo

Finally, we mention a particular population model, which is commonly known as
the "Harvesting of a single population”. This model is widely studied not only to
investigate biological systems with external influence on population but it also has



applications in ecological and economical processes. It is important to develop such
strategy for harvesting any renewable resources (fish, animals, plants) in order to max-
imize the yield, but the species do not die out. We consider the population model (2.6)
with some harvesting function H, namely, the equation

N'(t) = R(N(7(t))) — D(N(t)) — H()N(t), (2.7)

where function H describes the harvesting rate per-capita and include a harvesting
strategy, costs, effort, etc. Together with the equation (2.7) we consider the boundary
condition

N(a) = N(b), (2.8)

which can be interpreted as a periodic behaviour of the population size (density) in the
time period [a, b] under a "harvesting pressure”. The task is to regulate the harvesting
in order to guarantee that the population does not die, respectively, that the population
size at the time ¢ = b returns to the beginning value N(a). It means to find the
conditions on the function H, which guarantee that the boundary value problem (2.7),
(2.8) is solvable. This BVP as well as the above-mentioned DDEs are particular cases
of boundary value problems and functional differential equations studied in Chapter 4.

2.3 Model of moving of dislocations in crystals

Most of the technologically important materials are crystals, where atoms are ar-
ranged in a periodic lattice of a defined symmetry (cubic, hexagonal, orthorhombic,
etc.). Due to the finite rate of solidification, the atoms do not have sufficient time to
find their perfect lattice positions which results in the formation of defects. There is
a wide variety of such defects but the most important ones from the point of view of
mechanical properties are line defects, the so-called dislocations. Each dislocation is
characterized by so-called Burgers vector b and the local orientation of the dislocation
specified by the tangential vector 7. The Burgers vector is fixed for the whole disloca-
tion but the tangential vector changes from place to place. We distinguish two basic
types of dislocation segments: edge segment (l; 1 7), screw segment (l; || 7). If none
of these conditions is satisfied, we characterize the segment as mizred. The motion of
dislocations is thermally activated — they move due to the applied load and this motion
is aided by thermal fluctuations. The higher the applied load, the lower the thermal
energy is needed for its motion and vice versa. We are interested in screw dislocations
(see Figure 2.3 and Figure 2.4a).

The task is to calculate the activated shape of the dislocation which minimizes the
activation enthalpy that has to be supplied by the thermal fluctuations. The dislocation
first moves by the applied stress alone as a straight line from = = 0 to z = xy (see
Figure 2.4b), where the latter will be determined later. From this straight shape, the
dislocation vibrates due to finite thermal energy until it reaches the activated shape
x = x(z) for which the dislocation needs no more energy to move through the lattice
(see Figure 2.4¢). The task is to calculate this shape, which corresponds to a stationary
state of the activation enthalpy.



The activated shape of the dislocation can be mathematically described as a non-
constant solution of the boundary value problem

" _ EI/,(:L‘(Z)) 37/ P 2\ ab 33/ > 2
Y= B ) T B )

Njw

, z€]—o0,+o0[, (2.9)

Zginoox(z) = Zo. (2.10)
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Figure 2.3: Screw dislocation Figure 2.4: Dislocation process

Here, o is the shear stress, b is the magnitude of the Burgers vector, and FE, is the

p
so-called Peierls barrier representing a lattice friction that acts against moving of the
dislocation (see Figure 2.5).

Figure 2.5: Peierls barrier, E)(yo) = ob.

One of possibilities how to find a solution of boundary value problem (2.9), (2.10)
is to transform it into a suitable problem given on a finite interval and to use available

7



software packages. Introducing the transformation z = ﬁ, one can show that the
boundary value problem (2.9), (2.10) is equivalent to the problem

" - 1 2t(t2 _|_3> ,
u'(t) = (I—t)(1+1t) 1+ ¥t) (2.11)
(1+1%)? (1—2)? _
+(1—t)4(1+t)4f<“(t)’wu(t)>, te]—1,1[,
thrﬁ u(t) = o, tLHlI{ u(t) = o,

where f(vq,vy) := b};f) (E/(v1) —oby/1 +v3). Observe that unlike (2.9), the equation
(2.11) contains time singularities for both ¢ = —1 and ¢t = 1. A standard method
how to investigate nonlinear problems is to compare them to suitable linear problems.

Precisely, a linear problem with singularities of the same kind as in (2.11) is studied in
Chapter 5.



3 Asymptotic properties

3.1 Introduction

In this chapter, we present our contribution in the oscillatory theory of ordinary
and functional differential equations obtained in [43-45]. First of all, in Section 3.2, we
present Hille-Nehari’s type results for DDEs. This type of oscillation criteria concerns
the case when the delay is "small enough”. Hence, it is natural to expect that the
properties of solutions of DDE are close to the properties of solutions of ODE. However,
if the delay is ”large enough”, then qualitative properties of solutions of DDE are not
necessarily close to the properties of solutions ODE. Oscillation criteria, specific for
DDEs, were suggested for the first time by A. Myshkis (see [37]). In Section 3.3, we
present our contribution along this line. Finally, in Section 3.4, we deal with so-called
half-linear equations. It is worth mentioning that the criteria stated there generalize
results presented in the book [6] by O. Dosly and P. Rehék.

3.2 Hille-Nehari’s type criteria for DDE

On the half-line [0, +o00[, we consider the second-order linear delay differential equa-
tion
u"(t) + p(t)u(r(t)) =0, (3.1)

where p: R, — R, is a locally Lebesgue integrable function and 7: R, — R, is
a measurable function such that

T(t) <t fora.e.t>0 (3.2)

and
lim ess inf{7(s):s >t} = +o0. (3.3)

t—-+o0

Solutions of equation (3.1) can be defined in various ways. Since we are interested in
properties of solutions in a neighbourhood of 400, we introduce the following commonly
used definition.

DEFINITION 3.1. Let ty € Ry and ag = ess inf{7(¢) : t > to}. A continuous function
u: [ag, +oo[— R is said to be a solution of equation (3.1) on the interval [ty, +oo| if
it is absolutely continuous together with its first derivative on every compact interval
contained in [ty, +00| and satisfies equality (3.1) almost everywhere in [to, +00].

Although equation (3.1) is linear, the presence of the argument deviation 7 in
this equation causes many peculiar properties, which do not appear in the case of
ordinary differential equations. In particular, it may happen that a nontrivial solution
of equation (3.1) is identically equal to zero in some neighbourhood of +oco. Indeed,
let t* €]37/2,2n[ be such that

sin t*

(t* — 3m)?

int
= —k, where k= max{—% te [37?/2,2%]},

9



p(t)—{l for t € [0, t*[U]3m, +00[, (t) =

t for t € [0,t*[U]3m, +oo],
2k for t € [t*, 37/,

w/2 fort e [t*,3m].

Then
—sint for t € [0, t*[,
u(t) = < k(t —3m)? for t € [t*, 3n[,
0 for t € [3m, 400

is a nontrivial solution of equation (3.1) on R, which is equal to zero on the interval
[37, +00[. To exclude from our consideration such kind of solutions, we introduce the
following definition.

DEFINITION 3.2. A solution u of equation (3.1) on the interval [ty, +o0] is called proper
if the inequality sup{|u(s)|: s > ¢} > 0 holds for ¢ > t,.

Now we are in a position to introduce definitions of oscillatory and non-oscillatory
solutions of equation (3.1).

DEFINITION 3.3. A proper solution u of equation (3.1) is said to be oscillatory if it
has a sequence of zeros tending to infinity, and non-oscillatory otherwise.

3.2.1 Main results

Oscillation criteria presented in this section guarantee that every proper solution
of equation (3.1) is oscillatory. The main results are proved by using lemmas on
a priori estimates of non-oscillatory solutions (see Section 3.2.2). To do this, having
a proper non-oscillatory solution u of equation (3.1), we need to find a suitable a priori
lower bound of the quantity u(7(¢))/u(t), which is equal to 1 in the case of ordinary
differential equations. It is not difficult to verify that

T(t) _ u(r(t))
F STl

for t large enough.

However, we succeeded to find a more precise estimate (see Lemma 3.22 below) which
allows one to establish more sophisticated results.

We first present a rather simple result which, for ordinary differential equations,
follows for example from [13, Theorem 2.

PROPOSITION 3.4 ( [44, Prop. 2.1]). Let

+o0
/ sp(s)ds < +oo.
0
Then equation (3.1) has a proper non-oscillatory solution.

10



REMARK 3.5. It follows from the proof of Proposition 3.4 that the assertion of this
proposition remains true without assumption (3.2), i.e., equation (3.1) may not be
delayed.

Recall that we are interested in oscillation criteria for equation (3.1), i. e., conditions
guaranteeing that every proper solution of equation (3.1) is oscillatory. Therefore, in
view of Proposition 3.4, we assume in what follows that

“+o0o
/ sp(s)ds = +oo. (3.4)
0
Put
1 [ I
G. =liminf — [ s7(s)p(s)ds, G* = limsup —/ sT(s)p(s)ds. (3.5)
t=+oo T Jo t—+00 0

The following statement has been established in [43] in the case, where the function
7 is continuous. In [44], the result mentioned is proved in a more general case.

PROPOSITION 3.6 ( [44, Prop. 2.3]). Let condition (3.4) hold and
G* > 1.
Then every proper solution of equation (3.1) is oscillatory.

In view of Proposition 3.6, it is natural to suppose in the sequel that
G, <1. (3.6)

THEOREM 3.7 ( [44, Thm. 2.4]). Let conditions (3.4) and (3.6) be fulfilled and let
there exist A < 1 and € € [0,1] such that

/0 T (@) T s = oo (3.7)

Then every proper solution of equation (3.1) is oscillatory.

REMARK 3.8. Observe that for any € €10, 1[, we have

/0+oo 2 (@)1—50* p(s)ds < /0+oo 5)‘ (@) 1-G. (o).

Under some additional assumption imposed on the argument deviation 7, assumption
(3.7) in the previous theorem can be replaced by the more convenient assumption

/Om s (ﬂ) o p(s)ds = +oo. (3.8)

S

More precisely, if we assume in Theorem 3.7 that there exist numbers a > 0 and ¢y > 0
such that

t
TT) >a fora.e t>t, (3.9)

11



then assumption (3.7) is, in fact, equivalent to (3.8). Indeed, for any ¢ €]0,1[, the
inequality

t T(S) 1—-eGx t T(S) 1-Gx
/ s <—> p(s)ds > a(l_E)G*/ s (—) p(s)ds fort >t
to S to s

holds and thus, equality (3.8) yields the validity of assumption (3.7).
Similarly, we can put ¢ = 1 in all theorems stated in this section provided that
additional assumption (3.9) is satisfied.

Now we provide a criterion which generalizes a result of E. Miiller-Pfeiffer proved
for ordinary differential equations in [36].

THEOREM 3.9 ( [44, Thm. 2.6]). Let conditions (3.4) and (3.6) hold and let there exist
e €[0,1] such that

1 t 1—eG. 1
limsup — [ s (®> p(s)ds > —. (3.10)
0

tstoo 1D 5 4
Then every proper solution of equation (3.1) is oscillatory.

In view of Theorem 3.7, we can assume in the sequel that

S

—+o00 T(S) 175G*
/ s (—) p(s)ds < +oo forall A< 1, e € [0,1]. (3.11)
0

It allows us to define, for any A < 1 and ¢ € [0, 1], the function
400 1—eG.
Qt; N e) == tl’\/ s (ﬂ) p(s)ds for t > 0.
t S

Moreover, for any g > 1 and € € [0, 1], we put

1 t T(S) 17€G*
H(t;p,e) == st —= p(s)ds fort > 0.

A S
By using the lower and upper limits

Q«(\e) = lzmjan(t; Ae), QA e):=limsupQ(t; A ),
—+00

t—+o00
(3.12)
H.(u,e) :==liminf H(t; p,e), H*(u,e) :=limsup H(t; p,¢),
t—+00 t—+o00

we establish Hille-Nehari’s type oscillation criteria, which coincide with the well-known
results in the case of ordinary differential equations (see, e.g., [13,16,25,38,46]).

THEOREM 3.10 ( [44, Thm. 2.7]). Let conditions (3.4) and (3.6) be fulfilled and let
there exist A\ < 1, u > 1, and € € [0, 1] such that
22 'u2
lim su ( t; N\ e)+ H(t; ,5)> + : 3.13

Then every proper solution of equation (3.1) is oscillatory.
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As corollaries of Theorem 3.10 (with p = 2 and A = 0, respectively) we obtain the
following statements, which coincide with the Nehari’s classical results (see [38]) in the
case of ordinary differential equations.

COROLLARY 3.11 ( [44, Cor. 2.8]). Let conditions (3.4) and (3.6) be fulfilled and let
there exist A < 1 and € € [0,1] such that

(22X

Q*(\e) > m .

Then every proper solution of equation (3.1) is oscillatory.

COROLLARY 3.12 ( [44, Cor. 2.9]). Let conditions (3.4) and (3.6) be fulfilled and let
there exist p > 1 and € € [0,1] such that

12

H*(p,e) > TR

Then every proper solution of equation (3.1) is oscillatory.

The next theorem deals with the lower limit of the sum on the left-hand side of
inequality (3.13) and thus, it complements Theorem 3.10 in a certain sense.

THEOREM 3.13 ( [44, Thm. 2.10]). Let conditions (3.4) and (3.6) be fulfilled and let
there exist A <1, u > 1, and ¢ € [0, 1] such that

1 1
—N -0

lim inf <Q(t; A\ e)+ H(t; u,e)) >

t——+o00
Then every proper solution of equation (3.1) is oscillatory.
Theorem 3.13 yields the following corollaries.

COROLLARY 3.14 ( [44, Cor. 2.11]). Let conditions (3.4) and (3.6) be fulfilled and let
there exist A < 1 and € € [0, 1] such that

1

Then every proper solution of equation (3.1) is oscillatory.

COROLLARY 3.15 ( [44, Cor. 2.12]). Let conditions (3.4) and (3.6) be fulfilled and let
there exist up > 1 and ¢ € [0,1] such that

H.(p,€) > (3.15)

Ap—1)
Then every proper solution of equation (3.1) is oscillatory.

Now we provide two statements complementing Corollaries 3.14 and 3.15 in certain
sense (see Example 3.20).

13



THEOREM 3.16 ( [44, Thm. 2.13]). Let conditions (3.4) and (3.6) be fulfilled and let
there exist A < 1, u > 1, and € € [0, 1] such that

A2 = \) 1

A S @O < (3.16)
and
H*(u,¢) > h ( /14— Q*(A,5)> . (3.17)

Then every proper solution of equation (3.1) is oscillatory.

THEOREM 3.17 ( [44, Thm. 2.14]). Let conditions (3.4) and (3.6) be fulfilled and let
there exist A <1, u> 1, and ¢ € [0, 1] such that

p2—p) 1
T () 19
and
Q*(\ ) > 4<1A_ Y ( + /1 —4(p—1) H*(,Lt,a)). (3.19)

Then every proper solution of equation (3.1) is oscillatory.

If both conditions (3.16) and (3.18) are satisfied then oscillation criteria (3.17)
and (3.19) can be slightly refined as is presented in the last two statements (see also
Example 3.21).

THEOREM 3.18 ( [44, Thm. 2.15]). Let conditions (3.4) and (3.6) be fulfilled and let
there exist A < 1, u > 1, and ¢ € [0,1] such that inequalities (3.16) and (3.18) are
satisfied. If, moreover,

limsup (Q(t:\,2) + H(t; j1,2) ) > Qul),2) + Ha(,2)
t—+oo

(3.20)

g (VIS AT NQ. 008 + VT~ dn— DL (1))
then every proper solution of equation (3.1) is oscillatory.

COROLLARY 3.19 ( [44, Cor. 2.16]). Let conditions (3.4) and (3.6) be fulfilled and let
there exist A < 1, p > 1, and € € [0,1] such that inequalities (3.16) and (3.18) are
satisfied. Then each of the relations

Q" (\e) > Q.(\, ¢) (ﬂ T4 - N0 e) + /1 — Al — 1)H*(u,e)> (3.21)
and

H*(:uv ) > H (\/1 - 4 1— Q*()‘>5) + \/1 - 4(,u - 1)H*(:uv5)) (3'22)

guarantees that every proper solution of equation (3.1) is oscillatory.
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ExaMPLE 3.20. On R, , we consider the equation with a proportional delay

u(t) + (3.23)

cos(In(t + 1)) + sin(In(t + 1)) + 2u (t) —0
7 .

(t+1)2 4

One can easily derive that

Q(£:0,0) = t/+°° 7($) (s)ds 1t/+°° cos(In(s + 1)) + sin(In(s + 1)) + 2ds

s PV (s + 1)2

= e j_ 0 (2+cos(In(t+1))) fort>0

H(5:2,0) = /0 S?%““’%@)dszi 0 ﬁ(cos(ln(s—l—l))—|—sin(ln(s+1))+2)ds

BT (2 +sin(In(t + 1)) + ¢(t) fort >0,

where lim;_,; ¢(t) = 0. Hence,

1 3
Q.(0,0) :=liminf Q(¢;0,0) = =,  Q*(0,0) := limsup Q(¢;0,0) = —,
t—r+o0 4 t—+o00 4
) . (329
H.(2,0) :=liminf H(t;2,0) = —, H"(2,0) := limsup H(¢;2,0) = —.
t—=+o0 4 t—+o0 4
Moreover,
toe too | 1 in(l 1 2
/ sp(s)ds = / SCOS( n(s+1))+ sm(2n(s +1)) + s
0 0 (s+1)
—t In(t+1 2
— lim ( (costn(t + 1) +2) | itn(t + 1)) + 2t + 1)) ~ +o0
t—+00 t+1
and
G 1"f1/t (s)p(s)ds = H.(2,0) = = <1
. = liminf — =H,(2,0) =~ <1,
minfs | sT(s)p(s)ds 1

i.e., conditions (3.4) and (3.6) are fulfilled. It is clear that inequality (3.14) with A =0
(resp. (3.15) with p = 2) is not satisfied. Therefore, Corollary 3.14 with A = 0 (resp.
Corollary 3.15 with p = 2) cannot be applied.

However, by virtue of (3.24), one can see that (3.16) and (3.17) (resp. (3.18)
and (3.19)) with A = 0 and u = 2. Consequently, according to Theorem 3.16 (resp.
Theorem 3.17), every proper solution of equation (3.23) is oscillatory.

ExaMPLE 3.21. On R, , we consider the equation with proportional delay

(1) + cos(In(t + 1)) +sin(In(t + 1)) + 3u (t) _o.

(t+1)2 8

(3.25)
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Analogously as above one can derive that

Q(t:0,0) = 8@11) (34 cos(n(t+1))) for ¢ >0
and P
H(t;2,0) = BT (3 + cos(In(t + 1)) + o(t) for t >0,

where lim,_, o ¢(t) = 0. Hence,

Q.(0,0) := lggj&fQ(t;0,0) =—,  Q%0,0):=limsupQ(t;0,0) =

t—+o00

)

(3.26)
H.(2,0) := liminf H(¢;2,0) =

t—+00

,  H*(2,0) :=limsup H(t;2,0) =

t——+00

N
N~ N

Analogously as in the previous example, one can show that (3.4) and (3.6) are fulfilled.
Moreover, it is clear that (3.16) with A = 0 and (3.18) with © = 2 hold, but inequality
(3.17) (resp. (3.19)) with A = 0 and pu = 2 is not satisfied. Therefore, neither of
Theorems 3.16 and Theorem 3.17 can be applied for A = 0 and pu = 2.

However, by virtue of (3.26), one can see that condition (3.21) (resp. (3.22)) is
fulfilled with A = 0 and g = 2 and thus, according to Corollary 3.19, every proper
solution of equation (3.25) is oscillatory.

3.2.2 Auxiliary statements

The following lemma on an a priori estimate of proper non-oscillatory solutions of
equation (3.1) plays a crucial role in the proofs of the main results.

LEMMA 3.22. Let u be a solution of equation (3.1) on the interval [t,, +oo| satisfying
the inequality

u(t) >0 fort>t,. (3.27)
Then the inequalities
+00 T(S)
- p(s)ds < 400 (3.28)
0
and
) 1 t ) +oo 7—(8)
limsup— [ s7(s)p(s)ds <1, limsup ¢ —=p(s)ds <1 (3.29)
t—-+o0 0 t—+o0 t S

are satisfied. Moreover, for any ¢ € [0, 1], there exists to(() > t, such that

T1 1-¢G U(Tl) Tl CFy
— < < | = Ty >11 >t .
(T2> S um S\ 5 Jor Ty =2 T1 > 19(C), (3.30)
where the number G, is defined by (3.5) and
+oo
F, :=liminf t/ 7(s) p(s)ds. (3.31)
t——+4o00 ¢ S
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Proof. Tt is not difficult to verify that the inequality
u'(t) >0

holds for sufficiently large t. Since equation (3.1) is homogeneous, we can assume
without loss of generality that u(t) > 1 for ¢ large enough. Consequently, by virtue of
assumption (3.3), there exists t; > t, such that

u'(t) >0, wu(r(t))>1 fort>t. (3.32)
Obviously, relation (3.1) yields that
(' (t) —u(t)) = —tp(tyu(r(t)) for a.e. t > t,.

The integration of the latter equality from ¢; to ¢ leads to
t
o(t) =06(t1) — / sp(s)u(r(s))ds for t > t,,
t1

where 6(t) := tu/(t) — u(t) for t > t;. In view of relations (3.4) and (3.32), we have
0(t) — —oo as t — +oo and thus, there exists t5 > t; such that

tu'(t) —u(t) < — /t sp(s)u(r(s))ds <0 for t > to, (3.33)
whence we get /
(@) = tl?(tu'(t) —u(t)) <0 fort>t,. (3.34)

By virtue of assumption (3.3), there exists a number t3 > ¢5 such that
T(t) >ty fort > ts. (3.35)

Using inequalities (3.34) and (3.35) in relation (3.33), we get

tu'(t) — u(t) < —/ sr(s)p(s)U(T(S>> ds < —@/ sT(s)p(s)ds for t > ts.

t3 T(S) 13 t3

Hence, we have

tu'(t) < u(t) {1 — 7 /t: ST(s)p(s)ds] for t > t3. (3.36)

In particular, by virtue of relations (3.27) and (3.32), inequality (3.36) yields that

1

t
;/ sT(s)p(s)ds <1 fort > ts
t3

and therefore, the first inequality in (3.29) holds.

17



On the other hand, integrating of equality (3.1) from ¢ to T, one gets
T
W (t) — () = / p(s)u(r(s))ds for T >t > ts.

Using inequalities (3.32), (3.34) and (3.35), from the last equality it follows that

/ yur )))d > /t TT(s)p(s)@ds

>u (t)/t LS) p(s)ds for T >t > ts.

S

(3.37)

Hence, in view of relations (3.27) and (3.33), we get
T
t/ ﬁp(s)dsgl for T >t >ts
¢ S

and therefore, the desired relation (3.28) holds. It is clear that the second inequality
n (3.29) is satisfied as well. Moreover, it follows from (3.37) that

u'(t) > u(t) /t+°° @ p(s)ds fort > ts. (3.38)

Now let ¢ € [0, 1] be arbitrary. According to notation (3.5) and (3.31), there exists
a number t((¢) > t3 such that

1/ sT(s)p(s)ds > (G, t/+00 7(s) p(s)ds > (F, fort > t(().

t Jy, ‘ S
Then, in view of relation (3.27), from inequality (3.36) we get that
tu'(t) —u(t) < —=CG,u(t) for t > ty(()

and thus, we have

(H2) = S - ) < 1 ort 2 ).

t t

Hence, we get that

In 75 < —CG, lnT for Ty > Ty > to(C). (3.39)
1
T1

On the other hand, in view of relation (3.27), from inequality (3.38) we obtain

F.
() > S ult) for £ to(0),
whence we get
U(Tg) T2
1 > (F,In—= for Ty > T1 > to(().
nu(Tl) >C HT1 or T, > T > t(Q)

The latter inequality and relation (3.39) guarantee the validity of the desired estimates
(3.30). To conclude the proof we mention only that { was arbitrary. O
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Now we introduce the following notation. Let u be a solution to equation (3.1) on
the interval [t,, +oo[ satisfying relation (3.27). For any A < 1, we put

c(t; A\ u) == /tt s % p(s)ds fort >t,. (3.40)

LEMMA 3.23. Let u be a solution of equation (3.1) on the interval [t,,+oo| satisfying
relation (3.27). Then, for any \ < 1, there exists a finite limit

co(Au) == lim c(t; N\, u), (3.41)

t—+o00
where the function c is defined by formula (3.40).

Proof. Let A < 1 be arbitrary and put

o(t) = Zl((tt)) for t > t,. (3.42)
Then equality (3.1) yields that
o(t) = —p(t)ugj((t?) —*(t) fora.e t>t,. (3.43)

Multiplying both sides of this equality by t* and integrating them from t, to ¢, we get
that

tro(t) — tro(ty) — )\/tt s to(s)ds = — /tt s u(r(s)) p(s)ds

t
—/ s* 0*(s)ds for t > t,,
ty

whence we obtain

1 Al A2 1 " oulr(s))
A [t@(t) - 5} =do — 11N 1 /t T (s pls)ds
t o (3.44)
_ / 2 [SQ(S) - —} ds fort>t,,
t 2
where §y = ti‘Q(tu) + 4(1’\—:\)&%
We first show that
+00 A 2
/ s 2 |:SQ(S) - §] ds < +00. (3.45)
tu

Assume on the contrary that the integral in (3.45) is divergent. In view of assumption
(3.3), there exists a number ¢} > ¢, such that

T(t) > t, fora.e.t>t
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and thus,

() )
/tus p(s)dsZ/tu s als) p(s)ds fort >t;.

Therefore, it follows from equality (3.44) that for some a > t¥, the inequality

A1 : A2
to(t) — B < —3 tl_’\/ s*72 [SQ(S) - 5} ds <0 fort>a (3.46)
tu

holds. Put

Using relation (3.46), we get

o' (t) = 2 {t@(t) - g} > — 2%(t) fort > a.

Therefore, the integration of the latter inequality from a to t yields that

M +a™ >t fort > a,
x(a)
which is a contradiction. The contradiction obtained proves the validity of inequality
(3.45).
Now, in view of notation (3.40), equality (3.44) can be rewritten to the form
A X
tho(t) =d(\u) — ——= — —c(t; A
Q( ) ( 7“) 4(1 _ )\) H1=A C( ) ,U)
oo NE (3.47)
+/ s 2 |:SQ(S) - 5] ds fort > t,,
t
where
A )\2 e A—2 A ’ d
(A =1 0(t —_— — B - = .
v = Bl + gy = [ s - 5 0
Consequently, we get
—oo < lim e(t; A\ u) = d(\, u) < +00 (3.48)

t—+o0
because, by virtue of condition (3.33), the inequality o(t) < 1/t holds for large t. [
LEMMA 3.24. Let A < 1 and u be a solution of equation (3.1) on the interval [t,, +00]
satisfying relation (3.27). Then
1-)

L=\ ["e(s; 1
limsupt— (co(/\,u) — tl—)‘)\/ clsi A u) ds) < 1 (3.49)

{400 1IN

where the function ¢ is defined by relation (3.40) and the number co(A, u) is given by
formula (3.41).
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Proof. 1t follows from the proof of Lemma 3.23 (see relations (3.45), (3.47), and (3.48))
and notation (3.41) that

co(A\,u) —e(t; N\, u) = tli)\ {tg(t) - %} + H tlLA

+oo A 2
— / §*2 [SQ(S) - 51 ds fort > t,,
t

where the function g is defined by formula (3.42). Multiplying both sides of this equality
by t~ and integrating them from a to ¢, we get

= L—X [Pe(s;\u)
T (co()\,u) ~ i /a > ds)

1-)
S co(/\,u)—i-ulnt—i—/l[ (s) — )\]ds
0 S

t 1 “+o00
—/7 / gH[gg - = d§ for t > a > t,,
a S S
whence we obtain

=2 L—X [Te(s; M) A2—-X) ¢t
1_/\<co(/\,u)— e /a 3’\ ds) —5(a)+m lna

2 e o

(3.50)

H=A +o00 A 2
—1 /t s 72 {sg(s) — E] ds fort>a>t,,
where
1-X 1-X +oo A 2
i(a) := 1(1_ S co(A, u) + 1a_ )\/a §*2 [SQ(S) — 51 ds for a >t,.

By using the inequality 4z(1 — X — z) < (1 — \)? for x € R, it follows from equality
(3.51) that

1-X 1— t . 1
! (co(/\,u) - A / cls; )\’u)ds> < d(a) + lnE for t > a > t,.

1—A tl-A sA

However, the latter relation yields that

. =2 1—X [Te(s;\ ) 1
hmsup—t (Co()\,u) ~ i /a o ds) < 1 for a > t,,

t—+oco 11

which implies the validity of desired inequality (3.49). O
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Let u be a solution of equation (3.1) on the interval [t,, +00| satisfying relation
(3.27). For any A < 1 and p > 1, we put

+oo
q(t; A\, u) == tl_)‘/ s ur(s)) p(s)ds for t >t, (3.52)
t u(s)
e L[t ulr(s)
u(7(s
h(t; p,u) == =1 /tu st “uls) p(s)ds fort > t,. (3.53)
Note that the function ¢ is well defined because, in view of Lemma 3.23, we have
q(t; N, u) =t (co()\, u) — c(t; A,u)) for t > t,. (3.54)
Moreover, we put
¢«(A\, u) = liminf q(¢; A\, u), ¢ (A, u) == limsup q(t; A\, u), (3.55)
t—+00 t—+00
ho(p, w) := liminf h(t; p, u), R* (g, w) :== limsup h(t; p, u). (3.56)
t—+00 t—+o0

LEMMA 3.25. Let u be a solution of equation (3.1) on the interval [t,, +oo| satisfying
relation (3.27). Then

p(s)ds < (3.57)

y 1
1m sup — —.
P 4

s
tstoo INt S, u(s)

Proof. Let A < 1 be arbitrary. In view of assumptions (3.3) and (3.27), there exists
tf > max{1,t,} such that

u(r(t)) >0 fora.e. t>1.

According to Lemma 3.23, the function ¢ defined by formula (3.40) possesses a finite
limit (3.41). Therefore, by using relation (3.54), we get

=2 L—X [Pe(s; M u)
E(CO()\,U) T /tu > ds)

qt; A\u) 1 /t u(7(s))
="+ — d 3.58
Int * Int J,, ° u(s) pls)ds (3:58)
1 t
> — u7(s)) p(s)ds fort >t
Int J,,  u(s)
which, by virtue of Lemma 3.24, guarantees desired estimate (3.57). 0

LEMMA 3.26. Let A < 1 and u be a solution of equation (3.1) on the interval [t,, +00]
such that relation (3.27) holds and

(3.59)



where the number q.(\,u) is defined by formula (3.55). Then either
tu'(t)

it (360
oy ()
—(1—+/1—4(1—=XNg.(\,u)) <liminf
2 ( V=40 = Ve )) t=+oo u(t) (3.61)

< % (1 /T 40— )\)q*()\,u)> .

Proof. 1t follows from the proof of Lemma 3.23 (see relations (3.45), (3.47), and (3.48))
and notation (3.41) that equality (3.50) is satisfied, where the function p is defined by
formula (3.42). Therefore, in view of relation (3.54), equality (3.50) leads to

A A2 =)
oo Rt (3.62)
+ tl_/\/ s 72 |:SQ(S) — E] ds fort >t,.
¢
Now we put
o A
m = lz}inf?of {tg(t) - 5] . (3.63)

If m = 400, then condition (3.60) holds. Therefore, assume that m < +oo. Then it
follows from relation (3.62) that

(3.64)

If g.(\,u) = 2(2_’\), then desired estimate (3.61) holds, because relation (3.64) yields

(1=2)
that m > 0. Hence, we suppose in what follows that q.(\,u) > Zg:f\‘;

have m > 0 (see relation (3.64)).
Let £ € |0, m] be arbitrary and choose t. > t, such that

and thus, we

A
to(t) — 5 >m—¢g, q(t;\u)>qN\u)—¢e fort>t..

Then from equality (3.62) we get

A A(2 €

which implies that

AM2—2)  (m—e)
Hi—n 1o

m > q.( A\ u) —e —

Since € was arbitrary, the latter relation leads to the inequality

A2 = N)
4

m? — (1= Nm+ (1= Ng.(\u) — <0.
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Consequently, we have

1

5 (1 — A —/1-4(1 —)\)q*()\,u)> <m<g (1 —A++/1-4(1 —)\)q*(A,U)>

—_

which, in view of notation (3.63), yields estimate (3.61). O

LEMMA 3.27. Let p > 1 and u be a solution of equation (3.1) on the interval [t,, +00]
such that relation (3.27) holds and

12— p)
< hal(p,u) < ; 3.65
TR T (3:65)
where the number h,(p,w) is defined by formula (3.56). Then
_ tu'(t) 1
1 < - (1+/1=4(n=Dh(mu)). 3.66
imsup s < 5 ( + V1 =4 = Dha(u U)) (3.66)

Proof. Define the function g by formula (3.42). Then, in view of (3.1), relation (3.42)
yields that equality (3.43) is satisfied. Multiplying both sides of equality (3.43) by t*
and integrating them from a to ¢, we get

t t
t"o(t) — a"o(a) — u/ sho(s)ds = _/ st
t
— / sho?*(s)ds for t > a > t,,

whence we obtain

oa
to(t) = tf—f — h(t; p, u)

1/t (3.67)

+ -1 i sh2 [SQ(S)<M — SQ(S))]dS for t > a >t,,

where )
d(a) = a*o(a) +/ st ur(s)) p(s)ds for a > t,. (3.68)
tu u(s)
Now we put
M := limsup to(t). (3.69)
t——+o00

It is not difficult to verify that inequality «/(¢) > 0 holds for ¢ large enough and thus
we have M > 0. According to the inequality 4z (u — x) < p? for x € R, it follows from
relation (3.67) that

d(a) p?
t@(t) < = — h(t, M, U) + m fort >a > t,,
which implies
2
1
M < —h,(u,u) + ——— . (3.70
( A(p—1) )
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If ha(p,u) = ’Z((z:’f)), then desired estimate (3.66) is fulfilled because relation (3.70)

yields that M < £. Hence, we suppose in the sequel that h,(u,u) > % and thus,
we have M < £ (see relation (3.70)).
Let € €]0, 5 — M] be arbitrary and choose t. > t,, such that

to(t) < M +¢€, h(t;p,u) > ho(p,u) —e fort>t.. (3.71)
Since we have M + ¢ < £, it is easy to check that

so(s)(p—so(s)) < (M +e)(p— M —¢) fors>t.. (3.72)
Therefore, by using relations (3.71) and (3.72), from equality (3.67) with a = t. we get

o(t.) (M +e)(p—M—¢)
tg(t)gwj—h*(u,u)+s+ 1 for t > t.,
which yields that
M - M —
Mg_h*(ﬂyquJr( +e)(p e)
w—1
Since ¢ was arbitrary, the latter relation leads to the inequality
M? — M + (u — Dh,(p,u) <0.
Consequently, we have
1

M= g <1 + /1 — 4 — 1)h*(u,U))

which, in view of notation (3.69), proves desired estimate (3.66). O

LEMMA 3.28. Let A < 1, p > 1, and u be a solution of equation (3.1) on the interval

[tu, +00[ satisfying relation (3.27). Then
22 M2
I ( N ) + h(t; 1, >< ,
o (A 0 ) S 3 3 i)

where the functions q and h are defined by formulas (3.52) and(3.53), respectively.

(3.73)

Proof. Analogously to the proofs of Lemmas 3.26 and 3.27 we get equalities (3.62) and
(3.67), where d(a) is given by formula (3.68), combining of which leads to the relation

q(t; A, u) + h(t; p, u)
- 4(1A— N fﬁz + tul—l / 72 s0(s) (1 = se(s)) | ds (3.74)

+00 NE
_ tl_*/ A2 [SQ(S) — 5] ds fort>a>t,.
t

Putting a = ¢, and using the inequality 4z(u —z) < p? for z € R, from equality (3.74)

we get
A2 > d(ty)
for t > t,,
=N +4(/~L—1) + P ort >

¢t A u) + hit pu) < 7
which yields desired estimate (3.73). O
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LEMMA 3.29. Let A <1 and u be a solution of equation (3.1) on the interval [t,, +00[
satisfying relation (3.27). Then

1

(A u) < m )

(3.75)

where the number q.(\,u) is defined by formula (3.55).

Proof. In view of Lemma 3.23, the function ¢ defined by formula (3.40) possesses a finite
limit (3.41).

Assume on the contrary that inequality (3.75) does not hold. Then there exist € > 0
and t. > max{1,t,} such that

1+¢

q(t; A\, u) > -

for t > t..

By using this relation, for ¢t > t. we get

=2 L—X [Te(s; )
E(co()\,u) e /t > ds)

u

tL=A 1—X [Tq(s; A\ u)
= ¢co(A 2 d
Int colA u) + Int /tu s °
=2 L—X [*q(s;\u)
> u )\ I ) d
Int oA u) + Int /tu s °
14+e. ¢
4lnt t.’
which yields that
=2 1—X [Te(s;\ ) l+e
li — Au) — L ds ) > : 3.76
o o (000 = [ ) 2 5 o
However, this is in a contradiction with the assertion of Lemma 3.24. 0

LEMMA 3.30. Let > 1 and u be a solution of equation (3.1) on the interval [t,, +00]
satisfying relation (3.27). Then

1
ho(p,u) < TTEDE (3.77)

where the number h,(u,w) is defined by formula (3.56).

Proof. Let A < 1 be arbitrary. In view of assumptions (3.3) and (3.27), there exists
t* > max{1,t,} such that

u(r(t)) >0 fora.e. t>t.
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According to Lemma 3.23, the function ¢ defined by formula (3.40) possesses a finite
limit (3.41). Therefore, by using equality (3.54), it is not difficult to verify that relation
(3.58) is fulfilled, where the function ¢ is defined by formula (3.52).

Assume on the contrary that inequality (3.77) does not hold. Then there exist € > 0

and t. >t} such that

|
Bt pu) > —— 5 fort > t..

A(p—1)

By using this relation, we get

/tts W) s = bt o) + (4 — 1) / hissp)

u(s) ¢ s
1+e¢ = h(s; p,u) 14e. t
> -1 ——2d In—
A T >/tu s Ty
for t > t.. Consequently, relation (3.58) yields the validity of inequality (3.76), which
is in a contradiction with the assertion of Lemma 3.24. O

LEMMA 3.31. Let A < 1, p > 1, and u be a solution of equation (3.1) on the interval
[tu, +00[ such that relation (3.27) holds. If, moreover, inequalities (3.59) and (3.65)
are satisfied then

timsup (q(t5 A, w) + A(t; 1, 0) ) < g0 w) + ez, w)

b (VIT A0 g0 + /T 4G Db

where the functions g and h are defined by relations (3.52) and (3.53), respectively, and
the numbers q.(\,u) and h.(u,u) are given by formulas (3.55) and (3.56), respectively.

(3.78)

Proof. Analogously to the proofs of Lemmas 3.26 and 3.27 we get equalities (3.62)
and (3.67), where 0(a) is given by formula (3.68), combining of which leads to relation
(3.74).

Let the numbers m and M be given by formulas

(1 —/1- A) i (A, u)) (3.79)

and

M= (1 /1 4(u— Dhy (,u,u)) , (3.80)

respectively. It follows from Lemmas 3.26 that and 3.27

liminftp(t) > m and limsupto(t) < M,

t—+o0 t—+o0

where the function p is defined by relation (3.42). Since we assume that inequalities
(3.59) and (3.65) are fulfilled, we have that m > 3 and M < &
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Suppose that m > % and M < §. Let 0 < & < min{m — %,‘5‘ — M} be arbitrary

and choose t. > ¢, such that
to(t)y >m—e, to(t) < M+e fort>t.
hold. Since M + ¢ < £, it is easy to check that
so(s)(p—so(s)) < (M +e)(u—M—¢) fors>t..

Therefore, from equality (3.74) with a = t. we get

A2 (M +e)(p— M —¢)
t; A h(t; <
(m—5—6)2 o(t
_ 2 € >
T\ +tﬂ—1 for t > t.

Since € was arbitrary, it follows from the latter inequality that

/\2
lim sup (q(t; A u) + h(t; u, u)) < 1=N
—— (1=X) (3.81)
) .
M(p—M) (m—3)
w—1 1—X

If m = % (respectively, M = %), then we prove similarly as above that relation

(3.81) holds whereas we use the fact that

+o0 2 -2 2
—tl‘A/ s {SQ(S) - %} ds <0 = —% for t > ¢,
t

<respectively, tul_—l /t sh2 |:SQ<S) (,u — SQ(S))}CZS

2 _
< _#_Mp-M) fortZaZtu).
A(p—1) p—1

Consequently, relation (3.81) and notation (3.79) and (3.80) guarantee the validity
of desired estimate (3.78). O

3.2.3 Proofs of main results

Proof of Proposition 3.4. It can be found in [44]. O
Proof of Proposition 3.6. It can be found in [44]. O
Proof of Theorem 3.7. It can be found in [44]. O
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Proof of Theorem 3.9. Suppose on the contrary that equation (3.1) has a proper non-
oscillatory solution. Let u be a solution of equation (3.1) on the interval [t,, 00|
satisfying relation (3.27). According to Lemma 3.22; there exists to(c) > max{1,t,}
such that inequality (3.30) holds. Let, moreover, t§(¢) > to(e) be such that 7(¢) > ty(¢)
for a.e. t > ti(). Then we have

1 t T(S) 1—eG. 1 t(‘;(s) T(S) 1—eGy
— — ds < — — d
lnt/o S( s ) pls)ds < lnt/o S( 5 ) pls)ds

+L/tt smp(s)ds for t > t;(e).

Int Jiue  uls)

Therefore, by virtue of Lemma 3.25, we get

1 t 1—eG.
limsup— [ s (ﬂ) p(s)ds <
0

t—+4oo 111 S

1
4 7
which is in a contradiction with assumption (3.10). O

Proof of Theorem 3.10. Suppose on the contrary that equation (3.1) has a proper non-
oscillatory solution. Let u be a solution of equation (3.1) on the interval [t,, +00]
satisfying relation (3.27). Define the functions ¢ and h by formulas (3.52) and (3.53),
respectively. According to Lemma 3.22; there exists to(¢) > t, such that inequality
(3.30) is fulfilled. Let, moreover, ti(e) > to(e) be such that 7(t) > to(e) for a.e.
t > t5(¢). Then we have

Q(t; N\ e) + H(t; p,e) < q(t; A\, w) + h(t; p,u)
(

1 ts(g) T S) 1—eG.
+ =y i st (—) p(s)ds

s (3.82)
L [59 L u(r(s)) )
v 5 st als p(s)ds for t > t;(e).
Consequently, by virtue of Lemma 3.28, we get
)2 M2
I ( tNe) + H(t: p, )< ,
im sup Qt; N e) + H(tpe) ) < VTS
which contradicts assumption (3.13). U
Proof of Corollary 3.11. It immediately follows from Theorem 3.10 with pu = 2, be-
cause the inequality H(t;2,e) > 0 holds for ¢t > 0. O
Proof of Corollary 3.12. Since we have Q(t;0,e) > 0 for ¢ > 0, the assertion of the
corollary immediately follows from Theorem 3.10 with A = 0. U
Proof of Theorem 3.13. 1t can be found in [44]. O
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Proof of Corollary 3.14. According to assumption (3.14), there exists x4 > 1 such that

1 1
=N 1=

Q.(\e) >

Since we have H(t; p,€) > 0 for t > 0, the assertion of the corollary immediately follows
from Theorem 3.13 ]

Proof of Corollary 3.15. By virtue of assumption (3.15), there exists A < 1 such that

1 1
TTESYRETTEEE

H.(u,¢e) >

Consequently, the assertion of the corollary follows from Theorem 3.13, because the
inequality Q(t; A,&) > 0 holds for ¢ > 0.

U
Proof of Theorem 3.16. 1t can be found in [44]. O
Proof of Theorem 8.17. It can be found in [44]. O

Proof of Theorem 3.18. Suppose on the contrary that equation (3.1) has a proper non-
oscillatory solution. Let u be a solution of equation (3.1) on the interval [t,, +00]
satisfying relation (3.27). Define the functions ¢ and h by formulas (3.52) and (3.53),
respectively. According to Lemma 3.22; there exists to(e) > t, such that inequality
(3.30) is fulfilled and thus, in view of (3.3), we easily get inequalities

QN e) <q(N\u),  H'(p,e) < h*(p,u),

and
Ho(p,e) < ho(pu), QN e) < ¢ (M),

where the numbers ¢.(\, u), ¢*(\,u) and h,(u,u), h*(u,u) are defined by formulas
(3.55) and (3.56), respectively. Therefore, assumptions (3.16), (3.18) and Lemmas 3.29,
3.30 (see relations (3.75) and (3.77)) immediately yield the validity of inequalities (3.59)
and (3.65), i.e., the assumptions of Lemma 3.31 are satisfied. Obviously, inequality
(3.82) holds, the function

A(2—)) 1 }’

1
T Tty 1 —4(1—X)z is non-increasing on [m, TGy

and the function

1 . : . _
y—y+ 3 V1 —4(p— 1)y is non-increasing on [Z((ifl‘)), 4(”171)}.
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Consequently, by using Lemma 3.31, we obtain

lim sup (Q(t; A e)+ H(t; p, 5)) < lim sup (q(t; A u) + h(t; u, u))

t—-+o0 t—-+oo
< g« (A u) 4—1 \/1—4 (1 —XN)g.(\ u)
+ Do \/1 —4(p — 1)hy(p, u)
< Q.(\¢€) +— \/1—4 (1—=NQ.(\e)
+ Ho(p,e) + 5 \/1— p—1)H.(p,¢)
which contradicts assumption (3.20). O

Proof of Corollary 3.19. It is easy to show that

limsup (Q( A, 2) + H(ts .2) ) > Q*(\,2) + Ha(pi,)

t—+00

and
limsup (Q(t: X, 2) + H(t: ) ) = H' (1,2) + Qu(),2).

t——+o0

Consequently, in both cases (3.21) and (3.22), inequality (3.20) is satisfied and thus,
the assertion of the corollary follows immediately from Theorem 3.18. U

3.3 Myshkis’s type criteria for DDE

In this section, we present other type of oscillation criteria for equation (3.1), so-
called Myshkis’s type oscillation criteria, which generalise known results of R. Ko-
platadze. Below we assume that 7: R, — R, is a continuous function satisfying

T(t) <t fort>0 (3.83)
and
tE-l—mooT(t) = +00. (3.84)

The assumption of continuity imposed on 7 is motivated by the form of relations
(conditions) of type (3.97), (3.101), (3.102), etc. Similar statements can also be formu-
lated for 7 that is only measurable. In order to do so, one should use suitable notions
of upper and lower limits for measurable functions.

3.3.1 Main results

In the paper [23], R. Koplatadze proved, among other things, the following state-
ments.
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THEOREM 3.32 ( [23, Thm. 1]). Let there exist a continuous non-decreasing function
o: Ry — R, such that the inequalities

) <ot)<t fort>0 (3.85)
and .

limsup/ 7(s)p(s)ds > 1 (3.86)

t—=+o00 Jo(t)

are fulfilled. Then every proper solution of equation (3.1) is oscillatory.

REMARK 3.33. It is necessary for the validity of assumption (3.86) that

/O+Oo7'(s)p(s)ds = +00. (3.87)

THEOREM 3.34 ( [23, Thm. 2]). Let the inequality

lim inf / (s)p(s)ds > % (3.88)

hold. Then every proper solution of equation (3.1) is oscillatory.

REMARK 3.35. If assumption (3.88) is fulfilled then condition (3.87) necessarily holds.
In Theorem 3.34, the constant % is optimal and can not be in general improved. A coun-
terexample is constructed in [23] for equation (3.1) with a proportional delay.

REMARK 3.36. Oscillation criteria (3.86) and (3.88) are usually called Myshkis’s type
oscillation criteria because results of that kind were firstly achieved for first-order linear
delay differential equations by famous mathematician A. D. Myshkis (see, e. g., [37]).

In what follows, we show that condition (3.87), necessary in statements of R. Ko-
platadze, can be relaxed. Moreover, under some natural additional assumptions, we
improve constants on the right-hand side of inequalities (3.86) and (3.88).

Let the number G, be defined by (3.5). By virtue of Theorem 3.7, Proposition 3.6,
and Corollary 3.11, we assume in the sequel that conditions (3.11) and (3.29) are
fulfilled, because otherwise every proper solution of equation (3.1) is oscillatory without
any additional assumption.

Define the number F, by (3.31). In view of assumption (3.11), the number Fj is
well defined. Moreover, assumptions (3.29) yield that

G, <1, F, <1

Furthermore, Corollaries 3.14 and 3.15 claim that every proper solution of equation
(3.1) is oscillatory provided that either

Q«(A,€) >

1
m for some A < 1, 86[0,1[,
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or

H.(p,e) > — forsome p <1, € € |0,1],
where the numbers Q. (), €) and H,(u, <) are defined by (3.12). Therefore, it is natural

to restrict ourself to the case, where

foral A\ <1, p<1, e€l0,1].

Q.(Ae) < H,(pe) <

_
A(p—1)

Under these assumptions, we can improve Theorems 3.32 and 3.34 as follows.

1
41— N)

THEOREM 3.37 ( [45, Thm. 3|). Let there exist numbers A < 1, p > 1, €,0 € [0,1]
and continuous functions v,o: Ry — R such that o is non-decreasing,

T(t) <wv(t) <o(t) <t fort>0, (3.89)
and V(1) 1-6F,  pt o(s) G,
lliiril—fip <@) /V(t) 7(s)p(s) (@) ds > Ry — a,ro, (3.91)
where ]
ro = (1 ~ /1401 —)\)Q*()\,a)), o
Ry = % (1 /T4 — 1)H*(u,e)> ,
and 1-6F.,
Q= lginﬁgof (@) . (3.93)
Then every proper solution of equation (3.1) is oscillatory.
REMARK 3.38. Observe that 0 < o, <1 and
max{%,()} STogégRogmin{g,l}. (3.94)

REMARK 3.39. For the validity of assumption (3.91) it is necessary that

/0 () (2’_8 )EG* ds = +oo. (3.95)

On the other hand, we suppose that (3.11) hold. It worth mentioning that relations

(3.11) and (3.95) are not in any contradiction to each other and thus, Theorem 3.37 is
meaningful.

REMARK 3.40. The condition (3.87), necessary for the validity of assumption (3.86)
in Theorem 3.32, is weakened in Theorem 3.37 to condition (3.95). Consequently,
Theorem 3.37 can be applied also in the case, where

+o00
/0 7(s)p(s)ds < +o0. (3.96)
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If we put ¥ = 0 and € = ¢ in Theorem 3.37, we obtain

COROLLARY 3.41 ( [45, Cor. 1]). Let there exist numbers A < 1, up > 1, € € [0,1]
and a non-decreasing function o: Ry — Ry such that conditions (3.85) and (3.90) are

fulfilled and
t O(S) eGx«
lim sup/ 7(8)p(s) ( ) ds > Ry — B.ro,

t—=+o0 Jo(t) 7(s)

where the numbers ro and Ry are given by relations (3.92) and

1—eFx
By := liminf (@) .

t—-+o0
Then every proper solution of equation (3.1) is oscillatory.

REMARK 3.42. In view of relations (3.94), it is clear that Ry — .o < 1 and thus,
Corollary 3.41 improves (under additional assumptions (3.90)) Theorem 3.32.

Now we show that, under additional assumptions (3.90), we can also improve the
constant % in Theorem 3.34. However, to prove Theorem 3.44 below we need the
technical assumption

PP
1§§+1£10f 0 < 4o00. (3.97)

Therefore, we first give an oscillation criterion for the case, where condition (3.97) does
not hold.

THEOREM 3.43 ( [45, Thm. 4]). Let

t
lim — = +o0.
t—+00 T(t)
Then every proper solution of equation (3.1) is oscillatory provided G, > 0.
Now we present above-mentioned statements improving Theorem 3.34.

THEOREM 3.44 ( [45, Thm. 5]). Let condition (3.97) hold and there exist numbers
A<1,pu>1, ande € [0,1] such that inequalities (3.90) are satisfied. Let, moreover,
there exist a continuous function v: R, — Ry satisfying

T(t) <wv(t) <t fort>0 (3.98)
and .
lim inf ¢ (t)/ 717G (8)p(s)ds > Ry — Yuro, (3.99)
t——+o00 u(t)
where the numbers ro and Ry are given by relations (3.92) and
L I/(t) eGy
Yo 1= lir—{lﬁgof <T) : (3.100)

Then every proper solution of equation (3.1) is oscillatory.
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REMARK 3.45. If eG, > 0 then inequality (3.99) can be fulfilled even when condition
(3.96) hold and thus, condition (3.87), necessary for the validity of assumption (3.88)
in Theorem 3.34, is relaxed in Theorem 3.44.

If we put ¥ = 7 and 0 = idr, in Theorems 3.37 and 3.44 then we get

COROLLARY 3.46 ( [45, Cor. 2|). Let there exist numbers A < 1, u > 1 ande, 6 € [0,1]
such that inequalities (3.90) are satisfied and either

1-6F.  pt G
lim sup <@) / 7(s)p(s) (i) ds > Ry — .70, (3.101)
(1)

t—+o00 T(S)

or condition (3.97) holds and

t
lim inf 75¢* (t)/ T175% (s)p(s)ds > Ry — &.ro, (3.102)

t—+o00 (1)

where the numbers ro and Ry are given by relations (3.92) and

1-0F, eGy
Ny := liminf (#) , & :=liminf (#) : (3.103)

t—-+o0 t—-+o0
Then every proper solution of equation (3.1) is oscillatory.

Observe that 0 < &, < 1 and the numbers ry and Ry given by relations (3.92) satisfy

Ry — 1o = (\/1_41— )Qu (A 8) + /1 — 4( _1>H*(M75)>
and thus, the difference Ry — ro converges to zero if ), ()\ g) — ﬁ and H,.(u,e) —
4(u 0 . Consequently, it may happen that Ry — &,rg < 2 in which case Corollary 3.46
improves Theorem 3.34 (see Example 3.50.)

In the last two statements we ensure that the number &, given by formula (3.103)
is equal to 1. At first we put ¢ = 0 in Corollary 3.46 and we obtain

COROLLARY 3.47 ( [45, Cor. 3]). Let condition (3.97) be fulfilled and there exist num-
bers A <1 and p > 1 such that

A2 —N) 1 w(2 — p) 1
4(1=N) =Q.(00) < = '

If, moreover,

lim inf / t 7(s)p(s)ds

t—+00

1
then every proper solution to equation (3.1) is oscillatory.
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It is clear that if

lim inf ﬂ >0
t—>+o0o

then, in view of assumption (3.11), we have

—+00
/ s*p(s)ds < +oo  for all A < 1.
0

It allows one to define in this case for every A < 1 and g > 1, the numbers

~ +oo ~ 1 t
— Tiinf £17A A T "
Q+(N) : ligﬁgof t /t s*p(s)ds, H.(u): l%gnﬁ?of =g stp(s)ds.
Therefore, from Corollary 3.46 we derive

COROLLARY 3.48 ( [45, Cor. 4]). Let
im 70 4 (3.104)

and there exist numbers A < 1 and p > 1 such that the inequalities

A2 =) 1 w2 —p)  ~ 1
41—\ S Ty

< Q. < =% 4D

are satisfied. If, moreover,

lim sup /Tt sp(s)ds > % (\/1 —4(1 = N)Q.(\) + \/1 —4(p— 1)ff*(u))

t—-+o0 ()
then every proper solution of equation (3.1) is oscillatory.

REMARK 3.49. Under the additional assumption (3.104), not only the constant < on
the right-hand side of inequality (3.88) in Theorem 3.34 can be improved, but it is also
possible to replace the lower limit in (3.88) by the upper limit.

We mention that assumption (3.104) is meaningful because it holds for a wide class
of delay differential equations, namely, for differential equations with a bounded delay
frequently studied in the literature. On the other hand, we can easily find an example of
an unbounded delay for which equality (3.104) is satisfied, as well (e. g., if 7(t) =t — v/t
for ¢ large enough).

ExaAMPLE 3.50. On R, , we consider the equation with a proportional delay

0 +min{%,%}u (%) 0. (3.105)

One can easily see that condition (3.88) is not fulfilled, because

t ts 1 In2 1
lim inf/ 7(s)p(s)ds = lim inf/ S s =% F - (3.106)

t——+o00 T(t) t——+oo i 2 282 4 €
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Therefore, Theorem 3.34 cannot be applied. On the other hand, condition (3.90) with
A =0 and p = 2 is satisfied, since

+o0o
Q.(0,0) = lim inft/ ﬂp(s)ds = lim inft/ — —ds=~-
¢ ¢

t——+o0 S t—+4o0

¢ ¢
H.(2,0) = liminf 1/ sQﬂp(s)ds = liminf 1/ 22 1 s = i
0 0

t—+o0o t S t—+oco t

and, moreover, g = 0, Ry = 0, where numbers rq and Ry are defined by (3.92). By
virtue of this and (3.106), one can see that (3.102) holds for ¢ = 0. Finally, it is clear
that assumption (3.97) is satisfied and thus, according to Corollary 3.46, every proper
solution of equation (3.105) is oscillatory.

3.3.2 Proofs of main results

Proof of Theorem 3.37. Suppose on the contrary that equation (3.1) has a proper non-
oscillatory solution. Let u be a solution of equation (3.1) on the interval [t,, +o00]
satisfying relation (3.27). Analogously to the proof of Lemma 3.22 one can show that
there exist numbers t5 > ¢, > ¢, such that relations (3.32) and (3.34) hold.

For given € and 6, let ty(¢) and ,(6) be numbers appearing in Lemma 3.22 with
¢ = and ¢ = 4, respectively. In view of assumption (3.84), there exists t3 > to such
that

7(t) > max {ta, to(€),0(0)} for t > t. (3.107)

Furthermore,there exists a number ¢4 > t3 such that
v(t) >ty fort >ty (3.108)

The integration of equality (3.1) from v(t) to ¢ leads to the equality

u'(v(t)) —d'(t) = / p(s)u(7(s))ds for t > t4.

Therefore, using relations (3.89), (3.30), (3.34), (3.107), (3.108) and the assumption
that the function o is non-decreasing, one gets

(t) u(o(s))
> | ;p<s> (2 T dos)ds

> u(@(t)) /t 7(s)p(s) (@ - ds fort > ty,



whence we obtain

v(t) u(t)
v(t)u(o(®t) [ AN O] - s for
e L, 0 (7)) ez
where ,
o(t) = Z((;)) for t > t,. (3.109)
Hence, by virtue of estimates (3.30), we obtain
1-6F,
el o) (42
0 1-6F.  pt (s) G (3.110)
+ (%) /V(t) 7(s)p(s) (7’(3)) ds fort > ty.
Now we put
ro= lir_{lﬁgof to(t), R :=limsupto(t), (3.111)
and I/(t) 1-6F, t O’(S) eGy
A(t) := (?t)) /V(t) 7(s)p(s) <%> ds fort >t,. (3.112)
It follows from Lemmas 3.29 and 3.30 that
B0 € gy Rl < 4(M1_ o (3.113)

where the numbers ¢, (A, u) and h,(p, u) are defined by (3.55) and (3.56). Moreover,
using assumption (3.83) and estimates (3.30) we easily get the inequalities

¢\ u) > Qu(N e), ha(p,u) > Hi(p,€). (3.114)

Therefore, conditions (3.113), (3.114) and assumption (3.90) yield the validity of in-
equalities (3.59) and (3.65) and thus, it follows from Lemmas 3.26 and 3.27 that

(1—\/1— N0, u)) > % <1—\/1—4(1—)\)Q*()\,z—:)> >0

and

( /T4 — Dh(mu ) (1+\/1— n—1) H*(u,a)). (3.115)
Let €9 > 0 be arbitrary and choose t., > t4 such that
to(t) >r—eog, v(t)o(v(t)) < R+ey fort>t,,. (3.116)
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Then, using assumption (3.89), from inequality (3.110) we get

A(t)§R+€0—r(T> +eo fort >t

which, in view of notation (3.93), implies that

limsup A(t) < R — ra., (3.117)

t—+o00

because the number ¢, was arbitrary. Hence, by virtue of notation (3.92), inequality
(3.117) guarantees that
limsup A(t) < Rg — a,rg

t—+o00

which, in view of notation (3.112), contradicts assumption (3.91). O

Proof of Corollary 3.41. It immediately follows from Theorem 3.37 with v = ¢ and
e =9. O

Proof of Theorem 3.43. 1t can be found in [45]. O

Proof of Theorem 3.44. Suppose on the contrary that equation (3.1) has a proper non-
oscillatory solution. Let u be a solution of equation (3.1) on the interval [t,, +o00|
satisfying relation (3.27). It is not difficult to verify that there exists ¢; > ¢, such that

u'(t) >0 fort>t.

For given ¢, let ty(¢) be the number appearing in Lemma 3.22 with { = . In view
of assumption (3.84), there exists to > ¢; such that

T(t) > to(e) fort > t,. (3.118)
Furthermore, there exists a number t3 > t, such that
v(t) >ty fort > ts. (3.119)

The integration of equation (3.1) from v(t) to t leads to the equality

u'(v(t) —u'(t) = / p(s)u(r(s))ds for t > ts.

’U/(V(t)) . ’U/(t) _ / p(S)SliEG* U<T(S)) U(S) ds

® U(S) gl—eGx
u(t ! e, W(T(S
[ et

=G (s)p(s)p(s)ds  for t > t,

Nt
TIA
Qs
*
t\
= =
=

\]



where

B U(T(t)) L 1—eG -
olt) = " (T(t)) for t > ts. (3.120)

Hence, by virtue of estimates (3.30), for ¢t > t3 we obtain

v(t)\ " ulr(t) (v(t)
v(t)o(v(t))p(t) > to(l) ( t ) u(v(t)) (T(t))

(7(1)) @ 1—eG. G t s
(v(1)) <T(t)) (t) /V@) (s)p(s)p(s)ds  (3.121)

G« t
210 (M) 40 [ e ety

I~

+

I~

where the function p is given by formula (3.109).
Define the numbers r and R by relations (3.111) and put

¢
B(t) := v (t)/ 71750 (s)p(s)ds for t > ts (3.122)
v(t)
and
= liminf p(t), (3.123)
t—+o00

where the function ¢ is defined by (3.120). Observe that, in view of assumptions (3.83)
and (3.97), estimates (3.30) yield that

1 <, < 400.

On the other hand, it follows from Lemmas 3.26 and 3.27 that inequalities (3.113) hold,
where the numbers ¢, (A, u) and h.(u,u) are defined by (3.55) and (3.56). Moreover,
using assumption (3.83) and estimates (3.30) we easily get inequalities (3.114). There-
fore, conditions (3.113), (3.114) and assumption (3.90) yield the validity of inequalities
(3.59) and (3.65) and thus, it follows from Lemmas 3.26 and 3.27 that relation (3.115)
holds and

(1 —/1- Va0 u)> <r<-= ( /1o N O, u)) (3.124)

Let g9 €10, 1] be arbitrary and choose t., > t3 such that relations (3.116) hold and

o(t) > o —eo fort >t,,.
Furthermore, we find a number t7 > t., such that
v(t) >t.,, fort>t7.
Then, using assumption (3.98), from inequalities (3.121) we get

eGx«
(R-+abplt) = (= 0) (40) 4 (o0 - )50

IV

r (T) — o+ (s —e0)B(t) fort >t}
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which, in view of notation (3.100) and (3.123), implies that

liminf B(t) < R — — . (3.125)

t——+o0 P

because the number ¢y was arbitrary.
Observe that inequalities (3.124) can be rewritten equivalently to the form

2 —r+ (1 - Mg\ u) <O0. (3.126)
Moreover, according to notation (3.123), we get
(A u) = 0.Q.(\ ).
Hence, it follows immediately from inequality (3.126) that
=1+ (1= N)pQ.(Ae) 0,

whence we get

(g) - Ha-NRMe <0,

because ¢, > 1. Consequently, we have

é > % (1 /14— )\)Q*(A,s)) .

Finally, by virtue of relation (3.115) and notation (3.92), inequality (3.125) guarantees
that

liminf B(t) < Ry — .70

t——+o0

which, in view of notation (3.122), contradicts assumption (3.99). O

Proof of Corollary 3.46. The assertion of the Corollary follows from Theorems 3.37
and 3.44 with v = 7 and 0 = idg, . [

Proof of Corollary 3.47. It immediately follows from Corollary 3.46 with ¢ = 0. U

Proof of Corollary 3.48. Using assumptions (3.83), (3.84), and (3.104), we easily get

Q*()\,O) = Q*(A)v H*(,u,O) = ﬁ*(:“’)a

and

. T(t) [ . !
hmsupT/ 7(s)p(s)ds zhmsup/ sp(s)ds.

t—r-+00 (t) t—=+too Jr(t)

Consequently, the assertion of the corollary follows from Corollary 3.46 with e = § = 0.
O
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3.4 Nonlinear system
3.4.1 Introduction

On the half-line [0, +oo[, we consider the two-dimensional system of nonlinear
ordinary differential equations

(3.127)

where o > 0 and p, g : [0, +oo[— R are locally Lebesgue integrable functions.

By a solution of system (3.127) on the interval J C [0, +oo[ we understand a pair
(u,v) of functions u,v : J — R, which are absolutely continuous on every compact
interval contained in J and satisfy equalities (3.127) almost everywhere in J.

It was proved by Mirzov in [35] that all non-extendable solutions of system (3.127)
are defined on the whole interval [0, +o0c[. Therefore, when we are speaking about
a solution of system (3.127), we assume that it is defined on [0, 4-00].

DEFINITION 3.51. A solution (u,v) of system (3.127) is called non-trivial if u #Z 0 on
any neighborhood of +00. We say that a non-trivial solution (u,v) of system (3.127)
is oscillatory if the function u has a sequence of zeros tending to infinity, and non-
oscillatory otherwise.

In [35, Theorem 1.1], it is shown that a certain analogue of Sturm’s theorem holds
for system (3.127), if the additional assumption

g(t) >0 fora.e t>0 (3.128)

is satisfied. Especially, under assumption (3.128), if system (3.127) has an oscillatory
solution, then any other its non-trivial solution is also oscillatory.

On the other hand, it is clear that if ¢ = 0 on some neighborhood of 400, then all
non-trivial solutions of system (3.127) are non-oscillatory. That is why it is natural to
assume that inequality (3.128) is satisfied and

meas{T >t:g(r) >0} >0 fort>0. (3.129)

DEFINITION 3.52. We say that system (3.127) is oscillatory if all its non-trivial solu-
tions are oscillatory.

Oscillation theory for ordinary differential equations and their systems is a widely
studied and well-developed topic of the qualitative theory of differential equations. As
for the results which are closely related to those of this section, we should mention
[6,13,14,16,24-26, 34, 38,46]. Some criteria established in these papers for the second
order linear differential equations or for two-dimensional systems of linear differential
equations are generalized to the considered system (3.127) below.

Many results (see, e.g., survey given in [6]) have been obtained in oscillation theory
of the so-called ”half-linear” equation

(r(t)|u’|q_1sgnu')/ + p(t)|u|? tsgnu = 0 (3.130)
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(alternatively this equation is referred as ”equation with the scalar g-Laplacian”).
Equation (3.130) is usually considered under the assumptions ¢ > 1, p,r : [0, 4+00[— R
are continuous and 7 is positive. One can see that equation (3.130) is a particular case
of system (3.127). Indeed, if the function u, with properties v € C*! and r|u’|7 !sgn v €
C, is a solution of equation (3.130), then the vector function (u,7|u/|9  sgnu’) is a so-
lution of system (3.127) with g(t) := rﬁ(t) fort >0 and o :=¢q— 1.

Moreover, the equation

u” + ép(t)\u]a\u’ll_asgnu =0 (3.131)
is also studied in the existing literature under the assumptions a € |0, 1] and p : R, — R
is a locally integrable function. It is mentioned in [16] that if u is a so-called proper
solution of (3.131) then it is also a solution of system (3.127) with ¢ = 1 and vice
versa. Some oscillation and non-oscillation criteria for equation (3.131) can be found,
e.g., in [16,24].

Finally, we mention the paper [5], where a certain analogy of Hartman-Wintner’s
theorem is established (origin one can find in [12,50]), which allows us to derive oscil-
lation criteria of Hille-Nehari’s type for system (3.127).

In what follows, we assume that the coefficient g is non-integrable on [0, +o0[, i.e.,

+o0
/ g(s)ds = +oo. (3.132)

Let .
f(t) ::/ g(t)ds fort >0.
0
In view of assumptions (3.128), (3.129), and (3.132), we have

lim f(t) =400 (3.133)

t——+o0

and there exists ¢, > 0 such that f(t) > 0 for ¢ > ¢, and f(t,) = 0. We can assume
without loss of generality that ¢, = 0, since we are interested in behaviour of solutions
in the neighbourhood of +o0, i.e., we have

f(t) >0 fort>0. (3.134)

For any A € [0, a], we put

Co(t; A) = fa’\ /fA =y, (/ 26 >d$ for t > 0.

Now, we formulate an analogue (in a suitable form for us) of the Hartman-Wintner’s
theorem for the system (3.127) established in [5].

THEOREM 3.53 ( [5, Corollary 2.5 (with v = 1 — a + \A)]). Let conditions (3.128),
(3.129), and (3.132) hold, A\ < «, and either

lim ¢, (t; A) = +o0,
t——+o00
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or
—oo < liminf e, (t; ) < limsup ¢, (¢; N).

t—+oo t—+oo

Then system (3.127) is oscillatory.

Clearly, two cases are not covered by Theorem 3.53, namely, liminf; , . ¢, (t; A) =
—oo and the function ¢, (t; A\) has a finite limit. The aim of this section is to find
oscillation criteria for system (3.127) in the second mentioned case. Consequently, in
what follows, we assume that

lim ¢ (;\) =: 2 (N) € R. (3.135)

t——+o0

3.4.2 Main results

In this section, we formulate main results and theirs corollaries.

THEOREM 3.54. Let A € [0, « and (3.135) hold. Let, moreover, the inequality

()
P T

(c;;()\)—ca(t;)\))>( “ )Ha (3.136)

1+«
be satisfied. Then system (3.127) is oscillatory.

We introduce the following notations. For any A € [0, o] and p € o, 400, we put

Qe = 10 (00 - | tp(s)fws)ds) for 1 0,

Hisaup) = ot ([ oo o)as) o>

where the number ¢ (\) is given by (3.135). Moreover, we denote lower and upper
limits of the functions Q(-; «, A) and H(-; a, i) as follows

Q.(a, ) :zlierian(t; a, ), H, (o, ) :=liminf H(t; o, p),
—+00

t—+o0
Q*(a, A) :=limsup Q(t; o, ), H*(a, p) :=limsup H (t; o, ).

t—4o00 t—+00

Now we formulate two corollaries of Theorem 3.54.

COROLLARY 3.55. Let A € [0, [, u € |a, +00o[, and (3.135) hold. Let, moreover,

. . . . PJ_)\ a 1+«
lglJrl?Of (Q(t;a, N) + H(t; o, 1)) > 6= Ni—a) <1+a> : (3.137)

Then system (3.127) is oscillatory.
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COROLLARY 3.56. A € [0,a[, p €]a,+oo[, and (3.135) hold. Let, moreover, either

1 Oé 14+«
or 1+
1 o “

H(oup) > —— (1 M) | (3.139)

Then system (3.127) is oscillatory.

REMARK 3.57. Oscillation criteria (3.138) and (3.139) coincide with the well-known
Hille-Nehari’s results for the second order linear differential equations established in
[13,38].

THEOREM 3.58. Let A € [0, [, p €|a,+oo], and (3.135) hold. Let, moreover,

1 /\ 14+« 1 m 1+«
li t o, A Ht; . (3.140
msup (QUia ) + Ham) > 5 (137)  + s (12s) - G140

Then system (3.127) is oscillatory.
Now we give two statements complementing Corollary 3.56 in a certain sense.

THEOREM 3.59. Let A € [0,af, p €]a, 400, and (3.135) hold. Let, moreover, in-
equalities

o) 14a 1 a \*
— ) < Qu(aN) < 3.141
) e ()T
and
! ) Ao, A
H* o 142
@) > 2 (2] =ty (3.142)
be satisfied, where
A 6
= 3.14
v (1) (3.143
and A(a, A) is the smallest root of the equation
a|:c+7|lt7a —azr+ (= N)Q.(a, N) —ay = 0. (3.144)

Then system (3.127) is oscillatory.
THEOREM 3.60. Let A € [0,f, pu €]a, 400, and (3.135) hold. Let, moreover, in-

equalities
« 1 _ 1 1+Oé
H a(l+a—p) < H,(a,p) < Q (3.145)
l+a) (p—a)(1+a) p—a\l+a
and
1 )\ 1+a
(o, A) > B — 3.146
(N> Bl + 5 (137) (3.146)
be satisfied, where B(«, ) is the greatest root of the equation
ol =" — oz + (1 — a)H.(a, p) = 0. (3.147)

Then system (3.127) is oscillatory.
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Finally, we formulate an assertion for the case, when both conditions (3.141) and
(3.145) are fulfilled. In this case we can obtain better results than in Theorems 3.59
and 3.60.

THEOREM 3.61. Let A € [0,a[, u € o, +00[, and (3.135) hold. Let, moreover, condi-
tions (3.141) and (3.145) be satisfied and

limsup (Q(t; a, N) + H(t; a0, 1)) > B(a, pu) — A, A)
ttoo (3.148)
_'_Q* (Oé, )\)—FH*(O(? /~L) -7

where the number v is defined by (3.143), A(a, \) is the smallest root of equation
(3.144), and B(a, p) is the greatest root of equation (3.147). Then system (3.127) is
oscillatory.

REMARK 3.62. Presented statements generalize results stated in [6,13,14,16,24-26,34,
38,46] concerning system (3.127) as well as equations (3.130) and (3.131). In particular,
if we put « =1, A =0, and p = 2, then we obtain oscillation criteria for linear system
of differential equations presented in [46]. Moreover, the results of [16] obtained for
equation (3.131) are in a compliance with those above, where we put ¢ = 1, A = 0,
and = 1 4 a. Observe also that Corollary 3.56 and Theorems 3.59 and 3.60 extend
oscillation criteria for equation (3.131) stated in [24], where the coefficient p is supposed
to be nonnegative. In the monograph [6], it is noted that the assumption p(¢) > 0 for ¢
large enough can be easily relaxed to f(f p(s)ds > 0 for large ¢. It is worth mentioning
here that we do not require any assumption of this kind.

Finally we provide an example, where we cannot apply oscillation criteria from the
above-mentioned papers, but we can use Theorem 3.54 successfully.

ExAaMPLE 3.63. Let a = 2 and
| | £y, 1
g(t):=1, p(t):=tcos 5 + (117 for t > 0.

It is clear that the function p and its integral

! £ 1 1
ds—sin =) ———— 4= fort>
/Op(s) s Sln(2) 2(t+1)2+2 ort>0

change their signs in any neighbourhood of +o0c. Therefore, neither of results mentioned
in Remark 3.62 can be applied.
On the other hand, we have

2 t s 2
Cz(t;o)_t_Q/o S(/o (fcos%—i— (gjl)?))dﬁ) ds

1 2008% 3 In(t+1) 1
- 2 - for t > 0
2" T Tp 2 Piry 7
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and thus, the function cy(+,0) has the finite limit

cr(0) = lim cy(t;0) =

t—400

Moreover,

Int Int

t——+o0 t—+o00

2 . 2cos L — 3 In(t+1 1
llmSUPlnt(C*(U)—Cz(t§0)):th“p< - + ( )+(t+1)1nt -

Consequently, according to Theorem 3.54 with A = 0, system (3.127) is oscillatory.

3.4.3 Auxiliary lemmas

We first formulate two lemmas established in [5], which we use in this section.

LEMMA 3.64 ( [5, Lemma 3.1]). Let a > 0 and w > 0. Then the inequality

w 14+a
l+a
is satisfied for all x € R.
LEMMA 3.65 ( [5, Lemma 3.2]). Let a > 0. Then

/\

1+a
wr — alz| @

alr + y\ c > a|y| o + (1+ a)a:|y\§sgny forz,y € R.

REMARK 3.66. One can easily verify (see the proofs of Lemma 4.2 and Corollary 2.5

in [5]) that if (u,v) is a solution of system (3.127) satisfying
u(t) #0 fort >t,
with ¢, > 0 and the function ¢,(-; A) has a finite limit (3.135), then

fiy aly =) 1
cp(A) = / FA(s)p(s)ds + a— N For(t,)

- / 9(s) 10 (5)h(s)ds,

where the number + is defined by (3.143),

1

h(t) = al (1) + 917" = L+ a) [ (B)p(t)y= —ay = fort>t,,

and
o v(t) B 1 A @ -
P = D sgn ) f“(t)<1+a) fort =t

Moreover, acording to Lemma 3.65, we have

h(t) >0 fort>t,

and one can show (see Lemma 4.1 and the proof of Corollary 2.5 in [5]) that

/tm ()11 (s)h(s)ds < +oo.
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LEMMA 3.67. Let A € [0,a[, (3.135) and (3.141) hold, where the number v is defined
by (3.143). Then every non-oscillatory solution (u,v) of system (3.127) satisfies

(e .
liﬂiéf(m(tnasgnu(t) 7>2A( ) (3:155)

where A(a, \) denotes the smallest root of equation (3.144) .

Proof. Let (u,v) be a non-oscillatory solution of system (3.127). Then there exists
t, > 0 such that (3.149) holds. Define the function p by (3.152). Then we obtain from
(3.127) that

1+«

o ol g()
p'(t) = —p(t) — ag(t) ‘p(t) - @) - oxnya(t) for a.e. t > t,. (3.156)

Multiplaying the last equality by f*(¢) and integrating it from ¢, to ¢, we get

[ Poseds==a [ g0 o) £2(6) + 1"+ ds
tu " t (3.157)
+ CW/t g(s) fA17%(s)ds — /t fA(s)p(s)ds for t > t,.

Integrating the left-hand side of (3.157) by parts, we obtain
A lta ' A—l—a ' A
POp(t) = (a7 - ar'5) [ g (sds = [ Plolpls
tu to,
t
Pt — [ g6 (R tor e > 1,
tu

where the function h is defined in (3.151). Hence,

17a> (3.158)

— ! fort >t
a—X  feM¢) -

where
1ta
5(t.) = P /f d+<7_w> !
- N a— N fort)
Therefore, in view of relations (3.150) and (3.154), it follows from (3.158) that
—+oco
Pl / P(s)p(s)ds + / g(s) 7172 (s)h(s)ds
3.159
" ) L e o
a—Xx [
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Hence,

+o0o
LW@MﬂZQ@mM+f”V®Z g(3) 10 ()h(s)ds

lta (3.160)
%)
— T for ¢ Z tu
Put
m = liminf f*(¢)p(t). (3.161)
t——4o00
It is clear that if m = +o00, then (3.155) holds. Therefore, we suppose that
m < +00.
In view of (3.141), (3.153), and (3.161), relation (3.160) yields that
sz*(a,)\)—L/\ (7—71%&) > 0. (3.162)
a J—

If Qu(a,N) = 25 (v — 71%@)’ then 0 is a root of equation (3.144). Moreover,
in view of Lemma 3.65 and the assumption A < «, we see that the function =z +—
1+ 1+a . . .
alr+7|7« —axr—ay e is positive on | — 00, 0[. Consequently, by virtue of notations
(3.152), (3.161) and relation (3.162), desired estimate (3.155) holds.
Now suppose that @, (a, A) > 25 (v — 7). Let e €]0, Q. (v, AN—=5(y — |
be arbitrary. According to (3.162), it is clear that

m>e. (3.163)
Choose t. > t, such that

fet)pt) >m—e and Q(t;a,\) > Qu(a, \) —e fort >t.. (3.164)

Then it follows from (3.160) that

—+oo
PP 2 Qulas ) = 170 [ (o) (s)hs)ds
Lta : (3.165)
] Gl D B
a— A\

On the other hand, the function z — a|z+7| " —(1+a)zye —ay o is non-decreasing
on [0, +oo[. Therefore, by virtue of (3.153), (3.163), and (3.164), one gets from (3.165)
that

(m —¢) +7]"=" —ay — Am—e)

Fo(0p(t) 2 Qule N) == + p—

for t > t.,

which implies

a|(m —e) +17=" —ay = A(m —¢)

> O, (, \) —
m > Qu(a,\) —e+ Y
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Since ¢ was arbitrary, the latter relation leads to the inequality
alm + 7% — am + Q. (o, \)(a — A) — ay < 0. (3.166)

One can easily derive that the function y : 2 — alz+7| & —az+Q. (o, \)(a— ) —ay

is decreasing on | — oo, (2-)* — 4| and increasing on [(=%-)* — 7, 400[. Therefore,

I+a 1+o
in view of assumption (3.141), the function y is non-positive at the point (1_%&)& -7,

which together with (3.152), (3.161), and (3.166) implies desired estimate (3.155). O

LEMMA 3.68. Let p € |a, +oo| and (3.145) hold. Then every non-oscillatory solution
(u,v) of system (3.127) satisfies

lim sup fo(te)

P ) s u(D) < B(a, p), (3.167)

where B(a, p) is the greatest root of equation (3.147).

Proof. Let (u,v) be a non-oscillatory solution of system (3.127). Then there exists

t, > 0 such that (3.149) holds. Define the function p by (3.152). Then from (3.127)

we obtain the equality (3.156), where the number v is defined by (3.143).
Multiplaying (3.156) by f*(t) and integrating it from ¢, to ¢, we obtain

t

/ FHe)p (s)ds = = / Frslp(s)ds = a [ gl o) (s) ] F s

ty

+ ory/g(s)f“al(s)ds for t > t,.

ty

Integrating the left-hand side of the last equality by parts, we get

t

£ = £27(0) [ 961577 ) [ ()pls) = alols)£2() +1'F ] d
tu (3.168)

F Ot O — H(t oy p) + — for t > ¢,
W —

where
5(ta) = (8 / Prs)pls)ds = o). (3.169)

According to Lemma 3.64, it follows from (3.168) that

Fo0)p() < 61 (6 F*H(E) — H(t 0, )+ — ( i ) T fort >t (3170)

p—a \1l+«
where .
H— o
i) = o) - £ ((1 L) - /w) | (3.171)
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Put
M :=limsup (f*(t)p(t) + 7). (3.172)
t—-+o00
Obviously, if M = —oo then (3.167) holds. Therefore, suppose that
M > —oo0.

By virtue of (3.133), inequality (3.170) yields

1 m 1+a
M < —H.(a, . 3.173
< o)+ () (3173)

If Ho(a,p) = (HLQ)Q %, then it is not difficult to verify that (:£:)* is a
root of the equation (3.147) and the function z — alz| s — az + (u — o) H, (v, )
is positive on |(%;)®, +oo[. Consequently, it follows from (3.172) and (3.173) that
(3.167) is satisfied.

Now suppose that

po A\ all+a—p)
(o) > (1+a> (p—a)(1+a)

Using the latter inequality in (3.173), we get

M<( H )
1+«

Let € €]0, (ﬁ)a — M| be arbitrary and choose t. > t, such that

v+ fAt)pt) < M+e, H(t;o,pu) > Ho(a,pu) —e fort >t.. (3.174)

Observe that the function z — pz — alz| "« is non-decrasing on | — oo, (HLQ)Q] and
thus, using relations (3.174) and M + ¢ < (HLQ)Q, from (3.168) we get

PO < 80) 40 — Hor) b+ = L

110 [ 9615 [0 ) — ol e F] ds for e > b

tu
where

02(t) := f*(tu)p(tu) + /Otu f(s)p(s)ds + 7'~ ().

Consequently,

fAO)p(t) + < 03(tu) f*H(t) — Hila,p) + ¢

LM te) oM tef e
H—

for t > t.,
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where
1+

pM+e)—alM+e[«
n—

which, by virtue of the assumption o < p and conditiond (3.133) and (3.172), yields

that

(53(tu) = 52(tu) —

fu_a(tu)7

1+«

p(M+e)—alM+el =
f—a '

Since € was arbitrary, the latter inequality leads to

M < —H.(a,p) +e+

al M — oM + (1 — o) H,(a, 1) < 0. 3.175
I L

One can easily derive that the function y : z — alz|« — az + H.(a, p)(p — a) is

decreasing on | — oo, ( ®] and increasing on [(+%-)% 4+o00[. Therefore, in view of

Tra) Tra
assumption (3.145), the function y is non-positive at the point (QL&)Q, which together
with (3.152), (3.172), and (3.175) implies desired estimate (3.167). O

3.4.4 Proofs of main results

Proof of Theorem 3.54. Assume on the contrary that system (3.127) is not oscillatory,
i.e., there exists a solution (u,v) of system (3.127) satisfying relation (3.149) with
t, > 0. Analogously to the proof of Lemma 3.67 we show that equality (3.159) holds,
where the functions h, p and the number «y are defined by (3.151), (3.152), and (3.143).
Moreover, conditions (3.153) and (3.154) are satisfied.

Multiplaying of (3.159) by g(t)f* '~*(¢) and integrating it from ¢, to ¢, one gets

/t:g(s)fa_l(s)p(s)ds_CZ()\) /t: fli(—iz(s)ds
- [ 825 ([ Peme) a

(3.176)

(
+ s ( / +°°g<s>f*1-a<s>h<5>czg) s

a a1 g(s)
_ — A~ AN f >
a—)\<7 v >/tu f(s)ds ort>t,,

Observe that

/ F) ([oog(f)f““(s)h(f)df) s

:—JZ%A(? /tmg(s)fk-l-“(s)h(s)ciw : 2L p(s)as

_ % /tu+°° g(s)fk—l—a(s)h(s)ds for t > t,.
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Hence, it follows from (3.176) that

FE) (€n(N) = calts V)

+oo 3.177
Y [cz<A>—ca<tu;A>+ / g<s>f*—1—a<s>h<s>ds} (3477)

_ pfa—AX e A—l-a
f (t)/t g(s)f (s)h(s)ds for t > t,.

On the other hand, according to (3.143), (3.151), and Lemma 3.64 with w := «, the
estimate

(@ =N)f(s)p(s) = hls) +a (v =7')
. Co\Ee (3178)
— 0 (£ (s)pls) + ) — alf (s)pls) 415 < ( )

1+«

holds for s > t,. Moreover, in view of (3.128), (3.134), and (3.153), it is clear that

fa—)\(t) /+OO A—1l—a
t g(s)f (s)h(s)ds >0 for t > t,.

Consequently, by virtue of the last inequality and (3.178), it follows from (3.177)
that

FM) [ N) = calt; V)] < (1 j_é a) = . Jic((;u))
+oo
+ £ (ty) {CZ()\) — Caltu; A) +/t Q(S)fk_l_a(s)h(s)ds} for t > t,.

Hence, in view of (3.133), we get

1+
: fo ) a \
l . )\ - La ta )\ S ’
trgfip In f(t) () = calt; M) 14+«
which contradicts (3.136). O
Proof of Corollary 3.55. Observe that for t > 0, we have
[, / s)
— 1
T 7 1) (i (N) — calt; A lnf ) (s;a, N)ds (3.179)
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and
Q(t;a,A\) + H(t; o, ) = (pn — /g VA (5)Q(s5 a, N ds. (3.180)
0

Moreover, it is easy to show that

/ Z _ /g o1 (9)Q (s a, N)ds

° (3.181)
+(u—a)/ )Y /g ) Q€ @ N | ds for t> 0,
0
On the other hand, by virtue of (3.137), from relation (3.180) one gets
o a+1 1
lim inf pra-l s, N)d :
imnf fo (1 >/g<s>f et > (25) e
0
Therefore, in view of relation (3.133), it follows from (3.181) that
a+1
S o 1
li f A)d : 182
%I—?Jrlgo nf /fs (50, S>(a+1> a— A (3.182)
Now, equality (3.179) and inequality (3.182) guarantee the validity of condition (3.136)
and thus, the assertion of the corollary follows from Theorem 3.54. 0

Proof of Corollary 3.56. If assumption (3.138) holds, then it follows from (3.179) that
condition (3.136) is satisfied and thus, the assertion of the corollary follows from The-
orem 3.54.

Let now assumption (3.139) be fulfilled. Observe that

/fa H(t; o, ) + —a/ () H(s;a,pu)ds fort > 0.
f s)
Therefore, in view of (3.139), we obtain
lim inf o e )T 3.183
mint [ o> (55) 3183

On the other hand, it is clear that
— )\ 2 t
(1)) = —(O‘fm)f“) / )T ( / () )
)\)9 ,\
NG [ 7
(t)
t

t)
= fa /\Hg() /fa (s)ds fort > 0.
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Hence, we have

ca(T;)\)—ca(t;)\)—(oc—)\)/ = M (/ o e ) s T>t>0

and consequently, by virtue of assumption (3.135) and condition (3.183), we get
ca(A) —ca(t; \) =

«

g(s )lnf o (3.184)
(oz—)\)/t FaxHi(s lnf f ds fort > 0.
In view of (3.183), there exist € > 0 and ¢. > 0 such that
a+1
a
Oé . > .
lnf /f ( +1> te for t>t.

Hence, it follows from (3.184) that

cZ(A)—ca(t;)\)z(a—)\)((ail) —i—&“)/t Oog;j)i—if(f)) for t>t..

Since € > 0, by virtue of (3.133), from the last relation we derive inequality (3.136).
Therefore, the assertion of the corollary follows from Theorem 3.54. U

Proof of Theorem 3.58. Assume on the contrary that system (3.127) is not oscillatory,
i.e., there exists a solution (u,v) of system (3.127) satisfying relation (3.149) with
t, > 0. Analogously to the proofs of Lemmas 3.67 and 3.68 we derive equalities (3.159)
and (3.168), where the numbers v, §(¢,) and the functions h, p are given by (3.143),
(3.169) and (3.151), (3.152).

It follows from (3.159) and (3.168) that

Q@qu+Jﬂtmu)=—f*Vﬂl%mﬂ@f*1%ﬁhwﬂs

(v=7"5) + 2 b))

410 [ 9615 6) [ (5)ols) — ali(s) () 401 ¥ ds

ty

_|_

a—A (3.185)

is satisfied for ¢t > t,. Moreover, according to Lemma 3.64 with w := p, it is clear that

i (F(0)p() + ) — alp(t) 12(6) + 15 ( ) fort>f,  (3186)

I+«
Therefore, using (3.143), (3.153), and (3.186) in relation (3.185), we get

1 A\ po '
tya, \) + H(t; =

F(t) fOH(t) for t > ty,
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where

(72) | L
1+« H p—a

Consequently, by virtue of (3.133), relation (3.187) leads to a contradiction with as-
sumption (3.140). O

Proof of Theorem 3.59. Suppose on the contrary that system (3.127) is not oscillatory.
Then there exists a solution (u,v) of system (3.127) satisfying relation (3.149) with
t, > 0. Analogously to the proof of Lemma 3.68 one can show that relation (3.170)
holds, where the numbers 7, d;(¢,) and the function p are given by (3.143), (3.171),
and (3.152). On the other hand, according to Lemma 3.67, estimate (3.155) is fulfilled,
where A(a, A) is the smallest root of equation (3.144).

Let € > 0 be arbitrary. Then there exists ¢t. > ¢, such that

Ft)p(t) > Ala, \) —e  for t > t..

Hence, it follows from (3.170) that

14+
( o ) —~v fort>t..

H(t; o, ) < 6y (t) fOH(E) — Ala, N) + 6 + 1+a

1—

Since ¢ was arbitrary, in view of (3.133), from the latter inequality we get

M 1+«
( ) _7_A<057)‘77)7

H* (o, ) <

w—a \1+«

which contradicts assumption (3.142). O

Proof of Theorem 3.60. Assume on the contrary that system (3.127) is not oscillatory,
i.e., there exists a solution (u,v) of system (3.127) satisfying relation (3.149) with
t, > 0. Analogously to the proof of Lemma 3.67 we show that equality (3.160) holds,
where the number 7 and the functions h, p are defined by (3.143), (3.151), and (3.152).

On the other hand, according to Lemma 3.68, estimate (3.167) is fulfilled, where
B(a, p1) is the greatest root of equation (3.147). Let € > 0 be arbitrary. Then there
exists ¢, > t, such that

FWpt) +v < Bla,p) +e fort >t..

In view of the last inequality, (3.128), (3.134) and (3.153), it follows from (3.160) that

Qi) < Blawp) +2 =7+ —— (v=7) fort >t
& p—
Since ¢ was arbitrary, we get

1+a
«a

—\
which contradicts (3.146). O

Q' (e, ) < Blay ) +
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Proof of Theorem 3.61. Suppose on the contrary that system (3.127) is not oscillatory.
Then there exists a solution (u,v) of system (3.127) satisfying relation (3.149) with
t, > 0. Put

m:= A(a, \), M := B(a, p), (3.188)

i.e., m denotes the smallest root of equation (3.144) and M is the greatest root of
equation (3.147). According to Lemmas 3.67 and 3.68, we have
liminf f*(¢)p(t) > m, limsup (f*(t)p(t) +7) < M, (3.189)
t—+o0 t——+00
where the function p and the number v are defined in (3.152) and (3.143).
Analogously to the proof of Theorem 3.58 we show that relation (3.185) holds for
t > t,, where the number 6(¢,) and the function h are defined by (3.169) and (3.151).
In view of (3.141), one can easily show that the function y : = — alz + |« —
ax + Qu(a, A)(a — X\) — ary is positive on | — 0o, 0] and there exists z € [0, +oo[ such
that y(z) < 0, which yields that m > 0.
On the other hand, in view of (3.145), one can easily verify that the function
zix e oz s —az + (u— a)H, (o, p) is positive on ] (1+a> ,+oo[ and there exists
# < (%) such that z(Z) < 0. Consequently, we have M < (7).

T+a
We first assume that m > 0 and M < (ﬁ) Let € €]0, min {m, (1+a) — M}
be arbitrary. Then, by virtue of (3.189), there exists t. > ¢, such that
X @t)pt) >m—e, fY)pt)+yv < M+e fort>t.. (3.190)

The function # — a|z + 4|« — (1 + @)y is non-decrasing on [0, +o0c[. Therefore,
in view of (3.151) and (3.190), we get

alm—c+yw = Am—¢)—ay e

P [ o s > . (3.191)

for t > t.. Moreover, the function z — pz —alz| " is non-decrasing on ] — oo, (HLQ)O‘ [
and thus, in view of (3.190), we obtain

Fre) [ 96107 s) [ (5)ols) = alos) () +21'F
i (3.192)
pM +¢) —alM +¢| = —py for
< o
Now it follows from (3.185), (3.191), and (3.192) that
Qt;a, N+ H(t; o) < M +e+ Ho(a,p) — (m—e) + Qula, \) —
0(M + £) — ol M + £ — (4~ ) Hi(ap)
Lo e (3.193)
_alm—e+q]m —am—g)+ (@ = NQu(a,\) — ay
a—A
+0(te) fOH(t) fort > t.,

t>t..

+
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5(t2) = 8(t) + / g()1#77(s) [1f*()n(s) — alp()(s) + 415 ds.

Since € was arbitrary, in view of (3.133) and (3.188), inequality (3.193) yields that

limsup (Q(t; o, A) + H(t; a, p1)) < Blew, p) — Aler, A, y)
t——+o0 (3.194)
+ Q*(O./, )‘) + H*(Oz, :u) -7

which contradicts assumption (3.148).
If m = 0 then, in view of (3.153), it is clear that

0 [ g hleds < 0= (3.195)

for t > t,. On the other hand, if M = (1—_%)& then, using Lemma 3.64 with w := p,
one can show that

t

P [ o)) [ 6Dols) — alpls)£7(6) + 21 ¥ ds

ty

)T e (H2) T - m (3.196)
T p—a frme(t) p—a
_pM —alMTE =y () (#2) " —m for 1.

o free(t) 1=

Consequently, if m = 0 (resp. M = (HLQ)Q), then we derive from (3.185), the inequality
(3.194) similarly as above, but we use (3.195) instead of (3.191) (resp. (3.196) instead
of (3.192)). O
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4 Boundary value problems for functional differen-
tial equations

4.1 Introduction

On the interval [a, b], we consider the functional differential equation
u' = F(u)(t), (4.1)

where F': C([a,b];R) — L([a, b]; R) is a continuous (in general) nonlinear operator. As
usually, by a solution of this equation we understand an absolutely continuous function
u : [a, b] — R satisfying equality (4.1) almost everywhere on [a, b]. Along with equation
(4.1), we consider the nonlocal boundary condition

h(u) = (u), (4.2)

where h : C([a, b]; R) — R is a (non-zero) linear bounded functional and ¢ : C'([a, b]; R) —
R is a continuous (in general) nonlinear functional.

Firstly, in Sections 4.2 and 4.3, we study the question on the unique solvability of
problem (4.1), (4.2) in a linear case, i.e., in the case where equation (4.1) is linear and
v = const. Conditions guaranteeing the solvability and unique solvability of problem
(4.1), (4.2), when equation (4.1) is nonlinear, are provided in Section 4.4.

In this chapter we present our result stated in [27,40,42|. Besides boundary value
problems presented here, we also dealt with the following ones. In the papers [31-33,41],
we studied the question of the existence and uniqueness of a solution of the linear
problem

() = L(u)(t) + q(t), (4.3)
u(a) = h(u) + ¢, (4.4)

where (: C([a,b];R) — L([a,b];R) is a linear bounded operator, ¢ € L([a,b];R),
h: C([a,b];R) — R is a linear functional, and ¢ € R.
Particularly, in [31,41], we considered the boundary condition (4.4) in the form

u(a) = Au(b) + ho(u) — hy(u) + ¢, (4.5)

where hg, hy: C([a,b];R) — R are positive functionals and A > 0. It is clear that the
periodic condition is a particular case of (4.5). Presented results are concretized for
boundary value problems with delay differential equations such as

b

() = p(t)u(r (1)) + g(t), / u(s) do(s) = c,

a

where p,q € L([a,b];R), 7 : [a,b] — [a,b] is a measurable function, o : [a,b] — R is
an absolutely continuous function, o(a) > 0, (b) > 0, and ¢ € R (see [31]). In [32],
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we established conditions guaranteeing the unique solvability of problem (4.3), (4.4) as
well as nonpositivity of its solution. Obtained general statements are applied to the
case, where the operator ¢ is the operator with argument deviations defined by

() (t) = p(H)u(r(t)) — g(t)u(p(t)),

where p, g € L([a,b];Ry) and 7, 44 : [a,b] — [a, b] are measurable functions.
Problem (4.1), (4.2) in a full generality, i.e., if I is a continuous nonlinear operator
and ¢ is a continuous nonlinear functional, has been studied in [39].

4.2 Linear problem - nonnegative solutions

In this section, we assume that equation (4.1) is linear and the functional ¢ in the
boundary condition (4.2) is constant, i.e., we consider the boundary value problem

u'(t) = £(u)(t) +q(t), (4.6)
u(a) = h(u) + ¢, (4.7)

where £: C([a,b];R) — L([a,b];R) is a linear bounded operator, h: C([a,b]; R) — R is
a linear bounded functional, ¢ € L([a,b];R), and ¢ € R. It is natural to assume that

h#0, where h(v):=uv(a)—h(v).

We establish conditions sufficient for the unique solvability of the considered prob-
lem. Moreover, if the function ¢ and the number ¢ are nonnegative, then these condi-
tions guarantee also nonnegativity of a solution. Presented results are concretized for
differential equations with argument deviations.

Recall that by a solution of problem (4.6), (4.7) we understand a function u €
AC([a,b]; R) satisfying equality (4.6) almost everywhere in [a,b] and condition (4.7).
Along with problem (4.6), (4.7) we consider the corresponding homogeneous problem

u'(t) = L(u)(t), (4.60)
u(a) (u). (4.70)

The following result is well known from the general theory of BVPs for FDEs (see,
e.g., [1,3,9,20,48])

THEOREM 4.1. Problem (4.6), (4.7) is uniquely solvable iff the corresponding homoge-
neous problem (4.6¢), (4.70) has only the trivial solution.

Introduce the definition.

DEFINITION 4.1. We say that an operator £ € Ly, belongs to the set V.7 (h) if every
function v € AC([a, b]; R) satisfying

u'(t) > L(u)(t) fora.e.t € a,b], (4.8)
u(a) > hu) (19)

is nonnegative on |a, b].

60



REMARK 4.2. Assume that ¢ € ‘N/a}t(h). Then it is clear that problem (4.6¢), (4.7¢)
has only the trivial solution. Therefore, according to Theorem 4.1 problem (4.6), (4.7)
is uniquely solvable for any ¢ € R and ¢ € L([a,b];R). If, moreover, ¢ € R, and
q € L(Ja,b];Ry), then the unique solution of problem (4.6), (4.7) is nonnegative.

Let us mention some properties of the set ‘Z;;(h) in the case when h € PF .

REMARK 4.3. Let h € PF,. It is not difficult to verify that Py, N ‘Z:g(h) # & if and
only if
h(1) < 1. (4.10)

Indeed, assume that ¢ € Py N ‘7(;5(}1) Then, according to Remark 4.2, the problem

u'(t) = L(u)(t)
u(a) = h(u) + 1 (4.11)
has a unique solution u and
u(t) >0 fort e la,bl. (4.12)

By virtue of (4.12) and the assumption ¢ € P,;, we have

u'(t) >0 fora.e. t€[a,bl. (4.13)
Hence,

u(t) > u(a) fort € [a,bl. (4.14)

Now (4.14) and the assumption h € PF,, imply that

h(u) > u(a)h(1), (4.15)

whence, together with (4.11), we obtain
u(a)(l —h(1)) > 1.

Therefore, inequality (4.10) holds.

Assume now that (4.10) is fulfilled. We show that 0 € V.5 (h). Let the function
u € AC([a,b];R) satisfy (4.9) and (4.13). Clearly, (4.14) holds, as well. Hence, on
account of the assumption h € PF, inequality (4.15) is satisfied. By virtue of (4.9)
and (4.15), we get

u(a)(1 = h(1)) =0,

which together with (4.10) implies u(a) > 0. Taking now into account (4.14), we get
(4.12). Therefore, 0 € V1 (h).
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4.2.1 Main results

In this section we present optimal (nonimprovable in a certain sense) sufficient
conditions guaranteeing the inclusion ¢ € V1 (h).

THEOREM 4.4 ( [27, Thm. 2.1]). Let h € PFq, and { € Py,. Then £ € V.1 (h) if and
only if there ezists a function v € AC([a,b];]0,400]) satisfying the inequalities

Y (t) > L(y)(t) for a.e. t € [a,b], (4.16)

v(a) > h(7). (4.17)

In the case, when ¢ is an a-Volterra operator, Theorem 4.4 yields the following
statement.

COROLLARY 4.5 ( [27, Cor. 2.1]). Let h € PFu, £ € Pu be an a-Volterra operator,
and

h(v) < 1, (4.18)

where
t

v(t) = exp /6(1)(3) ds| for te€]la,b.

Then € € V.1 (h).

REMARK 4.6. Inequality (4.18) is optimal and cannot be replaced by the inequality
t

h(v) < 1. Indeed, let v(t) := exp [fp(s) ds} for t € [a,b], where p € L([a,b]; R, ) is

such that h(y) = 1. Clearly, the function v is a nontrivial solution of problem (4.6p),
(4.7¢) with £(v)(t) := p(t)v(t). Therefore, according to Remark 4.2, £ ¢ V.t (h).

COROLLARY 4.7 ( [27, Cor. 2.2]). Let h € PFu, £ € Pap, h(1) < 1, and let there exist
m,k € N and a constant o €10, 1] such that m > k and

Pm(t) < api(t) for t € |a,b, (4.19)
where
pr=1, pin(t) = 1—;h(1)h<%) +@i(t) for telab], i €N,
! (4.20)

i(t) == /ﬁ(pi)(s) ds for t€|a,b], i€ N.

a

Then € € V.1 (h).

In the case, when the operator ¢ is negative, necessary and sufficient condition for
the inclusion ¢ € V.7 (h) is presented in the next theorem.
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THEOREM 4.8 ( [27, Thm.~2.3]). Let h € PFup, —L € Pup be an a-Volltera operator,
and (4.10) hold. Then £ € V.3 (h) if and only if £ € V1 (0).

Theorem 4.8 yields the following corollaries.

COROLLARY 4.9 ( [27, Cor. 2.4]). Let h € PFu, —C € Pay, be an a-Volterra operator,
and (4.10) hold. Let, moreover, there exist a function v € AC([a,b]; Ry) satisfying

v(t) >0 for telab, (4.21)
Y () < Ll(y)(t) fora.e t € la,b]. (4.22)

Then € € V.1 (h).

REMARK 4.10. Corollary 4.9 is nonimprovable in a certain sense. More precisely,
condition (4.21) cannot be replaced by the condition

v(t) >0 for tela,b], (4.23)

where b; €]a, b[ .Indeed, it is shown in [8, Example 4.3] that conditions (4.22) and (4.23)
do not guarantee the inclusion ¢ € V:1(0). Consequently, by virtue of Theorem 4.8,
Corollary 4.9 is nonimprovable in the above-mentioned sense.

COROLLARY 4.11 ( [27, Cor. 2.5]). Let h € PFa, —{ € Pa, be an a-Volterra operator,
and let (4.10) hold. If, moreover,

b

/ 0(1)(s)|ds < 1. (4.24)

a

then € € Vi (h).

REMARK 4.12. Corollary 4.11 is nonimprovable in the sense that the inequality (4.24)
cannot be replaced by the inequality

b

Jleweids<1+e,

a

no matter how small € > 0 is (see Theorem 4.8 and [8, Example 4.4]).
The following theorem deals with the case, when the operator ¢ is not monotone.

THEOREM 4.13 ( [27, Thm. 2.4]). Let the operator £ € L, admit the representation
{=1Vy— 1, where Ly, {1 € Py, and

loe Vi),  —teVi(h). (4.25)
Then ¢ € ‘ng(h).

63



REMARK 4.14. Assumption (4.25) is nonimprovable in the sense that it can be replaced
neither by the assumption

(1—e)ly € Vi (h), —t1€Vi(h), (4.26)
nor by N _

lo €V (h), —(1=e)ty € Vo (h), (4.27)
no matter how small € > 0 is (see Examples 4.17 and 4.18 ).

Now we concretize obtained results for the differential equations with argument
deviations. Put

((v)(t) ==p(t)v(r(t)), (4.28)
(w)(t) := = g()v(u(t)), (4.29)
where p,g € L([a,b];R;) and 7, i : [a, b] — [a,b] are measurable functions.

In the case, when the operator ¢ is defined by (4.28), the following statement follows
immediately from Corollary 4.5.

THEOREM 4.15. Let 7(t) <t for a.e. t € [a,b], h(1) < 1, and the inequality
b

/p(s) ds < lnﬁ

hold. Then the operator ¢ defined by (4.28) belongs to the set IN/a*,;(h)
For the operator ¢ is defined by (4.29), the next statement is true.

THEOREM 4.16 ( [27, Thm. 4.4)). Let u(t) <t for a.e. t € [a,b], h(1) < 1, and at
least one of the following conditions be fulfilled:

a)
b
[oras <1
b)
b s s
/g(S) /g(é) exp /9(77) dn| d¢ | ds < 1;
a 1(s) 1(€)
c)g#0 and
t
ess sup / g(s)ds :t €la,b] p <w”,
w(t)
where ,
) _
. 1
w*=supg —In [z +2x | exp x/g(s)ds -1 rx >0
x

a

Then the operator € defined by (4.29) belongs to the set v;g(h)
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Now we present two examples justifying that assumption (4.25) in Theorem 4.13 is
nonimprovable in a certain sense.

EXAMPLE 4.17. Let € €]0,1[, to €a, b], and the functions p,g € L([a, b]; R;) be such
that

/a Y o(s)ds =142 /t: p(s)ds = ¢ — & (4.30)
/:0 g(s)ds = % /t:g(s)ds - % (4.31)
where
fi 1o
Consider the boundary value problem

u'(t) = p(t)u(to) — g(t)u(a), (4.33)
u(a) = 52“2(t°) +1, (4.34)

i.e., problem (4.60), (4.7) with £ = £, — £y, where
lo(v)(t) == p(t)u(7(t)), Li(v)(t) == g(t)v(u(?)), (4.35)
h(v) = 52”2(t°), (4.36)

T =1y, 4 =a,and c = 1. B B
One can show that (1—¢)ly € V.1 (h) and —¢; € V.I'(h). Indeed, by virtue of (4.30),
we have

) = o)+ ) = (= 2) (7= ([ 1) + [ tawysias)
—(1—2) <1_;h(1)h </atp(s)d8) —l—/atp(s)ds) < (1—5)(1+g>2_2€2 <1,

where the functions p, and ¢, are defined by (4.20). Hence, (4.19) is satisfied with

22:25622' Consequently, according to Corollary 4.7 (with £ = 1,m = 2), we obtain

(1 —2e)y € ‘ng(h) On the other hand, by virtue of (4.31) and Corollary 4.11, it is

clear that —¢; € V.7 (h).
Note that equation (4.33) has only the trivial solution satisfying

o =

u(a) = @. (4.37)

Indeed, let u be a solution of problem (4.33), (4.37). Integrating (4.33) from a to ¢,
and taking into account (4.37), one gets

2

0 = ulty) (§+ % (1 - %)) .
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Hence, by virue of (4.32) and (4.37), we obtain u(ty) = 0 and u(a) = 0. Consequently,
in view of (4.33), we have u/(t) = 0, which leads to u = 0. Therefore problem (4.33),
(4.34) has a unique solution u. Integrating (4.33) from a to t, and taking into account

(4.34), we get
2

g_1zmm(a+%(y—9).

Hence, by virtue of (4.32), we have u(ty) < 0.

Therefore, o — ¢, ¢ V1 (h) and thus, assumption (4.25) of Theorem 4.13 cannot be
relaxed to (4.26) no matter how small € > 0 is.

EXAMPLE 4.18. Let € €]0,1[, ¢y €]a, b], and the functions p, g € L([a, b];R,) be such
that

([%@@:3 A}@@:Z, (4.38)
/:0 g(s)ds =1+¢, /tobg(s)ds =¢e—g, (4.39)

where € is given by (4.32). Define the operators ¢y and ¢; by (4.35).
One can show that ¢y € VI (h) and —(1—¢)¢; € V.7 (h). Indeed, by virtue of (4.36)
and (4.38), analogously to Example 4.17 we derive

pa(t) :1_;}1(1)}%%01) +i(t) <

2_82<1,

where the functions p, and ¢; are defined by (4.20). Hence, according to Corollary 4.7
(with k = 1,m = 2,a = 5°5), we have {; € ‘Z;;(h) On the other hand, by virtue of
(4.39) and Corollary 4.11, it is clear that —(1 —¢)¢; € VQJg(h)

Analogously to Example 4.17, one can show that the homogeneous problem (4.33),

(4.37) has only the trivial solution. Therefore, problem (4.33), (4.34) has a unique
solution w. Integrating (4.33) from a to ¢, and taking into account (4.34), we get

; g2 €
= 1=
£ = u(ty) <5 5 + 2>

Hence, by virtue of (4.32), we have u(ty) < 0.

Therefore, o — ¢, ¢ V1 (h) and thus, assumption (4.25) of Theorem 4.13 cannot be
relaxed to (4.27), no matter how small € > 0 is.

4.2.2 Proofs of the main results

To prove the main results we need the following auxiliary lemma.

LEMMA 4.19. Let { € Py, inequality (4.10) be fulfilled, and let there exist no nontrivial
function v € AC([a,b];R,) satisfying

V'(t) < L(v)(t) fora.e. teEa,b], wv(a)=h(v). (4.40)
Then £ € V().
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Proof. Let u € AC([a,b];R) satisfy (4.8) and (4.9). Obviously, (4.6) and (4.7) hold,
where

q(t) :==u'(t) — l(u)(t) fora.e.t € la,b], c:=ula)— h(u).

It is clear that
q(t) >0 fora.e. t€lab], ¢>0. (4.41)

Taking into account (4.6), (4.7), (4.41), and the assumption ¢ € Py, we easily get

1 1
uw(t)]” = = (v (t)sgnu(t) —u'(t)) = = (£(u)(t)sgnu(t) — £(u)(t
()] 2(1 (Hsenu(t) —u'(1)) = 5 (¢w)(senu(t) — (u)(?)) )
+ 5 at) (senu(t) = 1) < (u])(#) for a.c. t € [ab),
and
[u(a)]- = %(h(u)sgnu(a) — h(u)> + % c(sgn u(a) — 1) < h([u]-). (4.43)
Put .
co:= (1=n(1)  (llul-) - [u()]-), (4.44)
v(t) == [u(t)]- +c for te|a,b].
On account of (4.10) and (4.43), we have
co > 0. (4.45)

On the other hand, by virtue of (4.42), (4.44), and (4.45) v is a nonnegative function
satisfying (4.40). Therefore v = 0 which, in view of (4.45), yields that [u] = 0.
Consequently, u(t) > 0 for ¢ € [a,b] and thus, £ € Vi (h). O

Proof of Theorem 4.4. Let { € ‘Z;(h) Then, according to Remark 4.2, the problem

V(1) = L(y)(®), (4.46)
v(a) = h(y) +1 (4.47)
has a unique solution v and
v(t) >0 for t€ la,bl. (4.48)
By virtue of (4.48) and the assumption h € PFy, it follows from (4.47) that
v(a) > 1. (4.49)

Now, on account of (4.48), (4.49), and the assumption ¢ € P, equality (4.46) yields

() = v(a) + /5(7)(5) ds > ~(a) >0 for te€Ja,b.

Therefore, v € AC([a, b]; ]0, +00[). Clearly, (4.16) and (4.17) hold, as well.
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Assume now that there exists a function v € AC(]a,bl;]0, +00|) satisfying (4.16)
and (4.17). According to Lemma 4.19, it is sufficient to show that there exist no
nontrivial function v € AC([a, b]; R,) satisfying (4.40). Assume on the contrary that
v € AC(Ja,b]; R) is a nontrivial function satisfying (4.40).

Put
w(t) = \y(t) —v(t) for te€ la,b,
where 0
v(t
A=maxq —~=:tE a,b}. 4.50
{45 el (4.50)
Obviously,
A > 0. (4.51)
It is also evident that
w(t) >0 for t€a,b]. (4.52)

On account of (4.17), (4.51), (4.52), and the assumption h € PF,, we have
w(a) = Ay(a) —v(a) > h(w) > 0. (4.53)
From (4.50) and (4.53) it follows that there exists ¢y €|a, b] such that
w(ty) = 0. (4.54)

On the other hand, by virtue of (4.16), (4.40), (4.51), (4.52), and the assumption
(€ Py, we get
w'(t) > L(w)(t) >0 for t € [a,b],

which together with (4.53) contradicts (4.54). O

Proof of Corollary 4.5. 1t is clear that that
v(a) =1 (4.55)

and
v () =) (t)y(t) for a.e. t € [a,b]. (4.56)

Since ¢ € P,, is an a-Volterra operator, one can show that
0(y)(t) < L(1)(t)y(t) fora.e.t € [a,b)].

The latter inequality together with (4.56) yields that (4.16) is fulfilled. On the other
hand, it follows from (4.18) and (4.55) that (4.17) holds. Therefore, by virtue of
Theorem 4.4, £ € V.1 (h).

Proof of Theorem 4.8. It can be found in [27, Thm. 2.3]. d
Proof of Corollary 4.9. Tt can be found in [27, Cor. 2.4]. O
Proof of Corollary 4.11. 1t can be found in [27, Cor. 2.5]. O
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Proof of Theorem 4.13. Let u € AC([a,b];R) satisfy (4.8) and (4.9). On account of
the assumption —¢; € V1 (h), it follows from Remark 4.2 that

V() = =1 (v)(t) — Lo([u]-)(2), (4.57)
v(a) = h(v) 4.58)

has a unique solution v and
v(t) <0 for t€ a,bl. (4.59)

By virtue of (4.8), (4.9), (4.57), (4.58), and the assumption £y € Py, it is easy to show
that
w'(t) > =L (w)(t) fora.e. t€lab], w(a)>h(w),

where
w(t) :=u(t) —v(t) for t € [a,b].

Hence, by virtue of the inclusion —¢; € f@(h), we have
u(t) > wv(t) for t€a,b].
The latter inequality together with (4.59) yields that
—lu(t)]- >wv(t) for t€[a,b]. (4.60)

Therefore, on account of (4.59), (4.60), and the condition ¢; € Py, it follows from
(4.57) that
V'(t) = Lo(v)(t) — L1 (v)(t) > bo(v)(t) for a.e. t € [a,b]. (4.61)

Now by virtue of the inclusion ¢, € XN/;g(h), (4.58) and (4.61) yield
v(t) >0 for te€a,b].

The latter inequality and (4.59) result in v = 0. Therefore, it follows from (4.60) that

[u]- = 0, which yields the inequality u(t) > 0 for ¢ € [a, b]. O
Proof of Theorem 4.13. The assertion of theorem immediately follows from Corro-
lary 4.5, where the operator ¢ is defined by (4.28) . O
Proof of Theorem 4.16. 1t can be found in [27, Thm. 4.4]. d

4.3 Linear problem - existence and uniqueness of solutions

In this section, we still assume that equation (4.1) is linear and the functional ¢ in
boundary condition (4.2) is constant. More preciously, we consider the problem on the
existence and uniqueness of a solution of the equation

u'(t) = L(u)(t) + q(t) (4.62)
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satisfying the nonlocal boundary condition
h(u) = ¢, (4.63)

where ¢: C([a,b];R) — L([a,b];R) is a linear bounded operator, h: C([a,b];R) — R
is a linear bounded functional, ¢ € L([a,b];R), and ¢ € R. As above, by a solution of
problem (4.62), (4.63) we understand a function v € AC([a,b]; R) satisfying equality
(4.62) almost everywhere in [a, b] and condition (4.63).

In theorems stated below, we assume that the operator ¢ admits the representation
(= Eo - El with fo,gl S Pab-

It is clear that the ordinary differential equation

u' = p(t)u + q(t), (4.64)

where p, q € L([a,b]; R), is a particular case of equation (4.62). Moreover, it is easy to
show that problem (4.64), (4.63) is uniquely solvable if and only if the condition

h (efc; p(S)d8> £ 0

is satisfied. Below, we establish solvability conditions for problem (4.62), (4.63) in
terms of norms of the operators appearing in (4.62) and (4.63). Further, we apply the
results obtained to the differential equation with an argument deviation

u'(t) = p(t)u(r(t)) + q(t) (4.65)

in which p,q € L([a,b];R) and 7: [a,b] — [a,b] is a measurable function.

4.3.1 Main results

We first consider the case, where the boundary condition (4.63) is understood as
a nonlocal perturbation of a two-point condition of an anti-periodic type. More pre-
cisely, we consider the boundary condition

u(a) + Au(b) = ho(u) — hy(u) + ¢, (4.66)

where A > 0, hg, hy € PF 4, and ¢ € R. Observe that there is no loss of generality in
assuming this, because an arbitrary functional h can be represented in the form

h(v) :=v(a) + Av(b) — ho(v) + hi(v) for v € C([a,b]; R),
where A > 0 and hg, hy € PF .

THEOREM 4.20 ( [42, Thm. 2.1]). Let ho(1) < 14+ X+ hy(1) and € = by — {1, where
by, 41 € Pyy. Let, moreover,

A = ho(1)) < (1+ hu (1)) (4.67)
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and either the conditions

0ol < 1 —ho(1) — (A + ha (1)),
161]) <1 =X —=hy(1) +24/1 = ho(1) — [0l (4.68)

be satisfied, or the conditions

o]l = 1 = ho(1) — (A+ hi (1)),
14o]| + (/\ + hl(l)) 161]] < 14X —ho(1) + hi(1), (4.69)
(14 B (D) [[€o]l + Mall < 1+ A= ho(1) + ha(1) (4.70)

hold. Then problem (4.62), (4.66) has a unique solution.

REMARK 4.21. Let £ = ly — {1 with £y, {; € Pyp. Define the operator ¢: C([a,b];R) —
C(la,b]; R) by setting

o(w)(t) = wla+b—1t) forteab], we(ab;R).
For i = 0,1, we put
Ti(w)(t) == €(p(w))(a+b—1t) for a.e. t € [a,b] and all w € C([a, b); R)
and
i(t) == —qla+b—1t) fora.e telab]
R(w) == h(p(w)) for w € C([a, b R).

It is clear that if w is a solution of problem (4.62), (4.63), then the function v := ¢(u)
is a solution of the problem

o'(t) = L)1) = b)) +dt),  h(v)=c, (4.71)

and vice versa, if v is a solution of problem (4.71) then the function u = ¢(v) is
a solution of problem (4.62), (4.63).

Using the transformation described in the previous remark, we can immediately
derive from Theorem 4.20 the following statement.

THEOREM 4.22 ( [42, Thm. 2.2]). Let A > 0, ho(1) <14+ X+ hy(1), and € = ly — (4,
where ly, {1 € Py, Let, moreover,

1—ho(1) < (A + hi(1)”
and either the conditions

(1+hi(1))

1
[ <1 - N ho(1) — 2 ;

1 1
|%H<1—;U+MOD+2¢P—;%ﬂ%ﬂ%H
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be satisfied, or

1 (14 hi(1))”
1l = L =S ho(L) = >——5——

and the conditions (4.69) and (4.70) hold. Then problem (4.62), (4.66) has a unique
solution.

REMARK 4.23. Geometrical meaning of the assumptions of Theorems 4.20 and 4.22 is
illustrated on Figures 4.1 and 4.2, respectively.

Figure 4.1: Figure 4.2:
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If A\ =0in (4.66), we arrive at the problem
u'(t) = L(u)(t) + q(t), u(a) = ho(u) — hi(u) + ¢ (4.72)
and from Theorem 4.20 we get the following statement

COROLLARY 4.24 ( [42, Cor. 2.2]). Let ho(l) < 1+ hy(1) and ¢ = €y — {4, where
by, b1 € Pyy. Let, moreover, either the conditions

1€o]] < 1= ho(1) — hi(1)?,
[61]] < 1= ha(L) 4+ 2¢/1 — ho(1) — |||,
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be satisfied, or the conditions

= hof1) = (1) < ol < 1=
el + ()] < 1= o)+ B (1)

hold. Then problem (4.72) has a unique solution.

Finally, we give two statements dealing with the unique solvability of problem
(4.62), (4.63), where h = h™ — h™ with h*,h™ € PF. There is no loss of generality
in assuming this, because every linear bounded functional h: C([a,b]) — R can be
expressed in such a form.

THEOREM 4.25 ( [42, Thm. 2.3]). Let h(1) > 0, h = h™ — h™ with ht,h™ € PFu,
and 0 = by — {1, where ly,ly € Py. Let, moreover, the conditions

16oll + PF (D) ea]l < h(1)

and

R (W)l + [[ea]] < (1)

be fulfilled. Then problem (4.62), (4.63) has a unique solution.

THEOREM 4.26 ( [42, Thm. 2.4]). Let h(1) < 0, h = h™ — h™ with ht,h™ € PFu,
and { = by — (1, where by, {1 € Py. Let, moreover, the conditions

1ol + A= (D]l < [A(1)]

and

h= (Dol + [l < [a(1)]

be fulfilled. Then problem (4.62), (4.63) has a unique solution.

REMARK 4.27. Geometrical meaning of the assumptions of Theorems 4.25 and 4.26 is
illustrated on Figures 4.3 and 4.4, respectively.

REMARK 4.28. From Theorems 4.20, 4.22, 4.25 and 4.26 we can immediately obtain
conditions guaranteeing the unique solvability of problems (4.65),(4.66) and (4.65),
(4.63) when we replace the norms ||¢o|| and ||¢;]| appearing therein by the integrals
[PIp(s)]+ds and ["[p(s)]_ds (see [42, Thm. 2.5 and 2.6]).
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Figure 4.3: Figure 4.4:
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4.3.2 Proofs of the main results

We first recall that linear problem (4.62), (4.63) has Fredholm’s property, i.e., the
following assertion holds (see, e.g., [1,3,9,20,48]).

LEMMA 4.29. The problem (4.62), (4.63) has a unique solution for any q € L([a,b];R)
and ¢ € R if and only if the corresponding homogeneous problem

has only the trivial solution.

Proof of Theorem 4.20. According to Lemma 4.29, to prove the theorem it is sufficient
to show that the homogeneous problem

u'(t) = Lo(u)(t) — €1 (u)(t), (4.73)
u(a) + Au(b) = ho(u) — hy(u) (4.74)

has only the trivial solution. Assume on the contrary that, u is a nontrivial solution of
problem (4.73), (4.74).
First suppose that u changes its sign. Put

M :=max{u(t) : t € [a,bl]}, m = —min{u(t) : t € [a,b]} (4.75)
and choose ty, t,, € [a, b] such that
u(ty) = M, u(ty,) = —m. (4.76)

It is clear that
M >0, m > 0. (4.77)
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We can assume without loss of generality that ¢y, < t,,. Integrating equality (4.73)
from s to t,,, from a to ty, and from ¢, to b and taking into account (4.75), (4.76),
and the assumption ¢y, {1 € Py, one gets

M+ m :/ttm £ (u)(s) ds — /ttm to(u)(s)ds < MBy +mA;,  (4.78)

M — u(a) + u(b) +m :/ o) (s) ds — / () (s) ds+
a a (4.79)
+ /b lo(u)(s)ds — /b l(u)(s)ds < M Ay + mBs,

where

Ay = /tméo(l)(s)ds, Ay — /tMEO(l)(s)ds+/b to(1)(s) ds,

tar a tm

By = /t:au)(s)ds, By = /:Mél(l)(s)ds+/t:€1(1)(s)ds.

On the other hand, in view of relations (4.76), (4.77) and the assumption hg, hy € PF g,
from the boundary condition (4.74) we obtain

u(a) —u(b) = — (14 X)u(d) + ho(u) — hy(u) < (14 X)m + Mho(1) + mhy (1)

and
1 1 1
u(a) — u(b) = (1 + X)u(a) — Sho(w) + () <
1 1 1

< — - Z
<(1+ )\)Mer/\ ho(1) + M5 hi (1)

Hence, it follows from equality (4.79) that

and ] ] ]

We first assume that ||[{o|| > 1. Then conditions (4.69) and (4.70) are supposed to
be satisfied. It is clear that inequality (4.70) implies A > 0 and ||{;]| < 1 — +ho(1) and
thus, we have

1
B1<1, BQ<1—Xh0(1)
Using these inequalities and relations (4.77), from (4.78) and (4.81) we get

0<m(1- iho(l) —By) < M (A + %(1 + (1)),
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which yields that

1-8)(1- % ho(1) = By) < (A - D)(Ao 4 { (14 (1)) (482)
Obviously, . .
(1— Bl)<1 — Sho(1) - B2> > 1= Sho(1) = |1a]). (4.83)

On the other hand, by virtue of (4.67), it follows from inequality (4.70) that

A — ho(1)

T < 1+%(1+h1(1)),

1o < 1+
and thus, we obtain

(A = 1) (4 + %(1 +m(1)) < (1]l = DAz + (A1 = 1)1 (1 + (1)) <

(1+hi(1)) (A + A —1) < %(1 + hi (1)) (|6 = 1).

> =

(4.84)

Now from (4.82), (4.83), and (4.84) we get

14+ A= ho(1) 4+ 2 (1) < (14 2 (1) |6l + Alla],

which contradicts inequality (4.70).
Now assume that ||{o|| < 1. Then, in view of condition (4.77), inequalities (4.78)
and (4.80) yield that

0<m(1—A) M(B; —1),
M (1= ho(1) = As) <m(Ba+ A+ h(1))

and thus, we get ||¢;|| > By > 1 and
(1— A1) (1= ho(l) — As) < (By —1)(Ba + A+ hi(1)). (4.85)

Obviously,
(1— A1) (1= ho(1) — A) > 1 — ho(1) — ||4o]. (4.86)

If [[6o|| = 1—ho(1)— ()\+h1(1))2, then conditions (4.69) and (4.70) are supposed to
be satisfied. Therefore, we obtain from the inequality (4.69) that ||¢1]] < 1+ X+ hy(1)
and thus, it is easy to verify that

(Br= 1) (B2 + A+ ln(1) < (] = DBz + (By = DA+ hu(1) )S (4.87)

< A+h(1)(Bi+ B —1) < (A+ha(D)(]|a]] = 1).
Now it follows from (4.85), (4.86), and (4.87) that
L4+ A= ho(1) + A (1) < |6l + (A + he (1)) ||44]],

which contradicts inequality (4.69).
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If |6 < 1= ho(1) — (A + hl(l))z, then taking into account the above-mentioned
condition ||¢]| > 1 and the obvious inequality

(Bi = 1) (By+ A+ hi(1)) < = (4]l = 1+ A+ by (1)),

A

from relations (4.85) and (4.86) we get

1— A= hi(1) +2¢/1 = ho(1) — |6l < [|6]],

which contradicts inequality (4.68).
Now suppose that u does not change its sign. Then, without loss of generality, we
can assume that
u(t) >0 fort € [a,bl. (4.88)

Put
My = max{u(t) : t € [a,b]}, mo := min{u(?t) : t € [a,b]} (4.89)

and choose tyy,, tm, € |a,b] such that

U(tMO) = M(), U(tmO) = my. (490)
It is clear that
MO > 07 mo > Oa
and either
try = tme, (4.91)
or

Observe that if the assumptions of the theorem are fulfilled, then both inequalities
A+ (A+h(1))B <14+ X—ho(l)+ hi(1) (4.93)
and
(1+m(1)A+AB <1+ A= ho(1)+ hi(1) (4.94)
hold, where A := ||{y]| and B := ||¢4]|.

Integrating equality (4.73) from a to ¢y, and from ¢, to b and taking into account
relations (4.88), (4.89), and (4.90), and the assumption fy, {1 € P,, one gets

Mo — u(a) = / " to(u)(s) ds — / " (u)(s) ds < MpA

and
b b

My — u(b) = (1 (u)(s)ds — lo(u)(s)ds < MyB.

tag tg

The last two inequalities yield that
Mo(1+ A) —u(a) — Au(b) < My(A+ AB)
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and thus, using (4.74), (4.89), and the assumption hg, h; € PF 4, we obtain
moh1(1) < Mo(A+ AB + ho(1) =1 = )). (4.95)

First suppose that (4.91) holds. Integrating equality (4.73) from t,,, to ty, and
taking into account (4.88), (4.89), (4.90), and the assumption £y, {1 € Py, one gets

2V tag
My — mo — / to(u)(s) ds — / 0 (u)(s) ds < MoA,
t tm

mQ 0

il.e.,
Mo(l — A) S mo.

It follows from the latter inequality and (4.95) that
(1+hi(1))A+AB > 1+ X— ho(1) + hi(1),

which contradicts inequality (4.94).
Now assume that (4.92) holds. Integrating of equality (4.73) from ¢y, to ¢, and
taking into account (4.88), (4.89), (4.90), and the assumption £y, 1 € Py, we obtain

tmg tmg
My — mo = / £y (u)(s) ds — / (o(u)(s) ds < MyB,
tMO tMO

i.e.,
M()(]_ — B) S mo.

The last inequality, together with (4.95), yields that
A+ (A4 hi(1))B =14 X = ho(1) + hi(1),

which contradicts inequality (4.93).
The contradictions obtained prove that the homogeneous problem (4.73), (4.74) has
only the trivial solution. U

Proof of Theorem 4.22. Using the transformation described in Remark 4.21, the asser-
tion of the theorem can be derived from Theorem 4.20. O

Proof of Corollary 4.24. 1t follows from Theorem 4.20 with A = 0. OJ

Proof of Theorem 4.25. Let the functionals hy and h; be defined by the formulae
ho(v) :==wv(a) +h~ (v), hi(v):=h"(v) forve C([a,b];R).

By virtue of Corollary 4.24, problem (4.62), (4.63) is uniquely solvable under the as-
sumptions

1+ h (1)

1 — -\

1ol + AT (W)[ea]] < (1) = h™(1).
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Moreover, using the transformation described in Remark 4.21, it is not difficult to
verify that the problem (4.62), (4.63) is uniquely solvable also under the assumptions

1+ h (1) _
Ll <1l——= l R (1)||6o]] < hT (1) — h™(1).
el < 1= gy Il Rl < A7)~ 5 ()
Combining these two cases, we obtain the desired assertion. 0

Proof of Theorem 4.26. The assertion of the theorem follows from Theorem 4.25 and
the fact that the problem

u'(t) = Lu)(t) +q),  hlu)=c
has a unique solution for every ¢ € L([a,b];R) and ¢ € R if and only if the problem
V(1) = ()0) +alt),  —h(v) = c

has a unique solution for every g € L([a,b]; R) and ¢ € R. O

4.4 Nonlinear problem

In this section, we establish sufficient conditions for the solvability as well as unique
solvability of a nonlocal boundary value problem for nonlinear functional differential
equations. On the interval [a, b], we consider the functional differential equation

o = F(u)(t), (4.96)

where F': C([a,b];R) — L([a,b];R) is a continuous (in general) nonlinear operator,
subjected to the linear nonlocal boundary condition

h(u) = ¢, (4.97)

where h : C([a,b];R) — R is a (non-zero) linear bounded functional and c¢ is a real
number.

Recall that by a solution of equation (4.96) we understand an absolutely continuous
function u : [a,b] — R satisfying equality (4.96) almost everywhere on the interval
[a,b]. A solution of equation (4.96) satisfying the boundary condition (4.97) is said to
be a solution of problem (4.96), (4.97).

We assume in theorems below that the functional h in the boundary condition
(4.97) admits the representation h = hg — hy, where hg, hy € PF,. There is no lost
of generality in assuming this, because an arbitrary linear bounded functional can be
expressed in this form. As fot the operator F' in equation (4.96), we introduce the
hypothesis:

F : C([a,b];R) — L([a,b];R) is a continuous operator such that the relation
sup {|F(v)(")| : v € C([a,b];R), [[v]lc <7} € L([a,b; Ry) (H)

is satisfied for every r > 0.
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4.4.1 Main results

For any hy € PFu, ¢ € [a,b], and A > 0, we put
hyo(v) := ho(v) — Av(c) for v € C([a,b];R), (4.98)
Obviously, h§ . € PFa. It allows one to set
Asi=sup{\ > 0:h{, € PFu} (4.99)
It is clear that 0 < A\f < hg(1) and
hos, € PFap. (4.100)

THEOREM 4.30 ( [40, Thm. 2.1]). Let assumption (H) be satisfied, the functional h
admit the representation h = hg — hy with hg, hy € PFa, and the condition

hi(1) < X: (4.101)
hold, where the number X’ is defined by formula (4.99). Let, moreover, there exist
lo, 61 € Pap (4.102)
such that for any v € C([a,b]; R), the inequality
[F(0)(t) = Lo(v)(t) + €1 (v) ()] sgno(t) < q(t, [[v]lc) for a.e. t € [a,b] (4.103)

holds, where the function q € K([a,b] x Ry;Ry) satisfies the condition

wginoo i /bq(s, x)ds = 0. (4.104)
If, in addition, either
ol < 1= 5 (D) = (55 (o) = 1))
4.105
Mﬁ<2¢r5%muww%u—§omw—xa, o

or
ol > 1 = 5 (1) = (5 (o) = ) )

N lloll + (ho(1) = X2 llall < X = ha (1),

then problem (4.96), (4.97) has at least one solution.

(4.106)
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Figure 4.5: The set A: 2y = 1 — &=

REMARK 4.31. Let hg, hy € PF4, and A denote the set of (z,y) € ]Ri such that either

1 1 o) 2 1 1 *
x<1—X1MD—<gUMD—AJ>,y<2¢1—ghﬂm—x—EUMD—AJ
or
1

|
x21——%ﬂ”—<»

- (ho(1) = X)), At (o) = A2)y < X — (1),

where the number N’ is defined by the formula (4.99) (see Fig. 4.5).
According to Theorem 4.30, if (H) and (4.101) hold, there exist ¢y, ¢; € P, such
that inequality (4.103) is satisfied on the set C([a, b]; R), and

(6ol 14111) € A,
then the problem (4.96), (4.97) with h = hg — hy has at least one solution.
REMARK 4.32. If the functional A is defined by the formula
h(v) := av(a) + Bv(b) for v € C([a,b];R)

with «, 5 > 0, the assumptions (4.105) and (4.106) of the previous theorem take the

form
BY’ 8
<1 (2) . tel< -2+ 2vT=Tal

and

2
a2 1= (2) allall + 8l <o

respectively. Therefore, in this case, Theorem 4.30 reduces to Theorems 14.1 and 14.6
stated in [10].
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REMARK 4.33. Let the operator w : C([a,b]; R) — C([a,b]; R) be defined by the for-
mula

w(z)(t) :=z(a+b—1t) forte[a,b], z€ C([a,b];R).
Put
F(2)(t) = —F(w(2))(a+b—1t) fora.e. t€l[ab]andall z € C([a,b];R)

and

h(z) = h(w(z)) for z € C([a, b]; R).

Then u is a solution of problem (4.96), (4.97) if and only if the function v := w(u) is
a solution of the problem

Using the transformation described in the previous remark, we can immediately
derive from Theorem 4.30 the following statement.

THEOREM 4.34 ( [40, Thm. 2.2]). Let assumption (H) be satisfied, the functional h
admit the representation h = hg — hy with hg, hy € PF ., and the condition

hi(1) < A; (4.107)

hold, where the number \; be defined by formula (4.99). Let, moreover, there exist
by, U1 € Pay such that, for any v € C([a,b];R), the inequality

[F(v)(t) — Lo(v)(t) + El(v)(t)} sgnv(t) > —q(t, [|[v]lc) for a.e. t € |a,b]

holds, where the function ¢ € K([a,b] x Ry;Ry) satisfies condition (4.104). If, in
addition, either

Il < 1= o) = (5 (o) - %))

(4.108)
1 1 .
o]l < 2\/ = et = 1] = 5= (1) = 7).

or

I = 1= (D) = (55 (o) - %))

(Ro(1) = X ) ol + Aslla ]l < 5 = A (1),

then problem (4.96), (4.97) has at least one solution.

(4.109)

The next theorems deal with the unique solvability of problem (4.96), (4.97).

THEOREM 4.35 ( [40, Thm. 2.3]). Let assumption (H) be satisfied, the functional h
admit the representation h = hg — hy with ho, hy € PF 4 and condition (4.101) hold,
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where the number X be defined by formula (4.99). Let, moreover, there exist ly, {1 € Pgp
such that the inequality

[F()(t) = F(w)(t) = lo(v — w)(t) + £ (v — w)(t)] sgn(v(t) — w(t)) <0
for a.e. t € [a,b] (4.110)

holds on the space C([a,b];R). If, in addition, either condition (4.105), or condition
(4.106) is fulfilled, then problem (4.96), (4.97) is uniquely solvable.

THEOREM 4.36 ( [40, Thm. 2.4]). Let assumption (H) be satisfied, the functional
h admit the representation h = ho — hy with ho,hy € PFa, and condition (4.107)
hold, where the number \; be defined by formula (4.99). Let, moreover, there exist
by, 1 € Py such that the inequality

[F(v)(t) — F(w)(t) — lo(v —w)(t) + b1 (v — w)(t)} sgn(v(t) - w(t)) >0
for a.e. t € [a,b]

holds on the space C([a,b];R). If, in addition, either condition (4.108), or condition
(4.109) s fulfilled, then problem (4.96), (4.97) is uniquely solvable.

4.4.2 Proofs of the main results

The main results are proved using so-called principle of a priory estimate due to
Kiguradze and Puza. It can be formulated as follows.

LEMMA 4.37 ( [19, Cor. 2]). Let there ezist a positive number p and an operator { € Lg,
such that homogeneous problem

u = 0(u)(t), h(u) =0 (4.111)

has only the trivial solution and for every 6 €0, 1], an arbitrary functionu € AC([a, b]; R)
satisfying the relations

u' = 0(u)(t) + §[F(u)(t) — (u)(t)] for a.e. t € la,b], h(u)=4dc (4.112)

admits the estimate
ulle < p. (4.113)

Then problem (4.96), (4.97) has at least one solution.
Now we prove lemma on a apriory estimate suitable for our problem.

LEMMA 4.38. Let assumption (H) be satisfied, the functional h admit the representa-
tion h = hg — hy with hg,hy € PFa, and condition (4.101) hold, where the number
X5 be defined by formula (4.99). Let moreover, the operators ly,{y € Py be such that
either condition (4.105), or condition (4.106) is fulfilled. Then there ezists r > 0 such
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that for any ¢* € Ry and ¢* € L([a,b];Ry), an arbitrary function v € AC(|a,b];R)
satisfying the inequalities

h(u) sgnu(a) < (4.114)
[0/ — Co(u)(t) + €1 (u)(t)] sgnu(t) < g (t) for a.e. t € la,b (4.115)

admits the estimate
[ulle < r(c” +llg*r)- (4.116)

Proof. Let ¢* € Ry, ¢* € L([a,b];R,), and u € AC([a, b]; R) satisfy conditions (4.114)
and (4.115). We show that estimate (4.116) holds, where the number r depends only
on ||lol], 1411, A5, ho(1), and hy(1). It is clear that

uw(t) = lo(u)(t) — o (u)(t) + q(t) for a.e. t € [a,b], (4.117)

where

q(t) =" — Lo(u)(t) + €1 (u)(t) for a.e. t € [a,b].
From condition (4.115) we get
q(t)sgnu(t) < g*(t) fora.e.t € [a,b]. (4.118)
First suppose that the function v does not change its sign. Put
My := max{|u(t)| : t € [a,b]} (4.119)
and choose ty, € [a,b] such that
lu(tar,)| = Mo.

It is clear that My > 0 and, in view of (4.102), (4.118), and (4.119), from (4.117) we
get
lu(t)| < Mo lo(1)(t) + ¢*(t) for a.e. t € [a,b)]. (4.120)

By virtue of (4.98), it is clear that
h(u)sgnu(a) = Xi|u(a)| — hi(u)sgnu(a) + ha\“a(u) sgnu(a)
and thus, relations (4.100), (4.114), and (4.119) yield

lu(a)| < M}“A( )+c;(A). (4.121)

a

Integrating (4.120) from a to ¢, and taking into account (4.102) and (4.121), one gets

hi(1)
b

My — M, — ¢ (A) < Mo |6l + "] -

Note that relations (4.105) and (4.106) yield that ||¢y]] < 1— ( . Therefore, from the
last inequality we obtain

hi(1)
A*

a

1
Julle < 7o max{ A*,1} (¢ + la"lle),  where o= (1~ HEOH) >0,
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and thus, estimate (4.116) holds, where the number r is defined by the formula

r = To Mmaxy — .
0 A*7

a

Now suppose that the function v changes its sign. Put
M := max{u(t) : t € [a,b]}, m = —min{u(t) : t € [a,b]} (4.122)
and choose ty, ¢, € [a,b] such that
u(ty) = M, u(ty,) = —m. (4.123)
Obviously, M > 0, m > 0, and either
tm < tu, (4.124)

or
tm >t (4.125)

Suppose that relation (4.124) holds. It is clear that there exists ag € |t,,, tas] such
that
u(t) >0 for ap <t <ty u(ag) = 0. (4.126)

Let
ap = 1inf{t € [a,t;,] : u(s) <0 fort < s <t,}.

Obviously,
u(t) <0 forog <t <tp and u(on) =0 if ag > a. (4.127)
In view of (4.98), it is clear that
Nau(a) = hy(u) — hg;a(u) + h(u)
and thus, we obtain from (4.100), (4.114), (4.122), and (4.127) that

u(ay) > —m h;il) M Ai (h0(1) - AZ) — (). (4.128)

a

Integrating (4.117) from «; to t,, and from ay to t); and taking into account (4.102),
(4.115), (4.122), (4.123), and (4.126)—(4.128), one gets

— — _ —_ —_ <
m—m e M x <h0(1) )\a> ch(N)



and

Hence, we have

m<1 _ ) (J) < M(i ho(1) — )\j;) +A> gl + (N,

Aa A (4.129)
M<1 - D) <mB+||¢*|1.
where
tm tM
A :/zla)(s)ds, B :/51(1)(3)@
and

o::/eou)(s)ds, D::/éo(l)(s)ds.

aq a2

In view of relations (4 105) and (4.106), we have [[{]| < 1 — 5= hl(l) and thus, it is
clear that ¢ <1 — 20 and D < 1. Consequently, (4.129) 1mphes

m(1 h;(* ) C)(l D)<

< mB (5 (ho0) = 32) + 4) + (Il + ) (M5 + 4).

A
M<1 h;(* ) O><1 b (4.130)
< MB(h(;\—(;) 1+A) (||q L+ ¢ (A))(B+1)

Observe that

(1-M2-0)(1-p) 1= M2 - pyz =B ) sy

First suppose that assumption (4.105) holds. Obviously,
ho(1) ho(1) 2 _1 ho(1) 2
B(——l A (A B _1) <_( _1).
e + ) + B+ < gUlalh+ =3

a a a

By virtue of the last inequality, (4.131) and the second inequality in (4.105), it follows

from (4.130) that
m < r max{i* }(”C]*”L + C*> (h)\(*l) ”€1H>

a

L} (gl + )@+ .

a

>~

M<nr max{

>/
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where )

o= 1= B0 - 2+ 2 )]

Consequently, estimate (4.116) holds, where the number r is defined by the formula

roi= rlmax{/\i:,l}(h(i\(a) ||€1||)

because we have \: < hg(1).
Now suppose that the assumption (4.106) holds. Using the relation A < hg(1),
from inequalities (4.106) we get

B< |0 < hog) 1
and thus,
B 1) < B0 ) e ) <1 (U7 )

By virtue of the last inequality, (4.131) and the second inequality in (4.106), it follows
from (4.130) that

m < ry max{)%; }(HQ*HL + c*> <h>\<*1) + H€1H>
M <y max{%z (gl + ) @+ ),

where

o= 1= D g~ (P2 )]

a

Consequently, estimate (4.116) holds, where the number r is given by the formula

ri=Ty max{ /\1* , 1} (h(i\(* ) + ||€1||)

If relation (4.125) holds, then the validity of estimate (4.116) can be proved analo-
gously. OJ

Proof of Theorems 4.30. Let ¢ = {y—/{;. It is clear that ¢ € L, and all the assumptions
of Lemma 4.38 are satisfied. Let r be the number appearing therein. According to
(4.104), there exists p > 2r|c| such that

b

1 1

— ds < — fi > p.
x/q(s,x)s 5, forz>p

T
a

First note that the homogeneous problem (4.111) has only the trivial solution.
Indeed, if u is a solution of problem (4.111), then the function u satisfies inequalities
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(4.114) and (4.115) with ¢* = 0 and ¢* = 0. Consequently, Lemma 4.38 guarantees
that v = 0.

Now let § € ]0,1] and v € AC([a, b]; R) be a function satisfying condition (4.112).
Then we obtain from (4.103) that inequalities (4.114) and (4.115) are fulfilled with
¢ = |c| and ¢* = q(-,|lul]lc). Hence, using Lemma 4.38 and the definition of the
number p, we get estimate (4.113). Indeed, assuming ||ul|c > p, from estimate (4.116)

we get

b
Tric T
1< Ty [ ats lule)as <1,
Tullo " Tullo

which is a contradiction.
Since p depends neither on u nor on ¢, it follows from Lemma 4.37 that problem
(4.96), (4.97) has at least one solution. O

Proof of Theorem 4.34. Acording to Remark 4.33, the assertion of the theorem follows
immediately from Theorem 4.30. 0

Proof of Theorem /4.35. First note that the assumptions of Lemma 4.38 are satisfied. It
follows from assumption (4.110) that inequality (4.103) is fulfilled on the set C([a, b]; R),
where ¢ = |F(0)|. Consequently, all the assumptions of Theorem 4.30 are satisfied and
thus, problem (4.96), (4.97) has at least one solution. It remains to show that problem
(4.96), (4.97) has at most one solution.

Let uy,us be solutions of problem (4.96), (4.97). Put

u(t) :==uy(t) —ug(t) fort € [a,bl.
Then h(u) = 0 and, by virtue of inequality (4.110), we have
[/ (t) — Lo(u)(t) + €1 (u)(t)] sgnu(t) <0 for a.c. t € [a,b].

Consequently, inequalities (4.114) and (4.115) are satisfied with ¢* = 0 and ¢* = 0.
Therefore, Lemma 4.38 guarantees that u = 0, which yields u; = us. O

Proof of Theorem 4.36. Acording to Remark 4.33, the assertion of the theorem follows
immediately from Theorem 4.35. U
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5 Singular Dirichlet problem

5.1 Introduction

Consider the boundary value problem

u” = p(t)u + q(t), (5.1)
u(a) =0, wu(b) =0,

where p, ¢ € Liy(]a, b[). We are mainly interested in the case, when the functions p and
q are not (in general) integrable on [a, b]. In this case, equation (5.1) as well as problem
(5.1), (5.2) are said to be singular. While if p,q € L([a,b]), then equation (5.1) and
problem (5.1), (5.2) are referred as regular. Theory of the regular Dirichlet problem is
well developed. One of the main part of this theory is the so-called Sturm-Liouville’s
theory, which in its turn consists of the following three items: Fredholm’s theorems,
well-posedness and eigenvalue problem. However an analogue of the Sturm-Liouville’s
theory for the singular problem is far from being complete.
It is well known that for the singular problem (5.1), (5.2), the condition

/ (s —a)(b—s)|p(s)|ds < 400 (5.3)

guarantees the validity of Fredholm’s alternative. More precisely, if (5.3) holds then
the problem (5.1), (5.2) is uniquely solvable for any ¢ satisfying

b
/ (s — a)(b — 5)|g(s)|ds < +oo (5.4)
iff the corresponding homogeneous equation
u' = p(t)u (5.1p)

has no nontrivial solution satisfying (5.2). Above statement plays an important role
in the theory of singular problems, however it does not cover many interesting, even
rather simple, equations. For example, consider the Dirichlet problem for the Euler

equation
a
W= ———u+f; u(a) =0, u(b) =0, 5.5
et o) (55)
where o and (3 are real constants. By direct calculations one can easily verify that if
a > 0, then the homogeneous problem

has only the trivial solution, while problem (5.5) is uniquely solvable. However, in this

case p(t) := ey and therefore, condition (5.3) is not satisfied.
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In this chapter we show that Fredholm’s alternative remains true even in the case,
when instead of (5.3) only the condition

/ (s — a)(b— 8)[p(s)]_ds < +oo (5.6)

holds. Moreover, bellow we establish optimal, in a certain sense, conditions for well-
posedness of singular problem.

DEFINITION 5.1. Under a solution of equation (5.1) we understand a function u €

AC],.(Ja, b]), which satisfies it almost everywhere in Ja,b[. A solution of the equation

(5.1) satisfying (5.2) is said to be a solution of problem (5.1), (5.2).

We say that a certain property holds in Jo, 5[ if it takes place on every closed
subinterval of |a, 8].

5.2 Fredholm’s alternative
5.2.1 Main results

THEOREM 5.2 ( [28, Thm. 1.1]). Let condition (5.6) hold. Then problem (5.1), (5.2)
is uniquely solvable for any q satisfying (5.4) iff the homogeneous problem (5.1y), (5.2)
has no nontrivial solution.

REMARK 5.3. In Theorem 5.2, condition (5.4) is essential and cannot be omitted.
Indeed, let p =0, ¢ € Liye(]a,b]), ¢(t) > 0 for a.e. t €]a,b[, and
aT-Q—b
(s —a)q(s)ds = +o0. (5.7)

a

Obviously, (5.6) holds and problem (5.1p), (5.2) has no nontrivial solution. On the
other hand, a general solution of (5.1) is of the form

a+b a+b
2

u(t) = a+ pt —|—/ ’ (s —a)q(s)ds — (t — a)/ q(s)ds fort €la,b|.

t t

However, for a <t < x < “TH’, we have
atb atb
u(t) > / (s —a)q(s)ds — (t — a) / q(s)ds + a + pt.
Hence,
aTb
liminfu(t) > a+ fa + / (s —a)q(s)ds.
t—a+ z

Therefore, in view of (5.7), we get tlim+u(t) = 400 and consequently, problem (5.1),
—a

(5.2) has no solution.
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REMARK 5.4. Theorem 5.2 concerns the half-homogeneous problem (5.1), (5.2) and
does not remain true for fully nonhomogeneous problem

u" = p(t)u+ q(t); u(a) =c1, u(b) = co. (5.8)

Let, for example, p(t) := ﬁ, qg=0,c¢ #0,and c; = 0. It is clear that (5.6) holds
and the corresponding homogeneous problem (5.1p), (5.2) has no nontrivial solution.
On the other hand, a general solution of (5.1) is of the form u(t) = ;2 + 3(t — a)* for
t €]a,b] and therefore, (5.8) has no solution.

THEOREM 5.5 ( [28, Thm. 1.2]). Let (5.6) hold and problem (5.1y), (5.2) have no
nontrivial solution. Then there exists v > 0 such that for any q satisfying (5.4), the
solution u of problem (5.1), (5.2) admits the estimate

b
lu(t)| + (t —a)(b—t)|u'(t)] < 7"/ (s —a)(b—s)|q(s)|ds fort €la,b|. (5.9)
Consider now a sequence of equations

u" = p(t)u + g (1), (5.10,,)

where ¢, € Lj,c(]a, b]) are such that

/ (s —a)(b—s)|gn(s)|ds < +00 forn € N. (5.11)

Let, moreover, ¢ € Ljo.(]a, b]) satisfy (5.4) and

b
lim (s —a)(b—9)|gn(s) — q(s)|ds = 0. (5.12)

n—-4o0o a

COROLLARY 5.6 ( [28, Cor. 1.1]). Let (5.4), (5.6) hold and problem (5.1y), (5.2) have

no nontrivial solution. Let, moreover, (5.11) and (5.12) be fulfilled. Then problems
(5.1), (5.2) and (5.10,), (5.2) have unique solutions u and u,, respectively,

hrf un(t) = u(t) wuniformly on |a, b (5.13)
n—-+0oo
and
liril ul (t) = u'(t)  uniformly in]a,b|. (5.14)
n——+0o0

5.2.2 Auxiliary statements
In this section, we consider the equation
V" = h(t)v +q(t),
where h, q € Ljc(]a, b|), q satisfies (5.4), and

b
/ (s —a)(b—s)|h(s)|ds < +oc. (5.15)

Below we state some known results in a suitable for us form.
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PROPOSITION 5.7. Let (5.15) hold. Then the problem
" = h(t)v +q(t); v(a) =c, v(b) = e

is uniquely solvable for any ¢y, co € R and q satisfying (5.4) iff the homogeneous problem

has no nontrivial solution.
Proof. See, e.g., [18, Theorem 3.1] or [21, Theorem 1.1]. O

PROPOSITION 5.8. Let (5.15) hold. Then there exist ag € |a,b[ and by € ]ag, b[ such
that for any t; < ty satisfying either ty,ty € [a,ag] or ti,ty € [by,b], the homogeneous
problem

V" = h(t)v; v(t1) =0, w(ty) =0 (5.16)

has no nontrivial solution. Moreover, for any w € C},.(|t1,t2) (where t; < to are the
same as above) satisfying

w'(t) > h(t)w(t) fora.e t €ltr,ta], w(ty)=0, w(t)=0,
the inequality
w(t) <0 fort € [ty,t]
holds.

Proof. In view of (5.15), there exist ag € |a, b] and by € |ag, b[ such that

/ao(s — a)|h(s)|ds < 1, / (b— 5)|h(s)|ds < 1.

bo

Hence, the inequalities

ao b
/ (s — a)(ay — s)|A(s)|ds < ao — a, / (5 — bo) (b — 5)[(s)|ds < b— by

a bo
hold, as well. The latter inequalities, by virtue of [21, Lemma 4.1], imply that for any
t1 < ty satisfying either ¢y, 1o € [a, ag] or t1,ts € [by, b, the homogeneous problem (5.16)

has no nontrivial solution.

Second part of the proposition follows easily from the above-proved part and [21,
Lemma 1.3]. O

PROPOSITION 5.9. Let (5.15) hold. Let, moreover, ay € |a,b] and by € |ag,b| be from
the assertion of Proposition 5.8. Then there exists o > 0 such that for any ¢ € R and
any q satisfying (5.4), the solution v of the problem

" = h(t)v+q(t); v(a) =0, wv(ag) =c (5.17)
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admits the estimate
t ao
v < o0 (|c|<t o)+ [ (= @lalds+ (¢ -a) [ |q<s>|ds) (5.15)
a t
for t €la,ag], while the solution v of the problem
V" = h(t)v+q(t); v(bg) =¢, wv(b)=0 (5.19)

admits the estimate

()] < e (\Cl(b — 1)+ /t (b—s)lg(s)|ds + (b—1) IQ(S)!dS> (5.20)

bo
fort € [by,b[.
Proof. By virtue of (5.15) and [18, Lemma 2.2], the initial value problems
vy = h(t)vy; vi(a) =0, vi(a)=1

and
vy = h(t)vy; va(ag) =0, wvy(ag) = —1

have unique solutions v; and wv,, respectively, and the estimates

o1 (D) < 00(t —a), |va(t)] < 0o(ag —t) fort € [a,ag) (5.21)

0o = exp (2 /:O(s _ a)|h(s)|ds> |

On the other hand, by virtue of Proposition 5.8,

vi(ap) #0  and  wa(a) # 0.

are fulfilled, where

In view of Propositions 5.7 and 5.8, problem (5.17) has a unique solution v. By direct
calculations one can easily verify that

o) = )~ o () /atm(s)q(s)dsm(t) [ wtonteis) G2

(%1 ((Io) Ug(

for t € [a, ap]. Analogously, the (unique) solution v of problem (5.19) is of the form

c 1 ¢ b
v(t) = m vy(t) — m <U4(t) /bo v3(s)q(s)ds + vg(t)/t m(s)q(s)ds) (5.23)

for t € [by, b], where v3 and v, are solutions of the problems
vy = h(t)vs; v3(bo) =0, wy(bo) =1

and
vf = h(t)vs; vs(b) =0, vy(b) = -1,



respectively, vs(b) # 0, v4(by) # 0, and the estimates

vs(t)] < 01t = bo),  [va(t)] < 01(b—t) for ¢ € [bo, b] (5.24)

o= (2 /b:<b — s

Now, in view of (5.21) and (5.24), it follows from (5.22) and (5.23) that estimates
(5.18) and (5.20) hold with

are fulfilled with

Po P1 ap—a o b—"0by ,
= + + + :
T Tor(ao)] " Toa(o)] T Toa(@)] P Tus(0)]

5.2.3 Lemmas on a priory estimates

LEMMA 5.10. Let (5.4) and (5.6) hold. Then for any o € [a,b] and € |a,b], every
solution u of equation (5.1) satisfying

u(a) =0, u(f) =0 (5.25)

admits the estimate

(t = a)(b = )|u'(t)] < [[ufljop <b —a+t / (s —a)(b— 8)[17(8)]—618)

, (5.26)
+/ (s —a)(b—s)|q(s)|ds fortela, .
Proof. Let ty €|a, B]. Then it is clear that either
U(to)ul(t0> > O, (527)
or
U(to)ul(t(ﬁ < 0, (528)
or

Assume that (5.27) (resp., (5.28)) holds. Then, in view of (5.25), there is t* € |ty, 5]
(resp., t. €, to]) such that

u(t)sgnu'(tg) >0 for t € [to,t"] and  u/(t") =0
<resp., u(t)sgnu'(tg) <0 for t € [t., o) and  u/(t,) = O).

94



Multiplying both sides of (5.1) by b — t (resp., by t — a) and integrating it from ¢, to
t* (resp., from t, to ty), we get

(b — to)u (to) = u(t™) — ulty) — / (b 5)(p(s)uls) + q(s))ds

to

(resp(t0 = autao) = u(t) (e + [ (s = a)(p(5)u(s) + a(s))ds )

Hence, in view of (5.30), we obtain

(b — o)l (t0)] < Nullos (1 +[o- s)[p<s>1_ds) + [0 9aoas

(resp 10— (00 < s (1 . [ = alptsn-as) . [ = alatslas).

Multiplying both parts of the latter inequality by to — a (resp., by b — tg), we get

b
(to — a)(b — to)[u'(to)| < [[ullja,g (b —a+ / (s —a)(b - 8)[23(8)]—d8)

. (5.31)
+ / (s —a)(b—s)|q(s)|ds.
Suppose now that (5.29) holds. Then either there is a Gy € |tg, ] such that
uw(t)u'(t) =0 for t € [to, Bo), (5.32)
or there is a sequence {t,}'2] C]lto, B[ such that
lim t, = to, (5.33)
n—+oo
u(ty)u'(t,) #0 for n € N, (5.34)

If (5.32) holds then evidently u(t) = u(ty) for t € [to, fp] and consequently, (5.31) is
fulfilled. On the other hand, if (5.34) holds then, by virtue of the above-proved, the
inequalities

(= )0 =t 0] < sy (3= 0+ [ (5= )0 = s)pto)]-as )

b
+/(8—a)(b—s)lq(s)|ds forn=1,2,...

are fulfilled and therefore, in view of (5.33), inequality (5.31) holds, as well.
Hence, estimate (5.26) is fulfilled. O

LEMMA 5.11. Let (5.6) hold. Then there exist ag €la,b[, by €lag,b[, and o0 > 0
such that for any a € la,apl, B €]bo,b], and any q fulfilling (5.4), every solution u of
equation (5.1) satisfying

u(a) =0 (5.35)
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admits the estimate
t ao
0] < 0 (0= Dl + [ 5= alalis+ ¢ =a) [ lalas) (530
a t
for t €la, ag], while every solution u of equation (5.1) satisfying

u(B) =0 (5.37)

admits the estimate
b
o) < 0 (0= Dl + [ 0= alds + 61
t

fort € [bo, B -

Proof. Let ay, by, and g be from the assertion of Propositions 5.8 and 5.9 with A(t) :=
—[p(t)]-. Let, moreover, o € [a, ao[ (resp., B €]by,b]) and u be a solution of problem
(5.1), (5.35) (resp., (5.1), (5.37)). By virtue of Propositions 5.8 and 5.9, the problem

0" = —[p(t)]-v — [q(t)], (5.39)
v(a) =0, wv(ao) = |lulliway  (resp., v(bo) = ullpo,e, v(b) =0)

t

]q(s)|ds) (5.38)

bo

has a unique solution v and, moreover, for any t € |a, ag| (resp., t € [bo, b[ ), the estimate
t ao
00 < 0 (¢ @l + [ = alatollds + =) [ lato)las)
a t

b t
(1esp 0 <00 0 (0= Dl + [ 0= i+ 0 -0) [ laoias) )
t bo
(5.40)
holds. We show that

lu(t)| <wv(t) fort € [a,am) (resp., for t € [bo, B]). (5.41)
Assume on the contrary that (5.41) is violated. Put
w(t) :=|u(t)] —v(t) fort € [a,ag) (resp., for t € [by, ]).

Then there exist t; € [a,ao[ and ty €]t1,a0] (resp., t1 € [by, 5] and ty € Jty, 5]) such
that

w(t) >0 fort €ty tsf, (5.42)

In view of (5.1), (5.39), and (5.42), it is clear that w € AC],.(]t1,t2]) and
w'(t) = pOlu(t)] + a(t) sen u(t) + [p(B)] o) + la(®)] > —[p(E)] w(t) for ac. t €]tr, .

Hence, by virtue of (5.43) and Proposition 5.8, we get w(t) < 0 for t €]t1,t5[, which
contradicts (5.42). Therefore, (5.41) is fulfilled. The desired estimate (5.36) (resp.,
(5.38)) now follows from (5.40) and (5.41). O
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LEMMA 5.12. Let (5.6) hold and problem (5.1p), (5.2) has no nontrivial solution. Then
there exist ao € a,b[, by € |ag,b[, and ro > 0 such that for any a € [a,dg], B € [bo, V],
and any q fulfilling (5.4), every solution u of equation (5.1) satisfying

admits the estimate
b
ut)] < o / (s — )b — )lg(s)lds fort € [o, B].

Proof. Suppose on the contrary that the lemma is not true. Then there exist the
sequences {a,};] C [a, L[, {b, 1,25 €142, 0], {gu},)25 C Line(Ja, b)), and {u,} 25 C

AC,.(Ja, b]) such that (5.11) holds,
lim a, = a, lim b, = b, (5.44)
n—-+oo n—-+oo

un (t) = p(t)un(t) + q,(t) fora.e. t €la,b[, wuy(a,) =0, wuy(b,) =0,

and ,
ltnlliannn) > n/ (s — a)(b— 8)|qu(s)|ds forn=1,2,.... (5.45)
Introduce the notation )
in(t) = (), Galt) = (0.
[t l(an.bn) [t l(an.bn)
Then it is clear that
1[0, 5] = 1 (5.46)

and

n(t) = p(t)un(t) + Go(t) for a.e. t €lan,bn], Un(a,) =0, a,(b,)=0. (5.47)

n

Moreover, it follows from (5.45) that

b
hIJP (s —a)(b—9)|Ggn(s)|ds =0 (5.48)
and consequently,
t s
lim ( / (jn(f)df) ds—0 fort €la,b[. (5.49)

n—+oo [a+b +b
2 2

By virtue of Lemma 5.11, (5.46), and (5.47), we get
b
(t—a)(b—t)a ()] <b—at / (s — a)(b — s)[p(s))_ds+

b
+/ (s —a)(b—$)|Gn(s)|ds for t €lay,by|.
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Hence, in view of (5.44) and (5.48), the sequence {@/,},;2] is uniformly bounded in
Ja, b[ and therefore, the sequence {1} is equicontinuous in ]a, b[. Taking, moreover,
into account (5.46), by virtue of Arzeld-Ascoli’s lemma, we can assume without loss of
generality that

lim 1,(t) = ug(t) wuniformly in ]a,bl, (5.50)

n—-+oo

where ug € C(]a, b[) and, moreover,

lim @, (“ il b) = ¢o. (5.51)

in(t) = i (a;b)Jr(t—a;b)a; (a;—b)-i-

+/1t </ [p(f)an(g)Jrqn(g)]dg) ds fort €la,b[,

whence, in view of (5.49)—(5.51), we get

wo(t) = uo (a;b> + <t - a;b) co + +/t+ </+ p(g)uo(g)dg) ds for t €la,b].

2 2

Thus, uy € AC},.(Ja,b]) and wug is a solution of equation (5.1p).

Now let ag €]a,b[, by €lag,b], and o > 0 be from the assertion of Lemma 5.11.
Assume without loss of generality that a, < ag and b,, > by for any natural n. Then,
by virtue of Lemma 5.11, (5.46), and (5.47), the estimates

ol <o(t-a [ - amds+i—a) [ a(9lds)  for €]l

lun(t)] < o <b —t +/t (b—5)|Gn(s)|ds + (b—1) ]cjn(s)\ds) for ¢ € [bo, bn|

bo
(5.52)
are fulfilled. Moreover, in view of (5.48), we have

n—-+0o0o

i ([ = alaisas + ¢ -a) [ lalas) =0 orielaal

and .

lim (/t (b= 8)[du(s)|ds + (b —t) ]qn(s)|ds> —0 fort € [bo,b[.

bo
Taking, moreover, into account (5.50), we get from (5.52) that
lup(t)| < o(t —a) for t €la, ao) and lup(t)| < o(b—t) fort € [by,b|

and thus, ug satisfies the conditions
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On account of (5.44) and (5.48), there exist oy € |a, ao[, By €]bo,b[, and nyg € N
such that

ao
a, < o, 0 (ag —a +/ (s — a)|cjn(s)|ds> <1 forn >ng

and

b
b, > Do, 0 (b — Bo +/ (b — s)]cjn(s)|ds> <1 forn>ng.

bo
Then it follows from (5.52) that

U, ()] <1 fort € [an, apg] U [Bo, bn], n > ng.

Hence, in view of (5.46), ||in||jag,8) = 1 for n > ng. Taking now into account (5.50),
we get [|uol|fag,5) = 1 and thus, ug is a nontrivial solution of problem (5.1y), (5.2).
However, this contradicts an assumption of the lemma. O

5.2.4 Proofs of the main results

Proof of Theorem 5.2. To prove the theorem it is sufficient to show that if problem
(5.1p), (5.2) has no nontrivial solution, then problem (5.1), (5.2) has at least one
solution.

Let ag, by, @o, by, 0, and o be from the assertions of Lemmas 5.11 and 5.12. Let,
moreover, the sequences {a, }; > Cla, min{ag, ao}| and {b,},>5 C]max{by,bo},b| be
such that

lim a, = a, lim b, =b. (5.53)

n—-+o0o n—-+00
By virtue of Lemma 5.12, the problem
v =p(t)u; u(ay,) =0, u(b,) =0

has no nontrivial solution. Hence, by virtue of Proposition 5.7, the problem

Uy = P(t)un + q(t), (5.54)

has a unique solution u,,. Moreover, by virtue of Lemma 5.12, the estimate
lun(t)] <7 for t € [an, by (5.55)
holds, where )
ry = ro/ (s —a)(b—9)|q(s)|ds.
On the other hand, on account of Lemma 5.11 and (5.55), we have

(t —a)(b—t)|u, ()] <7y for t € [ay, by, (5.56)
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where

rwzn(@—a+lQ&ﬂm0—ww@L@)+17x~@@—@M@u&

In view of (5.53), (5.55), and (5.56), the sequence {u,} >} is uniformly bounded and
equicontinuous in ]a, b[. Hence, by virtue of Arzeld-Ascoli’s lemma, we can suppose
without loss of generality that

lim u,(t) = up(t) wuniformly in ]a,b], (5.57)

n—-+00

where ug € C(]a, b[) and, moreover,

b
lim <a+ ) = Cp. (5.58)

n——+oo 2

Taking into account (5.54), one can easily verify by direct calculation that

(5 (254 (5)-
+ﬁ4ﬁﬁ@mwmwwsmmmM

Hence, in view of (5.57) and (5.58), we get

uo(t) = uo (a—;b) + (t _a —5 b) co + /ib (/; [p(&)uo(§) +q(§)]d§) ds

2 2

for t €]a,b]. Thus, uy € ACJ, .(Ja,b]) and ug is a solution of equation (5.1).

Further, by virtue of Lemma 5.11 and (5.55), the inequalities

hmms@Qw—w+l%—@mﬂw+a—@[MMﬂw) for t € Jan, ao

and

lun(t)] < 0 <r1(b —t)+ /t (b—s)|q(s)|ds + (b —1t) b \q(s)|d5> for ¢ € [b, by |

are fulfilled. Hence, on account of (5.57), we get
t ao
lup(t)| < 0 (rl(t —a)+ / (s —a)lq(s)|ds + (t — a)/ |q(s)|ds> for ¢t €]a, ayl,
a t

b t
lup(t)] < o (rl(b —t)+ / (b—s)|q(s)|ds + (b—1) \q(s)|d5> for ¢t € [bo, b,
t bo
and thus, ug(a) = 0 and ug(b) = 0. Consequently, uy is a solution of problem (5.1),
(5.2). O
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Proof of Theorem 5.5. According to Theorem 5.2, problem (5.1), (5.2) has a unique
solution u. By virtue of Lemma 5.12, the estimate

lu(t)| < 7’0/ (s —a)(b—9)|q(s)|ds fort € [a,b]

holds. On the other hand, it follows from Lemma 5.11 that
b
(6= )6~ OO < Jullon (0= 0+ [ (5= )6 = o))

b
+/(s—a)(b—s)|q(3)|ds for ¢t €]a, b[.

The latter two inequalities imply (5.9) with

ri=1+r (b —a+ /ab<s —a)(b— 3)[p(s)]ds) .

0

Proof of Corollary 5.6. By virtue of Theorem 5.2, problems (5.1), (5.2) and (5.10,),
(5.2) have unique solutions u and w,, respectively. Let

U (t) = upn(t) —u(t) fort € [a,b]. (5.59)
Then it is clear that

V() = p(t)v,(t) + Gu(t) for a.e. t €la,bl, wvu(a) =0, wv,(b) =0,

n

where
Gn(t) :==qn(t) — q(t) for t €]a,b]. (5.60)

Hence, by virtue of Theorem 5.5, we obtain

b
[on(t)] + (£ — a)(b = (1)) < v / (s = a)(b— 8)[du(s)lds for ¢ €]a,b].

Taking now into account (5.12), (5.59), and (5.60), we get (5.13) and (5.14). O

5.3 Fredholm’s third theorem
5.3.1 Main results

Now we show that, under assumption (5.6), Fredholm’s third theorem remains true
as well.

THEOREM 5.13 ( [29, Thm. 1.2]). Let (5.6) hold. Then the homogeneous problem
(5.1p), (5.2) has no more then one, up to a constant multiple, nontrivial solution.

101



REMARK 5.14. Below we show (see Proposition 5.17) that if (5.6) holds and w is
a nontrivial solution of problem (5.1y), (5.2), then there exists 79 > 0 such that

lup(t)| < ro(t —a)(b—1t) fort € [a,b].

THEOREM 5.15 ( [29, Thm. 1.3]). Let (5.6) hold and the homogeneous problem (5.1p),
(5.2) have a nontrivial solution ug. Then problem (5.1), (5.2), where the function q
satisfies (5.4), is solvable iff the condition

b
/ q(s)uo(s)ds =0 (5.61)

is fulfilled.

REMARK 5.16. In view of Remark 5.14 and condition (5.4), the function qug is inte-
grable on [a, b] and therefore, condition (5.61) is meaningfull.

5.3.2 Auxiliary statements

Next proposition immediately follows from Lemma 5.11.

PROPOSITION 5.17. Let (5.6) hold and uy be a nontrivial solution of the homogeneous
problem (5.1y), (5.2). Then there exists ro > 0 such that

lup(t)| < ro(t —a)(b—1t) fort € [a,b].

PROPOSITION 5.18. Let (5.6) hold and ug be a nontrivial solution of equation (5.1p)
satisfying ug(a) = 0 (respectively, ug(b) = 0). Then there exists a; € |a, b| (respectively,
by €a,b[) such that

up(t) #0 fort €la,ar] (respectively, wuo(t) #0 fort € [by,b]). (5.62)

Proof. In view of (5.6), there exists ag € |a, b[ (respectively, by € |a, b[) such that

/aa,o(s —a)[p(s)]_ds < 1 (respectively, /b(b —5)[p(s)]_ds < 1) .

bo

Hence, the inequality
ao
/ (s —a)(ap — s)[p(s)]-ds < ay —a

(respectively, / (5~ bo)(b— 9)[p()]ds < b— b0>

bo

holds, as well. The latter inequality, by virtue of [21, Lemma 4.1], implies that for any
a <ty <ty < ag (respectively, by < t; < ty < b), the problem

u" = p(t)u; u(ty) =0, u(tz) =0
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has no nontrivial solution.
Now suppose that ug is a nontrivial solution of equation (5.1g) satisfying uy(a) =0
(respectively, ug(b) = 0). Then it follows from the above-mentioned that either

up(t) #0 fort €la,ap] (respectively, wug(t) #0 fort € [by,b]), (5.63)
or there is a ty € |a, ag| (respectively, ty € [bo, b[) such that

Uo(t) # 0 forte }a,to[, UO(to) =0
(5.64)
(respectively, up(t) #0 fort €lto,b], wo(to) = O).

It is now clear that (5.62) holds with a; := ag (respectively, by := by) if (5.63) holds,

and with a; := ¢ (respectively, by = %) if (5.64) is satisfied. O

LEMMA 5.19. Let (5.6) and (5.4) hold. Let, moreover, u be a solution of problem (5.1),
(5.2) and ug be a solution of problem (5.1y), (5.2). Then

lim (w'(¢)ug(t) — u(t)uy(t)) =0, lim (' (t)uo(t) — u(t)uy(t)) = 0. (5.65)

t—a+ t—sb—

Proof. 1t is clear that
(' (t)uo(t) — u(t)uy(t)) = q(t)uo(t) for a.e. t €]a,b].

Hence,
u' (t)uo(t) — u(t)ug(t) = —/t q(s)ug(s)ds for t €]la,b], (5.66)

where ;
o ;_ and 0 :=u'(c)up(c) — ulc)uy(c).
By virtue of Proposition 5.17 and condition (5.4), the function quq is integrable on

[a,b]. Thus, it follows from (5.66) that there exists a finite limit

lim |/ (t)uo(t) — u(t)uy(t)| = eo- (5.67)

t—a+

Now we show that ¢g = 0. Suppose on the contrary that
go > 0. (5.68)
Then there is « € |a, b[ such that
| (t)uo(t) — w(t)ug(t)| > % for t €]a, a. (5.69)
On account of Proposition 5.18, we can assume without loss of generality that
up(t) #0 fort €la,al.
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Then it follows from (5.69) that
()
uo(t)

| o (t) — u(t)] > Z-Oyu()(t)y/j% for ¢ €]a, al, (5.70)

for ¢t €]a, a.

0
2ug(t)
Hence,

where p = 11((0‘03).

Taking now into account Proposition 5.17, we get from (5.70) that

1 1

t—a a—a

| o (t) — u(t)| > e1]uo(t)] ( > for t €la, al,

where ¢; 1= The latter inequality, in view of the conditions ug(a) = 0 and

2r2 (;j)(icn)2 :

u(a) = 0, implies that
t

)

t=at T —q
On the other hand, by virtue of Lemma 5.11, there is M > 0 such that

— 0. (5.71)

(t—a)|u'(t)] <M fort €la,dal. (5.72)

In view of (5.71) and (5.72), we get

el _ g

lim_ o' (£)uo(®)] = lim (¢ — )| ()|

t—a+

and therefore, on account of (5.67), we obtain

lim |u(t)ugy(t)] = eo.

t—a+
Now let ag € |a, o[ be such that
/ €o
|u(t)ug(t)] > 5 for t €]a, ag.
Then it is clear that -
lulwaluo(t)] > 5 for t €]a, a]

and consequently,
e
]| .| 20 ()| > 50 (t—a) fort €la,ay).

However, the latter inequality and (5.71) yield that 9 < 0, which contradicts (5.68).
The contradiction obtained proves the first equality in (5.65). By the same arguments
one can prove the second equality in (5.65). OJ

The next lemma we need in the proof of the sufficiency part of Theorem 5.15 and
thus, we suppose that Theorem 5.13 and the necessity part of Theorem 5.15 are true.
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LEMMA 5.20. Let (5.6) hold and the homogeneous problem (5.1y), (5.2) have a non-
trivial solution ug. Then there exists ng € N and r > 0 such that for any q satisfying
(5.4) and (5.61) and every n > ng, the solution u of the problem

o= (W0 + LBOL ) ut a0 u(@ =0, ult) =0

admits the estimate

b
lu(t)| < r/ (s —a)(b—9)|q(s)|ds fort € [a,b].

Proof. Suppose on the contrary that the assertion of the lemma is violated. Then for
any n € N, there exist k, > n, ¢, € Li,(]a,b]), and u,, € AC’,.(Ja,b[) such that

loc

/ (s — a)(b— 5)|ga(s)lds < +oo, / 4u(8)uo(s)ds = 0,

ul(t) = (p(t) + ki [p(t)]_) un(t) + qu(t) for a.e. t €la,bl,

n

and ,
o> 1 [ (5= @)= 5)lga(5)ds.

Introduce the notation
1 1

Un(t) == un(t) fort€la,bl, ¢,(t):= qn(t) for a.e. t €la,b|.
[[n o [[een o
Then it is clear that
1
ar(t) = (p(t) + o [p(t)]_> Un(t) + Gu(t) for a.e. t €la,b], (5.73)
Up(a) =0, un(b) =0,
[t [fa,0) = 1, (5.74)
’ 1
[ s=ab-slalds < . (5.75)
and )
/ Gn(s)up(s)ds = 0. (5.76)
By virtue of Lemma 5.11 (with ¢(¢) := ﬁ [p(t)] U, (t) + Go(t)) and (5.74), we have
n+1

(t—a)b—t)|a, () <b—a+

/ (s — a)(b— 5)[p(s))ds
a (5.77)

b
+/ (s —a)(b—5)|Gn(s)|ds fort €]a,b,
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while, by virtue of Lemma 5.11 (with ¢(¢) := % [p(t)]—tn(t) + Gn(t)), there exist ag €
la, b, by €lag,b[, and p > 0 such that

i (8)] < o [t—a—i—/ao(s—a) ki[p(s)]_an(s>+gn<s> ds} for ¢ €]a, o],
‘. 1” (5.78)
()] < o [b—tJr/t 0= 5) [ p(s))-(s) + 2,05 ds} for t € [bo, b].

On account of (5.74) and (5.77), the sequence {u,},>] is uniformly bounded and
equicontinuous in |a,b[. Thus, by virtue of Arzela-Ascoli’s lemma, we can assume
without loss of generality that

lim @, (t) = vo(t) uniformly in |a,b[, (5.79)

n—-4o0o

where vy € C(]Ja, b]) and, moreover,

lim @, (“ i b) = ¢ (5.80)

n—-+o00

In view of (5.73), it is clear that

woms () (454 (5
* /t (/+ [(P@) + ki [p(g)]_)an(g) +cin(§)} dg) ds fort €]a,b|.

Hence, on account of (5.74), (5.75), (5.79), and (5.80), we get

vo(t) = v (“ ; b) o (t ¢ ; b) + /ib (/M p(g)vo(g)dg) ds for t €]a,b[.

2

Therefore, vg € AC,.(Ja,b[) and vy is a solution of equation (5.1p). On the other hand,
in view of (5.74), (5.75), and (5.79), it follows from (5.78) that

lvo(t)] < p(t —a) for t €la,ao) and lvo(t)| < p(b—t) fort € [by,b],

and thus, vy is a solution of problem (5.1y), (5.2).
By virtue of (5.75) and (5.78), it is clear that there are n; € N, a; €]la,agl, and
by € [bo, b[ such that

@, (t)| <1 fort € [a,ar]Uby,b], n>ny.

Therefore, ||ty ||jq,,5,] = 1 for n > n;. Taking now into account (5.79), we get ||vo||ja1,6,] =
1 and therefore, vy is a nontrivial solution of problem (5.1y), (5.2).
By virtue of Theorem 5.13, there is A # 0 such that

vo(t) = Aug(t) for t € [a,b]. (5.81)

106



Moreover, in view of the necessity part of Theorem 5.15 (with ¢(t) := = [p(t)]_ 1, (t) +
Gn(1)), (5.73), (5.74), (5.76), and (5.81), we get

/ [p(8)]-tn(s)vo(s)ds = 0. (5.82)

Let now a €a,b[ and 5 € |a, b be arbitrary. Then, in view of (5.79), we have
B B

lim [p(s)]&n(s)vg(s)dSZ/ [p(s)]_v3(s)ds. (5.83)

n—400 o «

On account of (5.6), (5.81), and Proposition 5.17, the function [p|_vy is integrable on
[a, b]. Taking into account (5.74), we get

‘fWMawmww

gu/a@wnwa$um

and

b b
/@MﬂWM®%S/MMwww&
B8 B8

Hence, (5.82) implies the inequality

B «a b
)| _tUp(s)vo(s)ds < s)]|_|vo(s)|ds s)|—|vo(s)|ds,
lémn (5)uols) <lmuu<ﬂ +4Mﬂl(ﬂ

which, together with (5.83), results in

B e b
s_vgsds_ s)|—|vo(s)|ds s)|_|vg(s)|ds.
[ e < [ e e)ids + [ 6]t

Since a and 3 were arbitrary, we get from the latter inequality that

b
[ Wi =o.

Taking now into account that vy # 0, we get [p|- = 0, i.e., p(t) > 0 for a.e. t €]a,b].
However, in this case, problem (5.1p), (5.2) has no nontrivial solution, which contradicts
the assumption of the lemma. O

Proof of Theorem 5.13. Let ug and vy be nontrivial solutions of (5.1g). By virtue of
Lemma 5.19 (with u = vy and ¢ = 0), we get

Jim <u6(t)vo(t) - uo(t)vg(t)) —0.
On the other hand, clearly,
(up(t)vo(t) — uo(t)vg(t)), =0 fora.e. t€]a,b
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and therefore,
ug(t)vo(t) — ug(t)vg(t) =0 for t € [a, b]. (5.84)

Choose tj € ]a,b] such that

It is clear that ug(ty) # 0 since otherwise up = 0. Then it follows from (5.84) that
U(,) (t()) =0
and moreover, vy(tg) # 0. Put A := Zg((zgg and

w(t) == up(t) — Ave(t) for t € [a,b].

Obviously, w is a solution of equation (5.1g) and w(ty) = 0. However, it follows from
(5.84) that w'(ty) = 0. Consequently, w = 0 and thus, ug = Avo. O

Proof of Theorem 5.15. Let uy be a nontrivial solution of problem (5.1p), (5.2), while
u be a solution of problem (5.1), (5.2). Put

f(t) :==u' (t)uo(t) — u(t)ug(t) fort €la,b.
It is clear that
f'(t) = q(t)ug(t) for a.e. t €la,bf.

Hence,
a+tb
2

f(a;rb>—f(t):/t a(s)uo(s)ds for ¢ €]a, b[. (5.85)

By virtue of Lemma 5.19, Proposition 5.17, and condition (5.4), we get from (5.85)

that
f (a;b) _ /aa;bq(s)uo(s)ds and  f (a;b) _ —/;q(s)uo(s)ds,

2

and therefore, (5.61) is fulfilled.

Let now ug be a nontrivial solution of problem (5.1¢), (5.2), ¢ € Ljo(]a, b]) satisfy
(5.4), and (5.61) be fulfilled. Let, moreover, ny € N and r > 0 be from the assertion of
Lemma 5.20. By virtue of Lemma 5.20, for any n > ng, the problem

1
o= (s + T WOL ) w0 =0, u) =0
has no nontrivial solution. Since
1 n—1
0+l =" (5.56)
and (5.6) holds, it follows from Theorem 5.2 that for any n > ng, the problem
1
o= (W0 + LBOL )utas w@ =0, =0 G5
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has a unique solution u,,.
In view of Lemma 5.20, the inequalities

lun(t)] < M for t €la,b[, n > ngy (5.88)
are fulfilled, where
M :=r /b(s —a)(b—s)|q(s)|ds.
On the other hand, on account of Lmea 5.11, (5.86), and (5.88), we get
(t—a)(b—1t)|u,(t)] < M; fort€la,b], n > ny, (5.89)

where
M, =M (b —a+2 /ab(s —a)(b— s)[p(s)]ds) + /ab(s —a)(b—s)|q(s)|ds.

It follows from (5.88) and (5.89) that the sequence {u,},}, is uniformly bounded and

n=n
equicontinuous in |a,b[. Hence, by virtue of Arzela-Ascoli’s lemma, we can assume
without loss of generality that

lim w, = u(tf) uniformly in |a,b[, (5.90)

n—-+o00

where u € C(]a, b]) and, moreover,

lim (a ; b) = ¢p. (5.91)

In view of (5.87), it is clear that

w0 () -25) (2

+ / ( / {(p(i) ()] Juale) + q<5>] d£> ds for t €]a,.

2 2

Hence, on account of (5.90) and (5.91), we get

() 25
+ / < |, eue+ q<s>]d§> ds for t €]a,b.

2

Therefore, u € AC",,(Ja,b[) and u is a solution of equation (5.1).

loc

On the other hand, by virtue of Lemma 5.11 and (5.88), there are ag €]a,b|,
bo € Jag,b], and p > 0 such that for any n > ny, the inequalities

att) < 0 216t =)+ [ (5= 0) (L pio) + 1)) s

n

te-a) [ (Sl + o) as| fort claad
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and

I < o[-0+ 0= (Lo + o) ) s

n

Ho—1) / (Lot +lato) as] - tor e < o

are fulfilled. Hence, in view of (5.90), we get

lu(t)| < o [M(t —a)+ /:(s —a)lq(s)|ds + (t — a) /tao \q(s)]ds} for ¢t €]a, ao

and

t

lu(t)] < o [M(b —t) +/t (b—s)|q(s)|ds + (b—1t) ]q(s)|ds} for t € [bo, ] .

bo

Consequently, u satisfies (5.2) and thus, u is a solution of problem (5.1), (5.2). O

5.4 Well-posedness of the second order linear singular Dirich-
let problem

Consider the problem

u" = po(t)u + qo(t), (5.92)
u(a) =0, wu(b) =0, (5.93)

where pg, qo € Lioc(]a, b)), and the sequence of equations

U = pa(t)u + gn(t), (5.92,,)

where p,, ¢, € Lioe(]a,b[), n € N. Under the well-posedness of the above problem, the
statement of the following type is usually understood.

STATEMENT. Let problem (5.92), (5.93) is uniquely solvable and let the functions p,
and ¢, converge, in a certain sense, to the functions py and qq, respectively. Then for
any n € N large enough, problem (5.92,,), (5.93) is uniquely solvable and the sequence
of solutions converge, in a certain sense, to the solution of problem (5.92), (5.93).

In the case, when the functions p, and ¢,, n € NU{0}, are integrable on [a, b], well-
posedness of the problem considered one can deduce from the general theory of linear
boundary value problems (see, e.g., [17, Theorem 1.2]). However, we are interested in
the case, when the functions p,, and ¢, are not, in general, integrable on [a, b], having
singularities at ¢t = a and ¢t = b. The aim of this section is to establish conditions
guaranteeing well-posedness of the singular problem (5.92), (5.93).
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Along with (5.92) we consider also the corresponding homogeneous equation
u” = po(t)u. (5.92¢)

It has been proved in Section 5.2 that Fredholm’s alternative remains true even in the
case, when

/ (s — a)(b— 5)[po(s)] _ds < +o0 (5.94)
and ,
/ (s —a)(b—s)|qo(s)|ds < +o0. (5.95)

Hence, it is natural to assume along with (5.94) and (5.95) that for any n € N, the
conditions

/ (5 — a)(b— 5)[pu(s)]_ds < -+oo (5.96)
and )
/ (s —a)(b—s)|gn(s)|ds < +o0. (5.97)

hold as well.
Now introduce the following definitions.

DEFINITION 5.21. We say that the condition (P) is fulfilled if (5.94) and (5.96) hold,

¢ t
lim Pn(s)ds :/ po(s)ds uniformly in ]a,b], (5.98)
n—+400 aTer GTH?

and either there exists p* € Ljo.(]a, b]) such that

b
pn(t)]- < p*(t) forte€la,b], n €N, and / (s —a)(b—s)p*(s)ds < +o0, (5.99)

or
b

lim (s —a)(b—s) [pn(s) + [po(s)]_] ds=0. (5.100)

n—-+0oo a

REMARK 5.22. If the condition (P) is fulfilled, then there exists M > 0 such that

/ (s —a)(b—s)[pn(s)]-ds <M formn € N.

DEFINITION 5.23. We say that the condition (Q) is fulfilled if (5.95) and (5.97) hold

and either ,

lim (s —a)(b—9)|gn(s) — qo(s)|ds =0, (5.101)

n—-+4o0o a

or

¢ ¢
lim n(s)ds :/ go(s)ds uniformly in ]a, b, (5.102)
n—+oo aTer a<2H7

and there exists ¢* € Ly (]a, b[) such that

b
. (t)] < ¢*(t) fort€la,b], n €N, and / (s —a)(b—s)q"(s)ds < +o0. (5.103)
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REMARK 5.24. It is clear that (5.101) implies (5.102). Mention also that if the condi-
tion (@) is fulfilled, then there exists M > 0 such that

/ (s — a)(b— 8)|gu(s)|ds < M for n € N.

5.4.1 Main result

THEOREM 5.25 ( [30, Thm. 1.2]). Let problem (5.92¢), (5.93) have no nontrivial
solution and the conditions (P) and (Q) be fulfilled. Then there exists ng € N such
that for any n > ng, problem (5.92,), (5.93) possesses a unique solution u,,

lirf un(t) =u(t) wuniformly on la, b, (5.104)
n——+0o0
and
hrf ul (t) = u'(t)  uniformly in |a, b, (5.105)
n——+0oo

where u is a (unique) solution of problem (5.92), (5.93).

REMARK 5.26. As it follows from Definition 5.21, the condition (P) implies condi-
tion (5.98). In certain cases, these two conditions are equivalent. For example, if
pn<t> = p0<t> + gn(t) with gn € Lloc(]a’vb[)v gn(t) Z 07 pO(t) S 0 for a.e. t G]CL, b[) and

t
lim gn(s)ds = 0 uniformly in ]a,b].

n—+o0o [ a+b

However, in Theorem 5.25, the condition (P) cannot be replaced by condition (5.98)
(see Example 5.29 bellow). Analogously, the condition (Q) yields condition (5.102).
However, Example 5.28 shows that, in Theorem 5.25, the condition (Q)) cannot be re-
placed by condition (5.102). In this sense, Theorem 5.25 is optimal and its assumptions
cannot be weakened.

REMARK 5.27. In Theorem 5.25, assertion (5.105) cannot be replaced by the stronger
assertion
lim u (t) =4/(t) uniformly on [a,b]. (5.106)

n—-+00

Indeed, let a = 0, b = 1, po(t) o 0, qo(t) :== 0, p,(t) := 0, and g,(t . Then

) =
all the assumptions of Theorem 5.25 are fulfilled, u(t) = 0, and w,(t) = (t lnt +(1—
t)In(1 —t)). However, (5.106) is violated because lim,,_, | ul, (™) = 1.

EXAMPLE 5.28. Let a=0,b=27m,py =0, ¢ =0,

—n? fortée [O, #] U [27r — #,277‘} ,
pa(t) ==

0 forte]7r 27T—L[,

2n2" 2n2
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and

) —n?sin(nt) forte];#,%[upﬂ_%,gﬂ_#[,
dn =
0 fort € [0, 55| U [£,2m — &) U [21 — &, 2] .

It is clear that all the assumptions of Theorem 5.25 with (@) replaced by (5.102) are
fulfilled. Problem (5.92), (5.93) has a unique solution u = 0, while the function

wn(t) = {sin(nt) for t € [0, %} U [27r — %,Qﬂ , (5.107)

1 forte}%,Qﬂ—%[

is a unique solution of problem (5.92,), (5.93). However, |[u,|/jop = 1 for n € N and
therefore, (5.104) is violated.

EXAMPLE 5.29. Let a =0, b=2m, py=0, o =0, ¢,(t) := =, and

—n? fortée [0, %] U [27‘(‘ — %,27?} ,
pa(t) ==
0 forte}%,%'—%[.

It is clear that the all assumptions of Theorem 5.25 are fulfilled with (P) replaced by
(5.98). However, for any n € N, the function w, defined by (5.107) is a nontrivial
solution of the homogeneous problem

u" = pp(t)u; u(a) =0, u(b)=0.

Since fab un(s)ds # 0 for n € N, by virtue of (classical) Fredholm’s third theorem, for
any n € N, problem (5.92,,), (5.93) has no solution.

5.4.2 Auxiliary statements

First of all, for the sake of convenience of references, we recall some results (in
a suitable form for us) established above.
Consider the equation
" = h(t)v + q(t),

where h, qc< Lloc(]a7 bDu

b
/ (s —a)(b—s)|h(s)|ds < +o0, (5.108)
and )
/ (5 — a)(b— 5)[g(s)|ds < +oo. (5.100)
In Propositions 5.7-5.9, it is stated that

PROPOSITION 5.30. Let (5.108) hold. Then there exist ay €a,b[, by €]ag,b[, and
00 > 0 such that the following assertions hold:
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(1) For any t; < ty satisfying either t1,t2 € |a,ag] or t1,ta € [by,b] and for any
w e AO;OC(]t].?tQ D satzsfymg

w”’(t) > h(t)w(t) fora.e t €[ty ta], w(ty) =0, w(tz)=0,

the inequality
w(t) <0 fort € [ty,ts]

holds.
(2) For any c € R and any q € Ljy.(]a, b]) satisfying (5.109), the problems
V" = h(t)v + q(t); v(a) =0, wv(ag) =c (5.110)
and
V" = h(t)v + q(t); v(bg) =¢, wv(b)=0 (5.111)

are uniquely solvable.

(3) The solution v of problem (5.110), resp., (5.111), admits the estimate

[v(t)| < 00 (!C\(t —a) +/ (s —a)lq(s)|ds + (t — a) /tao |Q(S)|d8>
for t €la, agl,

resp.,

t

|q<s>|ds)
fort € [bo, b].

w()] < 0o (rcub—t) s [0=9lateias + 61

bo

PROPOSITION 5.31. Let (5.94) hold. Then there exist ag €la,b], by € lag,b], and
00 > 0 such that for any p,, g, € Lisc(]a,b]) satisfying (5.96) and (5.97), any solution
un of problem (5.92,,), (5.93) admits the estimate

n(®)] < 00 (Jltnllos Palt) + Qu(t))  for t €]a, ao] U b, bl (5.112)

where

a@y:t—w+l1&—@@4g+um@}}ds
+ (t —a) /tao [ a(s) + [pg(s)]_}_ds for t €la, ag,

b
Palt) = b—t + / (b= 5)[pa(s) + Ipo(s)]-] ds
t (5.113)

-waf[wnmwmbmﬁmemw

bo

Qult) = / (s — a)lgu(s)lds + (t — a) / Y lau()lds for t €]a, ao),

Qn(t) ::/t (b—s)]qn(s)]ds—i—(b—t)/ lgn(s)|ds  fort € [bo, b].

bo
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Proof. Let ag €]a, b, by € |ag,b], and gy > 0 be from the assertion of Proposition 5.30
with b = —[pg|_. Let, moreover, the functions p,, ¢, € Li.(]a,b[) satisfy (5.96) and
(5.97) and w,, be a solution of problem (5.92,), (5.93).

Consider the problem

v = =[po(t)]—v — |pa(t) + [Po(t)]-| [un(t)] = lgn(t)],
v(a) =0, v(ao) = [|tnl|[a,p-

By virtue of Proposition 5.30(2), this problem has a unique solution v,. In view of
Proposition 5.30(1), we have

v (t) >0 for t €la,aol, (5.114)
as well. Now we show that
|un(t)| < vp(t) for t €la,apl. (5.115)

Suppose on the contrary that (5.115) is violated. Then there exist ¢; € [a,a¢] and
ty € |t1, ap] such that

w(t) >0 fort E]tl,tg[, (5116)
U)(tl) = 0, U)(tg) = 0,

where w(t) := |u,(t)| — vu(t) for t €la, ag]. In view of (5.114) and (5.116), it is clear
that w € AC,.(Jt1,t2]). Moreover

/lOC
w"(t) = ul (t) sgnu,(t) — vl (t) > —[po(t)]_w(t) for a.e.t €|ty ts].

Hence, by virtue of Proposition 5.30(1), we get w(t) < 0 for t €]ty,t5], which contra-
dicts (5.116).
Analogously one can prove that

lun ()| < vp(t) fort € [by,b], (5.117)
where v,, is a solution of the problem
V" = =[po(t)]-v = |pa(t) + [Po()]-| [un(t)] = lgn(t)],
v(bo) = [[tnjap),  v(b) =0.
Estimate (5.112) now follows from (5.115), (5.117), and Proposition 5.30(3). O

REMARK 5.32. Suppose that the conditions (P) and (@) hold and the functions P, and
Q). are defined by (5.113). Then there exist nonnegative functions ¢, € C(la,ag]) U
C'([bo, b]) such that

pla) =0, @B =0, ¥(a)=0, v(b)=0, (5.118)



and
limsup Py (t) < o(t), limsup Qu(t) < (t) for t € ]a,ag] U [bo, b

n—-+o0o n—-+o00

Indeed, if (5.99), resp., (5.103), holds, then we set

o(t) =t —a+ / (s — a)(p*(s) + [po(s)]_)ds

+(t—a) /t (5" (s) + [po(s)]_)ds for ¢ €]a, a),

o) =b=t+ [ 6=5)07 () + (o)) ds

t

+(b—t)/ (°(s) + [po(s))_)ds for ¢ € [bo,b].

bo

resp.,
() ::/ (s — a)g"(s)ds + (¢ — a) /t ¢*(s)ds for t €la, ag),
() ::/t (b—s)q*(s)ds+(b—t)/btq*(s)ds for t € [bo, b].

On the other hand, if (5.100), resp., (5.101), is satisfied, then we put
o(t):=t—a fort €la,am), p(t):=b—t fort e [by,bl,

resp.,

o(t) ;:/ (5 — a)lgo(s)|ds + (t — a) /t lgo(s)|ds for ¢ €]a, ag),

b
Y(t) = /t (b—8)|qo(s)|ds+ (b—1t) | |qo(s)|ds fort € [b,b].

bo

In particular, for any € > 0, there exist a. € |a, ao|, b: € [bo, b[, and n. € N such that
P,(t)<e, Qun(t)<e fortéela,alUlbe,bl, n>n..

PROPOSITION 5.33. Let (5.98) and (5.102) hold. Let, moreover, {u,} > be a uni-
formly bounded and equicontinuous in |a,b] sequence of solutions of problem (5.92,),
(5.93). Then there exist a subsequence {un, }/25 and a solution u of equation (5.92)
such that
lim uff,z (t) = uD(t)  wniformly in Ja,b], i =0, 1.
k——+o0

Proof. By virtue of Arzela-Acsoli’s lemma, we can assume without loss of generality
that

lim wu,(t) =u(t) uniformly in ]a,b[, (5.119)

n—-+o00
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where u € C(]a, b[). Let ag €]a,b] and by € ]ag,b| be fixed. Then for any n € N, there
exists t,, € [ao, bo] such that

Un(bo) — un(ao) = (bo — ao)u, (tn).

Hence, there is a subsequence {t,, }> C [ao, bo] and ty € [ag, by such that

In view of (5.102), (5.119), and (5.120), it is clear that

t

oo Ji.
' ¢ (5.122)
= / (PO(S)U(S) + qo(s))ds uniformly in ]a, b[ .
to
We first show that
t t
khrf Pry (8)tn, (s)ds :/ po(s)u(s)ds uniformly in |a, b]. (5.123)
—+00 tnk to

Observe that

uy,, (t) = uy, (tn,) + /tt (Prg (8)Uny (8) + qn, (s))ds  for t €]a,b[, ke N.  (5.124)

k

Introduce the notations

Dy(t) = / (P (5) — o)) tmy ()5, F(t) = / (P (5) — pols)) ds,

H(t) == /t (Po(8)tny ($) + gn,(s))ds for ¢ €]a,b], k € N.

One can easily verify that

Dy (1) = up, (1) Fr(t) — /t uy, (s)Fy(s)ds fort €la,b[, k € N.

k

Taking now into account (5.124), we get

Bu(t) = tn (D) F(t) — 1t (tr) / Fi(s)ds — / Fi(s)®i(s)ds
t i i (5.125)
— / Fi.(s)Hy(s)ds forte€la,b], ke N.

k
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It follows from (5.125) that for any « € |a,ag| and S € ]by, b[, the inequality

1Pl < 1 Fk a8 (Iu;k(tnk)l + Nt I,z + (0 — @) (||l a31 + ||Hk||[aﬁ]))

holds for & € N. Hence, on account of (5.98), (5.121), and (5.122), we conclude that
for any « €a,ao[ and S € |by, b|,

[P |05y = O

lim
k—4o00
and consequently, (5.123) holds.
It follows from (5.124) that

Uny, (t) = Un,, (tnk) + (t - tnk)u;zk (tnk)

4 / ( / (pnk<§>unk<§>+an<§>)d§> ds fort€labf, keN.

k

Hence, in view of (5.119), (5.120), (5.121), (5.123), and (5.102), we get

u(t) = ulty) + c(t — to) + /t: ([ (p0<g)u(5) + qo(§)>d§) ds for t €la,b|.

Consequently, u € AC",.(Ja,b[) and the function u is a solution of equation (5.92). In
particular,

u'(t) =c+ /t (po(s)u(s) + qo(s)>ds for t €]a,b]. (5.126)

to

On the other hand, in view of (5.102), (5.120), and (5.123), it follows from (5.124) that

lim w, (t) =c+ /t (po(s)u(s) + qo(s)>ds uniformly in |a, b]

k——+o0 to
and consequently, by virtue of (5.126), we get

p / o . .
kl_l}riloo u,, (t) = u'(t) uniformly in ]a, b].

O

LEMMA 5.34. Let (5.94) hold and problem (5.92y), (5.93) have no nontrivial solution.
Let, moreover, the condition (P) be fulfilled. Then there exist r > 0 and ng € N such
that for any q € Liy.(]a,b]) satisfying (5.109) and any n > ng, any solution u, of the
problem

W = puOu gty u(@) =0, u(®)=0
admits the estimate

b
[tnlfa < r/ (s —a)(b— s)|q(s)|ds.
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Proof. Suppose on the contrary that the assertion of the lemma is violated. Then there
exist {Gn, 125 C Lige(Ja, b]) and {@,, }> € AC),.(Ja,b]) such that for any k € N,

loc
Un,, ()" = pp,. () 0n,, () 4+ Gn,, (t)  for a.e. t €]a,b], U, (a) =0, u,, (b) =0,
and ,
[l > & [ (s = a)(b = )Gy ()1ds.
Introduce the notation '

U, ()
[t o)

Qn, (t) == () for k e N.

Up, (t) = —
g |t || [a,0]

It is clear that for any k£ € N, we have

(1) = Py () tn, (1) + @n, (t)  for a.e. t €la,bl, up, (a) =0, uy,/(b) =0,

[t 0] = 1, (5.127)

and ,
lim (s —a)(b—s)|qn,(s)|ds = 0. (5.128)

k—+oco J,

In view of (5.128), we get
¢
lim qn, (s)ds = 0 uniformly in ]a,b], (5.129)
k—+o00 Ja+b

as well. By virtue of Proposition 5.10 and (5.127), the inequality
b
(t = @)= Ol (O] <= a+ [ (5= a)b=9)lpu(s)-ds
b
+/ (s —a)(b—5)|gn,(s)|ds fort €la,b], keN

holds. Hence, in view of (5.127), (5.128), and Remark 5.22, the sequence {u,, };°5
is uniformly bounded and equicontinuous in |a,b[. Taking now into account (5.98),
(5.129), and Proposition 5.33, we can assume without loss of generality that

lim uﬁfz(t) — 4! (t) uniformly in ]a,b[, i = 0,1, (5.130)

k——+o0

where wu is a solution of equation (5.92)).
Let now ag € |a, b[, by € Jag, b[, and gy > 0 be from the assertion of Proposition 5.31.
Then, in view of (5.127) and Proposition 5.31, we get

g ()] < 00(Poy (8) + @, (8))  for t €]a,a0] U o, b[, k€N, (5.131)

where P,, and @, are defined by (5.113). Hence, in view of Remark 5.32, there exist
ay €la, agp), by € [bo, b[, and k; € N such that

|un, (t)] <1 fort €la,ar|U[by,b[, k> ki,
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whence, on account of (5.127), we get |ty ||(a;,6:] = 1 for & > k. Therefore, in view of
(5.130), we have
u 0. (5.132)

On the other hand, on account of (5.128), (5.130), and Remark 5.32, we get from
(5.131) that
u(t)| < pop(t)  for ¢ €a, ag] U [bo, b,

where ¢ € C(]a, ap) U [by, b]) and p(a) = 0, ¢(b) = 0. Hence, the function u satisfies
(5.93) and therefore, in view of (5.132), u is a nontrivial solution of problem (5.92),
(5.93). However, this contradicts the assumption of the lemma. O

5.4.3 Proof of the main result

Proof of Theorem 5.25. According to Theorem 5.2, problem (5.92), (5.93) has a unique
solution u. Let » > 0 and ng € N be from the assertion of Lemma 5.34. Then it follows
from Lemma 5.34 that for any n > ng, the problem

v’ = p,(t)u; u(a) =0, wu(b)=0

has no nontrivial solution. Therefore, by virtue of Theorem 5.2, for any n > ng, the
problem (5.92,), (5.93) possesses a unique solution u,,.

To prove (5.104) and (5.105) it is sufficient to show that for any unbounded set
J C {no,no+1,...}, the sequence {u, },cs contains a subsequence {u,, };°] such that

lim w,, (t) =u(t) uniformly on [a,d] (5.133)

k—+o0

and

lim w, (t) =v'(t) uniformly in ]a,b[.
k—4o00

Let J C {ng,no +1,...} be an arbitrary unbounded set. By virtue of Lemma 5.34
and Proposition 5.10, for any n > ng, the estimates

b
o <7 (5 = @)= 5)lga(s)lds (5.131)
and
b
(0= )0~ D01 < oy (= 0+ [ (= 6= (o)) +
b
+ / (s —a)(b—s)|gn(s)|ds fort €la,b] (5.135)
hold. On account of Remarks 5.22 and 5.24, there exists M > 0 such that
b
/ (s—a)(b—$)[pn(s)]_ds < M forneN (5.136)
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and

/b(s —a)(b—s)|gn(s)|ds < M forn e N. (5.137)

In view of (5.136) and (5.137), inequalities (5.134) and (5.135) imply that the sequence
{tn}nes is uniformly bounded and equicontinuous in |a,b[. By virtue of Proposi-
tion 5.33, there exits a subsequence {u,, };°] such that

lim u® (&) =ul’(¢) uniformly in ]a,b[, i = 0,1, (5.138)

k—+4o00 Tk

where g is a solution of equation (5.92).
Let now ag € |a, b[, by € Jag, b[, and gy > 0 be from the assertion of Proposition 5.31.
On account of (5.134), (5.137), and Proposition 5.31, we have

i, ()] < 00 (rMPnk () + Qny (t)) for ¢ €]a, ao) U [bo, b, k € N, (5.139)

where P,, and @, are defined by (5.113). Hence, in view of (5.138) (with i = 0) and
Remark 5.32, we get

[uo(t)] < oo(rMip(t) + (1)) for ¢ €]a.ao] by, bl

where ¢, 9 € C(]a, ag)) UC([bo, b]) satisfy (5.118). Consequently, ug(a) = 0 and uy(b) =
0. Therefore, ug is a solution of problem (5.92), (5.93). However, this problem has
a unique solution and thus, uy = u. Taking now into account (5.138), we have

lim «%(t) = u'?(t) uniformly in ]a,b[, i =0, 1. (5.140)

kodoo 'k

It remains to show that (5.133) holds. Let ¢ > 0 be arbitrary. Then, by virtue of
Remark 5.32 and (5.139), there exist a. € ]a, ao], be € [bo, b, and ko € N such that

|un, (t)] < e fort €la,a]U b, b], k> k.
Hence, in view of (5.140), we get
lu(t)] <e fort €la,a]U[b,b].

Therefore,
tn, = Ullfaa < 26,  |Jtn, —ullp.y <2 for k> ko,

which, together with (5.140), imply desired relation (5.133). O

5.4.4 Example

On the interval |0, 1[, we consider the problem

o 1u+1—lnt.
12 t

w(0) =0, u(1) =0 (5.141)
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and the sequence of the problems

s 1 + cos(nt) " 1+ cos(nt) —Int

2 r ; u(0) =0, u(l) =0. (5.141,)

Put po(t) = &, qolt) = 2L, p,(t) = polt) + =52, gu(t) == qo(t) + "2, a = 0 and
b = 1. One can show that (5.94)—(5.97) hold as well as the conditions (P) and (Q) are
satisfied. On the other hand, the functions u,(t) = 5 and us(t) = 5% are linearly
independent solutions of equation (5.92p) and consequently, problem (5.92y), (5.93)
has no nontrivial solution. By direct calculation, we easily conclude that the function
u(t) = tint is a unique solution of problem (5.141). Therefore, all the assumptions of
Theorem 5.25 hold and consequently, solutions wu,, of (5.141,,) satisfy

lim wu,(t) =tlnt uniformly on [0, 1]

n—-+o0o
and

lim ), (t) =1+1Int uniformly in |0, 1].

n—-+0o00
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6 Summary and further research

The habilitation thesis deals with certain problems of qualitative theory of ordinary
and functional differential equations. After a brief introduction, Chapter 2 is devoted
to motivating models for the study of the considered problems. The main results are
provided in the next three chapters.

We studied asymptotic properties of the second order delay differential equations
and the two-dimensional nonlinear systems in Chapter 3. Two types of the oscillation
criteria for DDEs with respect to considered delay are presented. If the delay 7(t) is
"close” enough to the argument ¢, then we obtain criteria which correspond to well-
known results from the oscillation theory of ODEs, namely Hille’s and Nehari’s criteria
established in [13,38]. On the other hand, if the deviation 7(¢) is "large” with respect
to the argument ¢ in a certain sense, then we formulated the oscillation criteria of so-
called Myshkis’s type. Presented statements generalize and improve (under additional
assumptions) results stated in [23]. Furthermore, the oscillation of the two-dimensional
systems of nonlinear differential equations is discussed in Section 3.4. Obtained results
generalize those, which were presented, e.g., in [6,13,14, 16, 24, 38].

Chapter 4 deals with certain boundary value problems for functional differential
equations. We established new conditions guaranteeing the solvability and unique solv-
ability of linear as well as of nonlinear problems. Boundary conditions were assumed in
general form, which includes, e.g., initial, periodic, and antiperiodic condition. More-
over, nonnegativity of solutions was investigated for considered BVPs. General results
were applied to the delay differential equations.

In Section 5 we formulated statements concerning the Fredholm theory and well-
posedness of the singular Dirichlet problem. In particular, we found conditions, which
provided that Fredholm’s third theorem remains true for the considered singular prob-
lem. We also established optimal (in certain sense) conditions guaranteeing well-
posedness of the studied problem.

The natural and interesting direction of a future research is to study more gen-
eral second order DDEs than those introduced in Section 3.2. It would be useful to
investigate the asymptotic properties of the three-term DDE

u"(t) + ' (t)q(t) + Fu(t),u(r(t) =0 (6.1)

because this equation appears in mathematical models in control engineering, hered-
itary phenomena in physics, machine tool vibrations, etc. Specially, modelling of the
milling process can lead to equation (6.1), where the additional term u'(¢)q(t) describes
some damping in the process.

There is also a possibility for further investigation of the two-dimensional system
established in Section 3.4. We assumed there that the coefficient g is not integrable
on [0, +00[. One can find that there is very few results in the existing literature in
the contrary case, i.e., if the coefficient g is integrable. Consequently, the asymptotic
properties (oscillation and non-oscillation) of the considered system can be completed
in this sense.
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Another direction of a research is continuation in the study of the singular Dirichlet
problem. Quite complete theory of singular boundary problems for ordinary differential
equations is built up, but many interesting problems are not covered there, e.g., the
Dirichlet problem for the Bessel equations. It is usual to study the linear part of the
theory first, which includes Fredholm’s alternative, well-posedness, and the eigenvalue
problem. The first two were investigated in Section 5, so it is natural to continue with
studying of the eigenvalue problem, which is (in the regular case) based on Fredholm’s
alternative and the continuous dependence on parameters. Obtained results will also
be very useful for the investigation of nonlinear singular problems, which arise in many
applications (see, for example, the model introduced in Section 2.3).
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