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Abstrakt
Účelem předkládané habilitační práce je ukázat výsledky studia zaměřeného na vznik
poškození heterogenních materiálů, zvláštně na problematiku modelování vzniku a šíření
trhliny. Ve čtyřech kapitolách jsou ukázány výsledky práce pomocí komentovaných autoro-
vých publikací. V prvé kapitole je věnována pozornost přímé aplikace metody konečných
prvků na odlišné typy materiálů s cílem nalezení kritických parametrů určujících cho-
vání materiálů při poškozování. Druhá kapitola kombinuje elastoplastické výpočty pomocí
MKP a vybrané parametry pro tzv. přístup kritického článku. Třetí kapitola je věnována
aplikaci mechaniky poškození a dvěma možnými přístupy, jak modelovat vznik a šíření
trhliny pomocí úprav v systémech MKP. Poslední čtvrtá kapitola je věnována cemen-
tovým vláknovým kompozitům a hledání nových metod pro jejich přesnější modelování
zejména v oblasti koncentrátoru napětí, respektivě před čelem trhliny.

Jako autor chci poděkovat všem bývalým kolegům z Ústavu fyziky materiálů AV ČR,
v.v.i., kteří se podíleli na publikacích. Pro vznik této práce byla důležitá dlouholetá spo-
lupráce s profesorem Jiřím Valou z Ústavu matematiky a deskriptivní geometrie FAST
VUT, který mé zaměření přiblížil k problémům stavební mechaniky.

Summary
The purpose of the presented habilitation thesis is to show the results of a study focused
on the occurrence of damage heterogeneous materials, especially on the issue of modeling
crack formation and propagation. At four chapters the results of the work are presen-
ted using annotated author’s publications. In the first chapter attention is paid to the
direct application of the finite element method to different types of materials in order
to finding critical parameters determining behavior of materials at damage. The second
chapter combines elastoplastic calculations using FEM and selected parameters for the
so-called critical article approach. The third chapter is devoted to the application of da-
mage mechanics and two possible approaches to model the origin of a crack propagation
through modifications in FEM systems. The last fourth chapter is devoted to cement fiber
composites and the search for new methods for their more accurate modeling, especially
in the field stress concentrator, respectively ahead of the crack tip.

As an author, I would like to thank all former colleagues from the Institute of Physics
of Materials CAS, who participated in the publications. Cooperation with Professor Jiří
Vala from the Department of Mathematics and Descriptive Geometry of the Faculty of
Civil Engineering was important for the creation of this work, which brought my focus
closer to the problems of structural mechanics.

© Vladislav Kozák
Vysoké učení technické v Brně, Fakulta stavební, 2021.
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1 Úvod

S vývojem nových zařízení a komponent je v dnešní době stále více spojována otázka za-
jištění bezpečnosti jejich provozu a predikce jejich životnosti. V případě konstrukcí může
být přímo závislá na výskytu defektů, které mohou vzniknout již v etapě výroby nebo
během provozu. Jedním z konceptů, které jsou využívány v konstrukci a hodnocení bez-
pečnosti, je soubor teorii a metod označovaný jako lomová mechanika. Tento vědní obor
spojující v sobě mechaniku kontinua s materiálovým inženýrstvím, popisuje chování de-
fektů, např. trhlin, v konstrukcích. Jedná se o komplikovaný vztah defekt-napětí-materiál.
Lepším pochopením těchto vztahů lze dosáhnout úspor u nových konstrukcí nebo prodlou-
žení životnosti stávajících konstrukcí.

Snahou lomové mechaniky je popis, popřípadě predikce chování těles obsahujících vadu
často typu trhliny. Trhliny mohou v mnoha případech vést až k úplnému porušení kon-
strukce v důsledku vzniku lomu. Existují dva základní přístupy pro odvození podmínek
okamžiku iniciace nestabilního šíření trhliny. Podstatou prvního je aplikovatelnost teorie
nejslabšího článku, druhý model uvažuje kumulaci poškození v průběhu zatěžování. Poru-
šování konstrukčních materiálů je chápáno jako kontinuální proces, u kterého dochází ke
vzájemnému prolnutí stádií plastické deformace, nukleace a iniciace trhlin. Koncové stá-
dium ve vývoji porušování těles, které je předmětem zkoumání lomové mechaniky je šíření
trhlin (nestabilní nebo stabilní). Cílem presentovaných prací bylo, jak zjistit vzájemné
vztahy mezi fyzikálními zákonitostmi a vlastní fyzikální podstatou procesu porušování na
straně jedné a teorií mechaniky kontinua na straně druhé.

Současné studie se zaměřují na rozpracování druhého z výše uvedených problémů. Je
jím zmíněná transferabilita materiálových charakteristik. Rozdílné lomové houževnatosti
můžeme změřit při odlišných konfiguracích zkušebních těles a defektů. Důvodem nesou-
ladu je skutečný stav rozložení napětí v okolí defektu a různý rozsah plastické deformace.
Nejenom tyto skutečnosti komplikují použití lomové mechaniky v praxi, uvedenému pro-
blému je věnována kapitola zaměřená na problematiku lokálního přístupu. Ta ukazuje
koncepci odlišnou od standardní lomové mechaniky a pokouší se definovat mechanismus
porušení veličinami nepopisujícími globální napěťové pole, ale veličinami vycházejícími ze
znalosti rozložení napětí/deformace v celém tělese.

Mezi efektivní nástroje, které přispívají k objasnění hledaných vztahů, patří modely, jež
využívají numerických metod. V předložené práci se vychází většinou z použití metody ko-
nečných prvků (dále MKP), mnohdy na hranicích použitelnosti klasických software MKP,
detailněji v kapitole přímých a nepřímých aplikací MKP. Nové metody převážně v oblasti
modelování poškození jsou soustředěny ve třetí kapitole, která je věnována modelování
šíření trhliny jak pomocí mechaniky poškození (použita modifikace Gursona-Tvergaarda-
Needlemana) či použití kohezních prvků implementovaných pomocí uživatelské subroutiny
do systému Abaqus. Používání kompozitních materiálů s cementovou matricí a výztuž-
nými vlákny rozličného původu pro konstrukční účely si vynucuje věrohodnou výpočtovou
predikci jejich mechanických vlastností, především nebezpečí postupného vzniku mikro-
trhlin a makrotrhlin. V poslední kapitole komentovaných prací je ukázána možnost de-
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1. ÚVOD

terministické výpočtové predikce tohoto fyzikálního procesu s využitím kvazistatického
viskoelastického materiálového modelu a kohezních kontaktů, metody časové diskretizace
a rozšířené metody konečných prvků pro dvourozměrné úlohy.

Prosazování netradičních materiálů, konstrukcí a technologií v moderním stavebnictví
vyžaduje i nové přístupy k vyšetřování jejich fyzikálních vlastností, při nichž se nelze
spoléhat na ty osvědčené. Simulace chování materiálových vzorků, konstrukčních prvků i
staveb jako celku se stává nezbytnou.
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2 Teoretické základy

Tato kapitola si klade za cíl uvést čtenáře do řešené problematiky a naznačit některé
otázky, na které se autor této práce snaží navázat v kapitole věnované vlastním výsledkům.

2.1 Použití metody metody konečných prvků na řešení
nestandardních úloh

Zde jsou specifikovány teoretické podklady pro první kapitolu věnovanou komentovaným
publikovaným pracím. První skupina se zaměřuje na speciální problémy modelování cree-
pového chování materiálů, speciálně na procesy probíhající při stlačování kovového prášku
či při zatěžování kompozitů s kovovou matricí. Druhou skupinu představují vláknové lami-
náty GLARE, jež byly vyvíjeny pro modernizaci letadel Airbus. Třetí skupina je věnována
konvergenci elastoplastických úloh při zatěžování těles s ostrou trhlinou. Všechny skupiny
používají k výpočtu standardní systémy, tj. Ansys a Abaqus. Na rozdíl od následujících
kapitol jsou tyto systémy používány přímo bez zasahování do standardních softwarů.

Obrázek 2.1: Model uzavřené pórovitosti (a) nový model, (b) dle literatury [7].

Hliník

Prepleg

Obrázek 2.2: Struktura sklolaminátu GLARE, převzato z en.wikipedia.org/GLARE.

Slinování (anglicky sintering) je proces zhutňování a formování pevné hmoty materiálu
teplem nebo tlakem, aniž by se roztavil do bodu zkapalnění. Slinování probíhá přirozeně
v ložiscích minerálů nebo jako součást výrobního procesu používaného s kovy, keramikou,
plasty a jinými materiály. Jako základní fyzikální procesy je nutno vyzvednout viskózní
tok přes hranice zrn a difúzi po hranicích zrn, struktury jsou s uzavřenou pórovitostí, jak
je naznačeno na obr. 2.1, při modelování této úlohy se vycházelo z prací [27] a [9].
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2. TEORETICKÉ ZÁKLADY

Sklolaminátový epoxid vyztužený hliníkem (GLARE, Glass Laminate Aluminum Re-
inforced Epoxy) je laminát z kovového vlákna (FML, Fiber Metal Laminate) složený
z několika velmi tenkých vrstev kovu (obvykle hliníku) proložených vrstvami preplegu ze
skleněných vláken, spojených dohromady matricí, jako je epoxid. Při modelování pomocí
MKP byla řešena otázka kritických směrů namáhání a iniciace vzniku trhliny při nízko-
cyklové únavě. Strukturu materiálu, nyní velmi využívaného v letectví, například v [39],
vidíme na obr. 2.2.

V této kapitole je proveden i úvod do problematiky numerického vypočtu veličiny ozna-
čované v experimentální oblasti jako lomová houževnatost, která je spojována s maximál-
ním napětím před čelem trhliny a v komentovaných pracích je jí věnována významná
pozornost. Různé konfigurace těleso/defekt vedou k rozdílným napěťově/deformačním
stavům (rozdílná úroveň plastické deformace), viz [28] a [35]. Z aplikačních důvodů, viz
obr. 2.3, byla snaha zavést dvouparametrovou lomovou mechaniku tak, aby byla možná
transformace stanovených veličin na jednoparametrový popis pomocí K, J. Podmínky na
špici trhliny, které lze těmito veličinami popsat, jsou označovány jako stav small-scale
yielding (SSY) či large-scale yielding (LSY), viz [40].

J

W

a1>a2>a3

a1 a2
a3

95%

5%

 

Obrázek 2.3: Predikovaný rozptyl lomové houževnatosti, převzato z Přílohy B1.

V rámci deformační teorie plasticity s předpokladem izotropního zpevňování pro Mise-
sovu podmínku plasticity byly uvažovány podmínky rovinné deformace a rovinné napja-
tosti pro případ plastického chování materiálu s mezí kluzu σ0 a exponentem deformačního
zpevnění n, jehož vlastnosti jsou popsány ve formě mocninné závislosti mezi napětím a
deformací typu Ramberg-Osgood [8].

2.2 Historie lokálního přístupu

Tento přístup, zejména v případě štěpného porušení, koreluje pravděpodobnost porušení
s distribucí napětí před čelem trhliny. Přestože je vznik porušení predikován z lokálního
napětí, jsou apriori v tzv. Weibullově napětí zahrnuty efekty jako: ztráta „constraintuÿ
(někdy v české literatuře označován jako stísnění, viz obr. 2.5), charakter zatěžování,
tepelně indukovaná napětí atd. Metodika lokálního přístupu (dále LP) je silným nástrojem
pro predikci životnosti komponent. Nutnost pečlivého a přesného určení napětí/deformace
v uvažovaném tělese je nezbytná.
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2.2. HISTORIE LOKÁLNÍHO PŘÍSTUPU

Princip je založen na předpokladu, že existuje malý, ale konečný objem materiálu, který
obsahuje množinu rovnoměrně rozložených defektů [3] a [8]. Problém křehkého porušení se
redukuje na nalezení kritického defektu. Úvahy dodržují předpoklad iniciace prasknutím
křehké částice, respektive tzv. kritického článku. Nechť existuje buňka o objemu V0, která
takovýto defekt obsahuje. Beremin [3] uvedl pravděpodobnost nalezení trhliny o délce l0
až l0 + dl0 ve tvaru

p(l0)dl0 = α/lβ0dl0, (2.1)

kde α a β jsou materiálové charakteristiky. Jestliže v objemu V0 elementární buňky působí
napětí σ, pak je možné pravděpodobnost porušení vyjádřit v integrálním formě

p(σ) =

∫
p(l0)dl0, (2.2)

kde integrujeme od kritické velikosti defektu lc. Nechť první materiálová charakteristika
je m = 2β − 2, potom po zavedení σu obdržíme pravděpodobnost porušení p(σ) ve formě

p(σ) = (σ/σu)
m, (2.3)

kde pro σu platí, že je to materiálová konstanta, pokud se neprojeví vliv teploty. Úvahy
se doposud týkaly jedné elementární buňky. Pro popis chování celého tělesa je nutné najít
integrální vyjádření pravděpodobnosti porušení. Takto popsané chování odpovídá mate-
maticky teorii slabého článku, která považuje systém za řetěz, který se poruší v okamžiku
porušení jedné buňky. Po úpravě do formy

p(σ, V ) = 1− exp
(
(−V/V0)(σ/A)β

)
, (2.4)

což je obecný zápis pravděpodobnosti porušení jako funkce napětí, a po zavedení Wei-
bullova napětí lze zapsat celkovou pravděpodobnost porušení ve tvaru

pf = 1− exp (− (σW/σu))
m , (2.5)

kde Weibullovo napětí je dáno vztahem

σw = [

∫
σm1 (dV/V0)]

1/m. (2.6)

Parametr m charakterizuje rozptyl a σu je napětí pro 63 % pravděpodobnost porušení, dV
je objem, kde působí napětí σ1. Tyto parametry jsou obvykle nezávislé na geometrii zku-
šebního tělesa. Elementární objem V0 se často nahrazuje veličinou λ, která je definována
jako

λ = V
1/3
0 . (2.7)

Nezbytným krokem před zahájením výpočtu je přesné stanovení závislosti skutečné na-
pětí/skutečná deformace při zvolené teplotě. Pro výpočet distribuce napětí/deformace
v testovaných tělesech je možné použít některou z implementací metody konečných prvků,
např. systémy Ansys, Abaqus aj. Dle [3], [1] či [8] jsou lokální parametry nezávislé na
geometrii zkušebního tělesa [26]. Poslední fází procedury je iterační proces hledání lokál-
ních parametrů. Jedná se o hledání 2 parametrů (v pozdějších pracích 3, viz například
Příloha B6, neboť se zavádí prahová hodnota napětí pro iniciaci porušení) Weibullova
rozdělení. To popisuje chování materiálu v závislosti na aplikovaném napětí σw. Dříve
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2. TEORETICKÉ ZÁKLADY

doporučovaná metoda nejmenších čtverců je pak později zaměněna za metodu maximální
věrohodnosti. V literatuře se však objevují hodnoty lokálních parametrů, které se navzá-
jem liší, srov. [14] a [19]. Kapitola zaměřená na komentář vlastních prací se bude věnovat
i tomuto nesouladu. 
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Obrázek 2.4: Princip přenositelnosti lomové houževnatosti, převzato z Přílohy B2.

Jednou z prvních prací, které se zabývaly řešení problému vlivu geometrie na lomovou
houževnatost v kontextu lokálního přístupu, bylo experimentálně-výpočtové řešení [23],
kde byla snaha transferovat lomovou houževnatost z těles o tloušťce 5,2 a 9,6 mm na
těleso 20 mm; původ této myšlenky lze nalézt v [13]. Významným prvkem při použití
těchto modelů je inherentní zahrnutí „constraintÿ efektu na lomovou houževnatost, viz
obr. 2.4. Pokud budeme sledovat jeho vliv [14], např. způsobený poklesem poměru a/W ,
na tvar závislosti J − σw, dojdeme k následujícímu závěru, že se zápornějším Q získává
křivka plošší charakter [33].

Definici parametru „constraintÿ a postup pro jeho určení lze vypozorovat z obr. 2.5,
σSSY se někdy označuje σref . Index 2 nebo 5 určuje polohu, kde se parametr Q počítá, σ0
je mez kluzu.

2.3 Modelování šíření trhliny

V průběhu šedesátých let se postupně vytvářely teorie, které byly schopny popsat chování
těles s trhlinou s uvažováním plastické zóny většího rozsahu, a přiblížit se tak reálnějším
podmínkám vznikajících při zatěžování těles s trhlinou.

V současnosti existuje několik postupů, které lze využít k řešení problému simulace
šíření trhliny pomocí MKP. Mezi první a nejstarší patří modelování stabilního růstu trh-
liny s využitím metody uvolňování uzlů. Druhou možnost představuje metoda

”
mizení“

elementů, v jejímž rámci jsou zahrnuty i nejnovější přístupy využívající kohezní elementy,
které jsou vlastně zobecněním kontaktu. Podrobněji budou rozebrány obě výše zmiňované
metody.
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2.3. MODELOVÁNÍ ŠÍŘENÍ TRHLINY
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Obrázek 2.5: Určení parametru „constraintÿ, převzato z Přílohy A5.

Obrázek 2.6: Definice modelu poškození Gurson-Tvergaard-Needleman.

První úpravu původní Gursonovy rovnice navrhuje Tvergaard [37]. Na základě vyhod-
nocení provedených experimentů doporučuje zavést dva (resp. tři) volitelné parametry
q1, q2, q3, obvykle q1 = 1, 5, q2 = 1, q3 = q21. Rozbor chování těchto parametrů byl prove-
den v [40]. Zde σY S je skluzové napětí materiálu matrice, σm je střední (hydrostatické)
napětí a f je objemový podíl dutin. Rozdíl mezi původním modelem a modifikovaným
je znázorněn na obr. 2.6, schematická situace před čelem trhliny na obr 2.7. Tvar tzv.
kompletního modelu je zapsán v následující rovnici, viz [6], nebo přesněji jako uživatelská
procedura pro Abaqus ve [42]:

Φ =
2

3

SijSij
σ2
Y S

+ 2q1f cosh

(
3

2

q2
2σm
σY S

)
− (1 + q3f

2) = 0. (2.8)

Zavedením efektivního objemového podílu dutin f ∗ se tedy v této rovnici f transformuje
na f ∗, kde pro f větší než fc se doplní rovnice (2.8) podle předpisu

10



2. TEORETICKÉ ZÁKLADY

f ∗ = fc −
f ∗u − fc
fF − fc

(f − fc), (2.9)

kde fc je kritický objem, při kterém dojde ke spojování dutin, fF je objem dutin při
konečném poškození a f ∗u = 1/q1.

 

Misesova podmínka. 

plasticity 

Gursonova podmínka 

plasticity 

D 

Obrázek 2.7: Schema modelů poškození před čelem trhliny, převzato z přílohy C2.

 

Obrázek 2.8: Schematický tvar kohezního prvku pro 2D.

Problematice přenositelnosti se věnoval [13], později [34] a [25], kalibrací [11]. Z aplika-
čních prací je třeba upozornit na [20] a [44].

Dalším typem prvků pro modelování šíření trhliny jsou prvky kohezní. Ty se původně
vyvinuly z kontaktních prvků a využívají myšlenky separace materiálu se vznikem nových
povrchů [36]. Prakticky se jedná o určitý fenomenologický popis, který nám charakteri-
zuje chování materiálu pomocí tzv. trakčně separačního zákona, díky němuž pak můžeme
predikovat lokální porušení; schematický tvar kohezního prvku pro 2D geometrii je na
obr. 2.8.

Existuje několik možností, jak implementovat kohezní zákon do komerčního systému
MKP. V předloženém práci se vychází z dlouholetých zkušeností s komerčním systémem
Abaqus, který umožňuje relativně snadné psaní vlastních uživatelských procedur pro pří-
pad některých speciálních typů poškozování, nových typů prvků, či uživatelskému ovládání
některých možností systému. Právě možnost psaní uživatelské procedury UEL (User’s Ele-
ment) se stala základem pro vytvoření a implementaci procedury pro trakčně separační
zákon. Obecný tvar tohoto zákona lze nalézt v [31] či v [15]. Prvotní verze je uvedena na
obr. 2.9, tento trakčně separační zákon byl dále modifikován, jak bude uvedeno v kapitole
věnované komentáři k vybraným vlastním výsledkům.
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2.4. VLÁKNOVÉ KOMPOZITY PRO STAVEBNICTVÍ A XFEM

2.4 Vláknové kompozity pro stavebnictví a XFEM

Vláknocementové kompozity patří do třídy perspektivních betonů s vyšší mechanickou
odolností proti vzniku trhlin. To umožňuje jemnější a ekonomičtější konstrukci; je tedy
nutný nový pohled na vytváření stavebních konstrukcí či nahrazení ocelové konstrukce.
Tyto konstrukce vystavené zatížení mohou mít za následek napětí v tělese překračující
pevnost materiálu, a tím vést k postupnému selhání. Taková selhání jsou často iniciována
povrchovými nebo blízkými povrchovými trhlinami, což snižuje pevnost materiálu.

Samostatný závažný problém přitom představuje nastavení materiálových parametrů
na makroskopické úrovni, podpořené vhodnými experimenty, jsou-li k dispozici aspoň
nějaké informace o struktuře materiálu, např. o nahodilých či záměrně preferovaných
směrech vláken; problémům tohoto druhu s důrazem na nedestruktivní či málo invazivní
zkušební metody (zejména rentgenografické, tomografické a elektromagnetické, pracující
se stacionárním magnetickým či s harmonickým elektromagnetickým polem) se podrobně
věnuje [4].

Pro praktické výpočty lze použít metodu časové diskretizace a rozšířenou metodu koneč-
ných prvků (anglicky eXtended Finite Element Method, zkráceně XFEM), viz obr. 2.11,
pracující s adaptivním obohacováním množiny bázových funkcí poblíž singularit [32]. Tato
metoda (včetně řady svých modifikací s vlastními názvy a označeními) má již poměrně
bohatou historii; o pokroku v posledních letech se lze přesvědčit porovnáním zaklada-
telských prací [2] a [17] s [12] a [16]. Obecnější postup pro náhodně orientovaná vlákna
předkládá [5], příklad reálného rozložení v drátkobetonu je v obr. 2.10.

Vznik mikrotrhlin [4] lze zohlednit zavedením součinitele porušení na základě přístupu
modifikující pole napětí a pracujícího s nelokálním Eringenovým modelem [10], schema-
tický diagram popisující výpočet napětí před čelem trhliny je znázorněn na obr. 2.12.
O rozhraních mezi matricí a vlákny, ale i uvnitř matrice, případně i vláken, v závislosti
na postupně aktivovaných makrotrhlinách, se většinou předpokládá, že je lze popsat ko-
hezním modelem podle [30], [29] či [22].

 

u


b
r

Jss

u1 u0

1= JSS/2SQRT(u0u1)

T0= 0

Obrázek 2.9: Trakčně separační zákon pro vláknové kompozity.
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2. TEORETICKÉ ZÁKLADY

Aplikace XFEM je schopna potlačit nevýhody v simulaci šíření soudržných trhlin; musí
však zvládnout neexistenci ostré singularity na špičce trhliny se složitějším odvozením
požadovaných napětí z posunů. Kompletní výpočetní model by měl obecně zahrnovat
vznik a šíření trhlin, jejich přemostění vlákny, ztrátu soudržnosti mezi vlákny a matricí,
jejich vzájemné klouzání třením a destrukci vláken; speciální funkce jsou nutné např. pro
singularity napětí v případě otevírání a zavírání trhlin. Schema šíření trhliny přes původní
prvky MKP je representováno na obr. 2.11.

Jednotný přístup překlenující měřítko pokrývající elastické a plastické chování spolu
s lomem a dalšími defekty vede k konceptu strukturované deformace, viz [24].

Uvažováním o modelech založených na mikromechanice se získají makro-konstitutivní
rovnice jednosměrných nebo náhodně rozložených vláken vyztužených materiálů s přihléd-
nutím k možnosti formování a šíření trhlin v matrici, jakož i k oddělování a lámání vláken.
Výpočtový model je nakonec použit v numerických simulacích, aby bylo možné nastínit
jeho spolehlivost při hodnocení jak fenoménu interakce vlákno-matice, tak schopnosti

Obrázek 2.10: Radiografický snímek rozložení vláken v drátkovém kompozitu, převzato
z Přílohy D1

Obrázek 2.11: Schema šíření trhliny pro XFEM, zkratka HE označuje „Heaviside Enri-
chmentÿ, CTE „Crack Tip Enrichmentÿ.
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2.4. VLÁKNOVÉ KOMPOZITY PRO STAVEBNICTVÍ A XFEM

předpovědi selhání lomu u vláknových kompozitů. Mechanické chování kompozitů s křeh-
kou matricí vyztužených vlákny, s důrazem na cementové kompozity, bude zkoumáno na
základě jak diskontinuitního přístupu, tak modifikovaných přístupů založených na MKP.

V XFEM je síť nezávislá na vnitřní hranici, jako jsou materiálová rozhraní a trhliny.
Tyto interní hranice obvykle způsobují slabé nebo silné diskontinuity pole proměnných,
které budou zohledněny v XFEM začleněním „enrichmentÿ funkcí do standardní aproxi-
mace MKP. V rámci XFEM je aproximace v prvku pro viskoelastické těleso s trhlinou
vyjádřena rovnicí ve tvaru dle [43]

uh(x) =
∑
i∈CA

Ni(x)ui +
∑
j∈CS

Nj(x)Hj(x)aj +
∑
K∈CT

NK(x)
4∑

m=1

Φm
K(x)cmK , (2.10)

kde CA, CS, CT jsou množiny bodů odpovídající obr. 2.13, H(x) je Heavisidova funkce.
Zjednodušeně řečeno první člen odpovídá standardní metodě konečných prvků, druhý
realizuje vznik trhliny a třetí kriterium vzniku, přičemž Φm

K representuje lokální situaci
před čelem trhliny.

Obrázek 2.12: Výpočet napětí před čelem trhliny pro nelokální přístup.

Obrázek 2.13: Ilustrace „enrichmentÿ funkce, prázdné kruhové uzly patří do CA, plné do
CT a plné hranaté do CS.
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3 Vlastní výsledky - komentář publikovaných
prací

Habilitační práce je sestavena jako komentář 26 vybraných článků publikovaných na me-
zinárodních konferencích, v impaktovaných a recenzovaných časopisech. V následující ka-
pitole budou komentovány práce, která jsou zařazeny v Příloze. Výsledky jsou rozděleny
do čtyř oblastí. Společným nosným problémem pro všechny kapitoly je využití metody
konečných prvků pro různé aplikace. Největší prostor je věnován problematice modelování
poškození pro několik druhů materiálů.

3.1 Přímé aplikace MKP

Jak již bylo uvedeno v teoretické části, viz obr. 2.1, při řešení úlohy Příloze A1 se sna-
žíme model zjednodušit pro jeho modelování ve 2D. To vede na určení čtyř zatěžovacích
případů, více viz Příloha A1; první dva jsou charakterizovány v obr. 3.1. Numerické vý-

Obrázek 3.1: Jednotková buňka pro zatížení 1 a 2.

počty difúzních polí na povrchu tetrakaidekahedronu se určují pro následující případy: (i)
Jednosměrné prodloužení ve směru [001]. V tomto případě je jedinou nenulovou složkou
rychlosti deformace ε̇33. Cílem je vypočítat potřebná napětí která způsobí tuto deformační
rychlost. (ii) Smyk na (100) rovinách ve směru [010]. Pak jsou pouze nenulová deformační
rychlost a složky napětí ε̇12 = ε̇21 a σ12 = σ21. (iii) Izostatické zatěžování se střední rych-
lostí deformace ε̇m = ε̇11 = ε̇22 = ε̇33 vede k hydrostatickému napěťovému stavu se střední
hodnotou σm. (iiii) Creep ve směru [001] bez pórů, kdy předepíšeme složky rychlosti defor-
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3.1. PŘÍMÉ APLIKACE MKP

mace ε̇33 = −2ε̇11 = −2ε̇22. Jak později ukázaly citace této práce, navržený model přesněji
charakterizuje chování keramických a kovových prášků při jednoosém zatěžování.

Na tuto práci navazuje Příloha A2, kdy se podařilo vytvořit funkční model pro kompo-
zity s kovovou matricí zpevněnou krátkými vlákny či karbidy křemíku. Jedná se o vhodný
materiál pro letectví, zejména o nahrazení titanu, či automobilový průmysl, zvláště pro
návrhy motorů. Důležitou úlohu zde hraje difúze po hranicích zrna a pokluzy po hrani-
cích. Příklady výsledků modelování pro logaritmus koeficientu difúze po hranicích zrn D

Obrázek 3.2: Rozložení napětí σ22 v oblasti stacionárního creepu různé vlastnosti rozhraní
zpevnění/matrice, převzato z Přílohy A2.

a rychlost pokluzů E jsou na obr. 3.2.
Problematice dalších druhů kompozitů, tentokrát sklolaminátu GLARE, lze nalézt

v Příloze A3 a A7.

Obrázek 3.3: Ekvivalentní plastická deformace ve Al vrstvě laminátu GLARE pro různé
velikosti iniciátoru napětí, převzato z Přílohy A3.

Výpočty společně s metalografií prokázaly, že první mikrotrhliny v rozích na krajích
vnitřních Al vrstev. Během dalšího zatěžování vznikají nové mikrotrhliny ve vnitřních
kovových vrstvách nehledíc na předchozí trhliny v materiálu. Nakonec začnou vznikat
trhliny v povrchových vrstvách, viz obr. 3.3 a 3.4.

V Přílohách A4, A5, A6 je hledána kritická zóna před čelem trhliny či vrubem. Ta
může být ovlivněna tvarem trhliny a určuje lomové chování komponenty. Je konfronto-
ván deterministický přístup (princip kritického napětí Příloha A4) s pravděpodobnost-
ním přístupem v Příloze A5 a A6. Numerické elastoplastické výpočty MKP slouží jako
podpůrný nástroj pro interpretaci fyzikální podstaty probíhajících mikromechanických
procesů. Ukázalo se, že tato lokální zóna není citlivá na změnu lomového mechanismu
a velikost kritického napětí lze brát jako materiálovou charakteristiku. Rovněž pro ko-
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rektnější predikci lomového chování je nutno využívat možnosti víceparametrové lomové
mechaniky. Tu lze, zejména J,Q přístup, využít i pro vysvětlení metod využívajících sta-
tistických přístupů. Určení těchto parametrů znamenalo přesnější výpočet pole napětí
a deformace před čelem trhliny, a tedy pro vysokou úroveň plastické deformace použití
deformační teorie plasticity či prodloužení závislosti skutečného napětí na skutečné de-
formaci mimo hodnoty získané přímým měřením. Případ korektního výpočtu lze najít
na obr. 3.5, kde je ukázán i případný rozptyl maximálního hlavního napětí σ1 a výpočet
„constraintuÿ pro různé tloušťky zkušebního tělesa. Symboly a,W,B označují postupně
délku trhliny, šířku zkušebního tělesa a jeho tloušťku. Zajímavým zjištěním je, že σ1 před
čelem trhliny pro krátké trhliny a/W = 0, 1 je výrazně nižší než pro ostatní konfigurace.

Řešení problémů lomové mechaniky je založeno na znalosti deformačně-napěťových cha-
rakteristik před čelem trhliny. V případě hodnocení chování komponent obsahujících trh-
linu určuje elasticko-plastická lomová mechanika přesně vztah mezi maximálním přípust-
ným vnějším zatížením a parametry komponenty (rozměry tělesa, materiálové vlastnosti,
velikost a polohu trhliny). MKP představuje vhodný nástroj pro získání přehledu roz-

Obrázek 3.4: Aplikované napětí pro řešené úlohy laminátu GLARE, převzato z Přílohy
A3.

Obrázek 3.5: J-Q diagram a maximální hlavní napětí versus vzdálenost od čela trhliny,
převzato z Přílohy A5.
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ložení polí deformací a napěťových polích v analyzovaném modelu. Poloměr zaoblení čela
trhliny se pohyboval kolem r = 0, 01 mm.

3.2 Lokální přístup

V přílohách B1 a B2 lze najít komentované výsledky věnované určování lokálních para-
metrů na tělesech s různým poloměrem vrubu a tělesech s trhlinou. V počátečních pracích
jsme vycházeli z literárního rozboru a používali dvouparametrový přístup, tj. použití pa-
rametrů m a σu, později, zejména v B6 a B7, tříparametrový model zavedením σth. Ze
závěrů je nutno zdůraznit, že lokální parametry jsou geometricky závislé, a to s tendencí
klesající poloměr zaoblení – rostoucí parametr m. Situace je však složitější, jak již bylo
zmíněno; hlavním problémem je stanovení vlastní distribuce napětí. V oblasti podléha-
jící rozsáhlé plastické deformaci dochází k nukleaci mikrodefektů, které svojí existencí
mění napěťové pole, viz tabulka 3.6. Na úrovni současných metod experimentálních i vý-
počtových nejsme schopni tento efekt identifikovat. Proto jsou pro stanovení lokálních
parametrů doporučovány tělesa s malým gradientem napětí, u kterých je větší procesní
zóna, a celkově je tak možné ovlivnění výpočtu okrajovými podmínkami nižší. Doporu-
čená velikost hrany použitých prvků pro MKP se stanovuje tak, aby v elementární buňce
bylo tak 10 možných vzniků defektů. To pro případ λ = 100µm znamená velikost hrany
prvku méně než 2− 6µm.

Příklad testů určování lokálních parametrů na rotačních tělesech s různým poloměrem
vrubu, σ0 označuje mez kluzu. Většina příloh označených B1-B7 se však věnuje problému

Obrázek 3.6: Vliv velikosti sítě a poloměru vrubu pro rotační tělesa, převzato z Přílohy B1.

Obrázek 3.7: Diagram Weibulova napětí a navržení TSM pomocí MBL, převzato z Pří-
lohy B3.
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přenositelnosti lomových charakteristik a lokální parametry jsou určovány na tělesech
s trhlinou. Bylo zjištěno, že přenos funguje pro tělesa se stejným tvarem koncentrátoru
napětí. Technika tvorby diagramu TSM, (Toughness Scalling Method), viz obr. 3.7, je
testována v Příloze B2 a B3; přehled je v Příloze B5, viz obr. 3.9.

Obrázek 3.8: Kalibrace lokálních parametrů, převzato z Přílohy B3.

Obrázek 3.9: Kalibrovaný TSM diagram, převzato z Přílohy B5.

Kroky postupu kalibrace použité pro TSM jsou následující, viz Příloha B3 a obr. 3.8:

• Vytvořit pravděpodobnostní diagram hodnocení (Pf = f(Jc)) pro dvě geometrie.

• Provézt výpočet MKP pro testované těleso a podmínky SSY.

• Weibullovo stanovení napětí pro testované těleso a podmínky SSY.

• Oprava omezení podle nejslabší tloušťky dle postupu ESIS E-1921.

• Nechť tSSY a tA označuje tloušťku pro SSY a pro konfiguraci A, pak je JSSY =
1.8 + (tA/tSSY )2(Jc − 1.8).

• Určíme b. Většinou se předpokládá hodnota b = 2, což znamená, že korigovaná
lomová houževnatost vyhovuje Weibullovu rozdělení s exponentem rovný dvěma.
Parametr β definuje hodnotu při 63% pravděpodobnosti porušení, což vede na

(
J

β

)2

=

(
σw
σu

)m
. (3.1)
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Podle modelu štěpného lomu polykrystalických kovů navrženého v [18] a verifikova-
ného v přílohách B6 a B7 je hodnota prahového napětí σth určena minimálním napětím
ζCmin odpovídajícím nestabilitě prasklého nukleakčního jádra. Potom lze prahovou hla-
dinu stresu popsat rovnicí

σth =
ζCmin

1 + tJζ11
, (3.2)

kde t (tolerance) ≈ 0,3 a ζCmin pro oceli ≈ 0,13.
Výsledné predikce jsou ukázány na obr. 3.10 či podrobněji v přílohách B6 a B7. Jedná

se o přenos z malého tělesa s trhlinou (PCVN) na těleso standardních rozměrů (SENB).

Obrázek 3.10: Predikované lomové houževnatosti pro 2 typy ocelí, převzato z Přílohy B7.

3.3 GTN model a použití kohezních prvků

Hlavní důraz je kladen na možnost predikce chování tělesa s trhlinou za předpokladu
deformačně řízeného mechanismu porušování. Tento úkol ve skutečnosti představuje vy-
užití hybridní metodologie spojující numerické modelování, experiment a mikroskopické
pozorování v jeden poměrně složitý celek. Experimentální data použitá pro modelování
lze nalézt převážně v práci [40]. Výsledky predikce jak pro model GTN, tak pro použití
kohezních prvků, byly ověřovány pomocí experimentálně získaných tzv. J − ∆a neboli
J −R křivek.

Stručně řečeno, přílohy C1 až C3 jsou zaměřeny na modelování šíření trhliny oběma
metodami. Využívají možností programových systémů Abaqus a Warp3D a věnují se
spíše vlivu jednotlivých parametrů v modelech na korektní predikci šíření trhliny. Jako
modelový materiál byla zvolena kovaná ocel, kde díky tvárnému porušení se mohlo využít
obou předložených metod.

Přílohy C4 až C7 ukazují modelování šíření trhliny pro jinou třídu materiálů. Jedná
se o kompozity zpevněné vlákny SiC se skelnou matricí. Z velikostního pohledu jsme
o řády níže a zde návrh trakčně separačního zákona vyžaduje ještě více pochopení fyzikální
podstaty probíhajících dějů. Proto byla vyvinuta uživatelská procedura v jazyce Fortran,
která byla implementována do komerčního systému Abaqus.

Na obr. 3.11 jsou prezentovány výsledky pro experimentální ocel a je testován vliv
parametru q2 pro model GTN na tvar predikce, podrobněji na obr. 3.12.

V Příloze C1 a C2 lze je uvedeno porovnání obou metod modelování šíření trhliny
pro experimentální ocel, viz obr. 3.13. Za zásadní výsledek v případě modelování šíření
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trhliny je považována nutnost kalibrace základních parametrů q1 a q2 modelu GTN, což

Obrázek 3.11: Zkušební CT těleso a predikce J-R křivky pro experimentální ocel, převzato
z Přílohy C2 a C1.

Obrázek 3.12: Vliv parametru q2 a faktoru triaxiality h na hodnotu J, převzato z Přílohy
C2.

Obrázek 3.13: Určení J - R křivky pro obě metody, převzato z Přílohy C2.

21



3.3. GTN MODEL A POUŽITÍ KOHEZNÍCH PRVKŮ

lze pozorovat nejen na obr. 3.13; nutno je také poukázat na přesné modelování závislosti
skutečné napětí - skutečná deformace, viz Příloha C2.

Pro případ modelování kompozitů se skelnou matricí, jejichž příprava je ukázána v Pří-
loze C5, byl použit speciální tvar trakčně separačního zákona, který byl matematicky
popsán v Příloze C6. Příklad kalibrace trakčně separačního zákona je podrobně popsán
v Příloze C4.

 

Obrázek 3.14: Kalibrace trakčně separačního zákona pro SiC, převzato z Přílohy C4.

Materiál použitý pro modelování přemosťovacích napětí byl komerčně dostupný kom-
pozit z borosilikátové skelné matrice vyztužené vlákny SiC Nicalon (viz 3.15). Vlastnosti
skleněné matrice, SiC vláken a kompozitu byly následující: Youngův modul 63, 198, 118
GPa, Poissonův číslo 0,22, 0,20, 0,21, pevnost v tahu 60, 2750, 600-700 MPa. Pro modelo-
vání růstu trhlin byla použita následující experimentálně stanovená data: J0 = 6200 J/m2,
Jss = 18500 J/m2, ∆uc = 0, 1 mm, ∆u1 = 0, 013 mm. Kalibrovaná data a konečný tvar
překlenovacího zákona lze vidět na obr. 3.14.

Obrázek 3.15: Snímek mikrostruktury borosilikátového skla, převzato z Přílohy C4.

Finální modelování pro kompozit s Si3N4, viz Příloha C7, je prezentováno na obr. 3.17.
Následující tabulka 3.16 ukazuje různé modifikace testovaných kompozitů. V práci je
uveden výsledek modelování pro variantu A a srovnání predikce pro standardní XFEM
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s výsledky získanými pomocí kohezních prvků. Tvar křivky pro speciálně kalibrovaný
trakčně separační zákon lépe vystihují experimentální pozorování.

Obrázek 3.16: Materiálové charakteristiky pro návrh trakčně separačního zákona pro
Si3N4, převzato z Přílohy C7.

Obrázek 3.17: Predikce J-R křivky pomocí XFEM a kohezních prvků, převzato z Přílohy
C7.

Na základě aplikace na konkrétní materiál Si3N4 lze konstatovat:

• Mechanismy přemostění trhlin mohou poskytnout podstatné zvýšení houževnatosti.

• Saturace v křivce J − R byla pro modelování XFEM dosažena podstatně později,
obvykle pro délku trhlin větší než 20 µm. Použitý model XFEM byl bez začlenění
přemosťujícího mechanismu.

• Saturace v křivce J−R byla dosažena pro soudržné modelování obvykle pro trhlinu
pro délku v intervalu 10 - 15 µm. Pravděpodobný je brzký začátek skutečného
přemostění; kvůli numerickým oscilacím mohou být získané hodnoty K menší.
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• Získané parametry pro trakčně separační zákon (přemostění) umožnily predikci J −
R; pro přesnou předpověď se jeví jako nezbytné určit alespoň maximální napětí σ0
experimentálně.

3.4 Modelování porušení stavebních kompozitů

Nedestruktivní testování struktury materiálu nabízí zpracování obrazu (2D rentgenové, 3D
tomografické), stacionární magnetické a nestacionární elektromagnetické přístupy. I v pří-
padě vláknobetonu, nejčastěji používaného kompozitu s (téměř) náhodně distribuovanými
vlákny používanými ve stavebnictví, je kontrola nad objemovým podílem a orientací vlá-
ken dosud možná pouze při výrobě čerstvé vláknobetonové směsi. Přidání vláken může
významně zlepšit mnoho technických vlastností betonu, zejména lomové houževnatosti,
pevnosti v tlaku, rázové houževnatosti a životnosti konstrukcí. Navíc v tahu také se zvy-
šuje pevnost, únavová pevnost a schopnost odolat praskání.

Výpočtová homogenizace makroskopického materiálu [38] se opírá o semi-analytické
směšovací vzorce pro speciální tvary vláken (přijatelné zejména pro jejich nízké objemové
podíly), o dvouškálovou homogenizaci periodických struktur nebo o alternativní výsledky
z asymptotické analýzy (G-konvergenci, H-konvergenci, Γ -konvergenci atd.), až po velmi
obecné (deterministické i stochastické) výsledky pro σ-konvergenci na homogenizačních
strukturách s četnými otevřenými problémy, srov. [32]. Žádoucí je jednotný přístup zo-
hledňující makroskopické a mikroskopické měřítko, pokrývající elastické a plastické cho-
vání společně s degradací a lomem.

Přílohy D1 a D2 se tedy věnují testování a hledání struktury vláknového kompozitu,
konkrétně drátkobetonu. Z hlediska modelování metodou konečných prvků je řešen zásadní
problém, tj. stanovení reprezentativního objemu RVE (v angličtině Representative Volume
Element) pro korektní výpočet, jak naznačuje obr. 3.18.

Obrázek 3.18: Rentgenografický snímek betonového vzorku o hraně 150 mm, axonomet-
rický pohled na povrch a dovnitř vzorku, viz Příloha D1.

Stejně jako u zjednodušeného modelového příkladu, vycházejícího z úvah podrobně roze-
braných v Příloze D3, můžeme pro potřebu výpočtového modelování vyjít z abstraktního
(obecně nelineárního) kvazistatického problému

〈G(u̇), v〉+ 〈A(u), v〉 = 〈F, v〉 , (3.3)

kde závorky odkazují na jistá duální přiřazení (v nejjednodušších případech skalární sou-
činy) pro reflexivní a separabilní Banachovy prostory V , v ∈ V označuje potřebnou vir-
tuální veličinu, například posunutí vztažené k referenční konfigurací. Tečka zde naznačuje
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parciální derivaci podle času, F je lineární funkcionál A(.) a G(.) jsou (spíše speciální)
zobrazení definované na V ; naším cílem je, aby abstraktní funkce u, zobrazující jistý ča-
sový interval, splňovala v každém čase t integrální rovnici (3.3) a mimoto vyhovovala
jistým předepsaným (zejména okrajovým a počátečním) podmínkám. Hlavní obtížnost
hypotetického přímého přístupu souvisí s nelinearitou A(.).

Rovnici (3.3) však lze metodou časové diskretizace (díky konvergenčním vlastnostem
Rotheho posloupností) převést na tvar

〈G(us − us−1), v〉+ h 〈A(us−1, us), v〉 = 〈Fs, v〉 , (3.4)

kde us a us−1 aproximují neznámou abstraktní funkci u v diskrétních časech t = sh a
t = (s− 1)h, stejně jako Fs v případě neznámé F ; zde s ∈ {1, ...,m} pro m = τ/h, kde τ
je délka uvažovaného časového intervalu (0 ≤ t ≤ τ), přičemž potřebujeme limitní případ
h → 0, tedy m → ∞. Po doplnění některých dodatečných podmínek a použitím normy
‖ . ‖ v prostoru V dostaneme

‖us‖2 +
s∑
r=1

‖ur − ur−1‖2 ≤ c

(
‖u0‖2 + h

s∑
r=1

‖Fr‖2
)
, (3.5)

kde c je generická konstanta; odtud je mj. zřejmá klesající norma ‖um − um−1‖ pro m→
∞.

Obrázek 3.19: Modelování šíření trhliny pro prosté použití XFEM, viz Příloha D3.

Jelikož (3.4) představuje v každém kroku lineární úlohu, ale stále v nekonečněrozměr-
ném prostoru V , je nutná další výpočetní diskretizace (kromě velmi speciálních konfigu-
rací se známými analytickými nebo semianalytickými řešeními). Takovou diskretizaci lze
naznačit podobně jako (2.10) ve tvaru

usi(x) = usiaψ(x) + usibψb(x) + usicψc(x), (3.6)

kde první člen obsahuje standardní tvarovou funkci na Ω, druhý „enrichmentÿ tvarovou
funkci na Θ a třetí kohezní „enrichmentÿ tvarovou funkci pro rozhraní.
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Pro výpočetní modelování byl vybrán vzorek s cementovou matricí a ocelovými vlákny,
viz Příloha D3. Numerické výsledky ukazují plošné šíření trhlin v porušeném tělese v zá-
vislosti na umístění vlákna a vlastnostech materiálu. Výztužný účinek vláken hraje vý-
znamnou roli ve směru šíření trhlin, viz obr. 3.19 : levý ukazuje počáteční stav, pravý
rozběhnutou trhlinu, která se vyhýbá vláknům.

Výpočtový model pro prakticky nejdůležitější případ cementových kompozitů obsahují-
cích krátká záměrně nebo kvazi-náhodně orientované ocelové, keramické, resp. polymerní
vlákna s jejich primárním potlačením některých složek napětí, je zaveden v Příloze D4 a
D5, přičemž podrobnější matematická formulace je v Příloze D5. Jeho numerický přístup
se opírá o upravenou metodu „eXtended Finite Elementÿ, kde lze použít jako kritérium
vzniku trhliny kohezní trakční separační zákon. To představuje implementaci nějakého
nelokálního konstitutivního vztahu napětí a napětí integrálního typu. Pak je věnována
pozornost zejména Eringenovu modelu pro generování multiplikativního faktoru poško-
zení, související kvazi-statické analýze, existenci slabého řešení odpovídajícího okrajového
a počátečního hodnotového problému s parabolickým systémem parciální diferenciální
rovnice a konvergenci algoritmu založeného na 3 typech Rotheho posloupnosti.

Obrázek 3.20: Mazarsův model, viz Příloha D5.

Obrázek 3.21: Aplikace homogenizačních postupů, viz Příloha D5.
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Navržený postup tedy kombinuje možnosti několika přístupů pro modelování šíření trh-
liny ve vláknových kompozitech. Primární je metoda XFEM, napětí před čelem trhliny se
přepočítává podle nelokálního přístupu, v celém tělese dle exponenciálního zákona poru-
šení. Na následujících obr. 3.20 a obr. 3.21 jsou prezentovány některé výsledky z Přílohy
D5.
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4 Shrnutí dosažených výsledků

Předložená práce ukazuje možnosti metody konečných prvků pro modelování různých
typů materiálů s odlišnou mikrostrukturou. Všechny úlohy mají společnou myšlenku:
na základě pochopení fyzikální podstaty probíhajících procesů využít mnohdy omezené
možnosti komerčních systémů. Tam, kde to jde, provést modifikaci či implementaci upra-
veného konstitutivního vztahu nebo se pokusit naprogramovat nový prvek do systému.
Většina modelovaných úloh řešila problémy viskoelasticity, elastoplasticity či zobecnění
kontaktu. Komentované práce by však nevznikly bez spoluautorů, kteří se spíše věnují
experimentální oblasti výzkumu.

Problematika predikce lomového chování pomocí Weibulova napětí σw byla velmi per-
spektivní pro třídu ocelí využívaných pro jaderný průmysl. Bylo zjištěno, že odvození
a použití těchto parametrů musí proběhnout nezbytně pro tělesa s podobným tvarem
koncentrátoru napětí. Později, dle výsledků v publikovaných pracích, se ukázala spíše
možnost použít σw pro přenositelnost naměřených hodnot lomové houževnatosti na ma-
lých tělesech na tělesa standardní velikosti, tedy řešit vliv velikosti a geometrie tělesa na
vznik a šíření trhliny. Jediným problémem se jeví velmi plochá křivka transformačního
diagramu TSM. Zajímavé a praktické pro technickou praxi je zavedení prahové hodnoty
napětí σth ve vzorci pro výpočet σw. Tento parametr vyžaduje dobré znalosti o příčinách a
mikromechanismech vzniku oblasti poškození před čelem trhliny pro daný typ materiálu.

Následující kapitola používající model GTN pro tvárné poškození ukázala velmi dobré
výsledky při predikci J−R křivky. Získané výsledky také prokázaly, že některé parametry
tohoto modelu jsou závislé na geometrii a velikosti tělesa. Z hlediska konvergence byl také
otestován a ověřen technický postup při návrhu tvarů prvků použitých před čelem trhliny,
což lze nalézt v některých komentovaných pracích. Zároveň si autor této práce vyzkoušel
postupy pro návrh trakčně separačního zákona a návrh a implementaci tzv. kohezních
prvků do systému na bázi metody konečných prvků. Tyto zkušenosti byly využity při
práci s několika druhy vláknových kompozitů jak na bázi skelné, tak i cementové matrice.

Poškození vláknových kompozitů je ve velké míře určeno chováním trhliny na rozhraní
odlišných materiálů. To bylo ukázáno již v úvodní kapitole pro úlohy v oblasti creepu a
snad nejvíce v poslední kapitole věnované stavebním kompozitům. Autor se zde pokusil
na základě dlouholetých zkušeností kombinovat některé známé postupy; zatím získané
výsledky mohou být motivací pro následný výzkum. Ukazuje se, že řešení těchto úloh je
z matematického pohledu velmi náročné a řešitelnost či konvergence výpočtových algo-
ritmů pro komplexní chování těchto úloh nebyla mnohdy formálně verifikována. To by
opětovně mohlo být námětem dalšího výzkumu v blízké budoucnosti.
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Abstract 

Fracture toughness transition behavior of C-Mn cast steel intended for fabrication of large 

transport and storage container for spent nuclear fuel (ŠKODA 440/84) has been carried out. 

The fracture resistance has been assessed using data from static tests of the bend CVN and 

pre-cracked (PCVN) specimens and from the axisymmetric notched tensile specimens. Local 

material parameters have been calculated arising from Beremin approach. Accepting this 

approach to the analysis of local criteria for cleavage fracture the location u and shape 

parameters m were calculated using FEM for notched tensile bars having various type of 

geometry. The first one was the tensile specimen with the same circumferential notch the 

same as for Charpy (CVN), the other three types were U geometry with radii 1; 0.7; 0.2 mm. 

The fracture toughness scaling diagram based on the local approach has been generated. 

 

1. Introduction 

 

The aim of the paper can be seen in using the Beremin conception [1] of local approach to fracture 

resistance assessment. The local approach uses internal microscale variables related to the material damage 

evolution in order to predict initiation of macroscale cracks in an elastic plastic regime. This methodology 

has been an invaluable complement for classical fracture mechanics which is based on a single parameter 

for characterizing fracture but not reproduce the transitional behavior satisfactory. The local approach 

consists of application of finite element calculation using very fine mesh to predict fracture. The use of 

Weibull statistics for modeling of defect distribution over characteristic volume of material under a critical 

state of stress allows the probability of general unstable fracture to be predicted. The main steps are 

determination of the first principal stress at the experimentally obtained load level at fracture, calculation of 

the Weibull stresses at fracture and an iterative maximum likelihood procedure for distribution parameters 

of the Weibull stress. The effort is concentrated on (i) the use of notched tensile bars and (ii) small test 

specimen (Charpy V notch or pre-cracked CVN) for fracture toughness temperature diagram determination 

including scatter characteristics.  

     Transport and storage containers for spent nuclear fuel have to ensure the safe enclosure of a 

radioactive material and must meet stringent requirements on safety. They must ensure the storage of 

radioactive material safely for expected container lifetime and also in the case of the most severe 

accident loading and earthquake shock. The container should be highly resistant to temperature and 

radiation embrittlement. Škoda Nuclear Machinery (Czech Republic) has introduced new design of a 

container for spent nuclear fuel. The cast design is based on thick walled pipe with bolted lids, both 

fabricated from cast low alloyed steel with ferritic microstructure.  

     For the safe enclosure of the radioactive material during transportation it must be shown that the crack 

extension will not occur. For the safe storage additional embrittling effects should be taken into account. 

Brittle fracture can occur under specific combination of temperature, mechanical and environmental 

loading conditions. When assessing if the material satisfies the demand on container resistance against 

catastrophic failure the following key problems have to be addressed from the fracture mechanical point 
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of view: (i) the transferability of fracture toughness data measured on small specimens to the component 

of much larger dimensions. And (ii) the prediction with a good probability of brittle fracture in case of 

the most severe accident loading and in case of radiation embrittlement. 

2. Theoretical background of the local approach  

In the local approach to cleavage fracture, the probability distribution (Pf) for the fracture stress of a 

cracked solid at a global level KJ or J is assumed to follow a two-parameter Weibull distribution [1,2] in 

the form: 
    

      

                                  (1) 

 

the stress integral over the fracture process zone is denoted w and is termed the Weibull stress. This 

stress is defined by 

                  

     
                                         (2) 

                                      
where m is so-called Weibull slope, V0 is a reference volume, the integral is computed over the plastic 

zone, and 1 is the first principal stress. The parameters u and m of the Weibull stress w at fracture are 

material parameters, i.e. independent of the stress state of materials, but may depend on the temperature. 

The first principal stress values are obtained from ABAQUS stress analysis and the Weibull stress is 

integrated element by element. 

     The determination of  two parameters m and u has to be performed iteratively as w depends on the 

parameter m. This can be done by the least square method or preferably by the maximum likelihood 

procedure, e.g. [2,3], u can be determined by the following equation 
 

 

                                                               (3)  

  

 

3. Material and experiment 
 

Manganese cast steel has been utilized for experiments having a chemical composition in wt % given in 

Tab. 1. Škoda Company has supplied the material as a component part produced for attest of the 

container of nuclear spent fuel. To guarantee the microstructure of specimens used for the static test to be 

the same  as that of an inner part of cast body the computer simulation of cooling of semi-product has 

been used. The heat treatment was done in the laboratory of ŠKODA Research Ltd. and as the result of 

this modeling was the scheme how to cut this experimental plate in size 55 x 90 x 250 mm from which 

three tested bodies were produced (in size 50 x 25 x 240 mm) for brittle fracture experiments. The size of 

semi-product was the compromise between the cooling rate for cooling simulation and furnace capacity. 

     True stress-strain curves have been measured using cylindrical specimens with a diameter of 6 mm 

being loaded over a temperature range of –196°C to -60°C at cross-head velocity of 2 mm.min-1. Standard 

FEA – ABAQUS 5.8 was used to model elastoplastic behaviour for tensile notched specimens.  

     Fracture toughness data were measured using a standard 25 mm thick specimen with a/W ratio of 0.5 

loaded in the 3-point bending. Small pre-cracked Charpy type specimens have been also tested in the 

same temperature range. For one selected temperature in lower shelf region (below temperature TGY at 

which FFR and FGY coincides on their temperature dependencies) a range of round tensile-notched bars 

were tested to obtain data for statistical local approach procedure treatment. 
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 C Mn Si P S Cr Ni Cu Mo V Ti 

ČSN Max 

0,12 

1 

1,6 

0,2 

0,5 

Max. 

0,03 

Max. 

0,02 

Max. 

0,3 

Max. 

0,4 

Max. 

0,3 

Max. 

0,15 

Max. 

0,03 

Max. 

0,05 

melt 0,1 1,11 0,36 0,01 0,015 0,11 0,28 0,28 0,03 - - 

plate 0,09 1,18 0,37 0,01 0,025 0,12 0,29 0,29 0,03 0,001 0,002 

 

 W Sn Al Nb Co As Sb 

Plate 0,01 0,055 0,038 0,004 0,012 0,012 0,0095 

 

Table 1: The chemical composition of manganese cast steel. 

4. Numerical modeling 

Accepting the Beremin approach and ESIS methodology [4] to the analysis of local criteria for cleavage 

fracture the location u and shape parameters m were calculated using FEM for notched tensile bars 

having various type of notch geometry (Table 2). The first one was the tensile specimen with the same 

circumferential notch as for Charpy (CVN), the other three types were U-notch geometry with radii 

1;0.7;0.2 mm. Statistics were made at least for 20 replicated experiments in all cases.  The influence of 

geometry and quality of mesh for FEM is presented in the Table 4 (V0e-6)3 m3 , th/0 = 1).  

     The intrinsic model for notched bars is proposed with respect to symmetry as a half of bar. The 

axisymmetric elements CAX6 from Abaqus FEM  [5] package are being used. In case of Charpy body 

the C3D8I elements were applied and due to symmetry the fourth part of body was solved. 

Approximately the same element size ahead the crack tip in the region 1 mm is being used because the 

data from this region are mainly exerted for determination of Weibull stress. The radii of notch was 

divided at least into 20 parts. The principal stress distribution at the maximum fracture force can be seen 

in Figure 1. 

 

Geometry No. of elements No. of nodes No. of plastic 

elements 

No. of plastic 

nodes. 

Steps CPU time 

[min] 

V notch 

8243 16784 7625 12234 17 48 

U 1 mm 

10279 20784 8747 16234 20 56 

U 0.7 mm 

8755 17836 7765 15788 14 39 

U 0.2 mm 

11303 22966 9645 18496 15 54 

 

Table 2: FEM mesh for various geometry 

 

     For the following step of modeling the right setting of determined material characteristics of the cast 

steel is necessary. As can be seen in [6], at tests temperatures the stress – strain curve has the region 

where the Lüders deformation is dominating. Therefore the standard relations seems to be not 

appropriate for the modeling. Incorrectness of standard Ramberg-Osgood or exponential description and 

then necessity to use  piecewise linear description expressed in case of modeling the body with a crack. 

The dependence measurement the true stress true strain provides the information below the values of 
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deformation 0.15-0.2. After some numerical tests and their comparison with experiments, the next 

expression in Tab. 3 were applied.  

 

 

 
Yield stress  <0,002434 – 

0,03981> 

 at –160°C 

 

hardening – 

E = 205 000 MPa 

 

 
Yield stress –



 at –100°C 

 

hardening – 

E = 205 000 MPa 

 

 

Table 3: Material properties 

 

The presented results for geometry which can be seen in Fig. 1 show the plastic size difference as to 

region where the maximal principal stress is dominant. For the sharp notch the localization is close to 

notch tip, but for the notch with big radius is distributed in bigger profile. To verify each experiment and 

its numerical results the checkup of the elongation and the contraction was done. The example of this 

procedure can be seen in Fig. 2. 

 

 

 

 

 

 

 

 

 

Fig. 1: Stress distribution ahead of notch tip 

 In case when the measured  and computed values are compared the quality is different for various 

geometry. This discrepancy can be explained by two factors. The first one is caused by the variability of 

yield stress and length of Lüders deformation, the second one by the different level of plastic 

deformation size. The both factors put forth at the same time by the comparison of data record force – 

elongation for various tested body geometry. This discrepancy is due to own measurement of elongation 

where the Lüders deformation plays the dominant role. This phenomenon was observed at experiments 

for which the dependence force – contraction was measured. In case U notch 0.7 mm the accordance was 

nearly perfect and we can raise a presumption that the computation in place of local deformation is less 

sensitive with respect to variability of material characteristics given by static tensile test, especially for 

the material in inhomogeneities such as can be found in cast steel. 
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Fig. 2: Elongation and contraction for U notch = 1 mm, the mean value is received from FEM, outer 

values corresponds to the maximum and minimum of the fracture force 

 

To determine the local parameters it is very important how to modify the base statistical data set. 

After the surface fracture inspection it is needful to omit these experiments whose character is unmatched 

to the weakest link theory. A selection is based on the usage of scanning digital camera and the following 

processing on  a personal computer. The investigation showed that the right criterion for selection can 

come from the following relation w= f (p), kde p= -2ln (d/do). Example of a such dependence is on the 

Fig. 3. The reference volume V0 is prescribed in [4] to be 0.001 mm3. This value relates to microstructure 

dimensions as well to the element size of the FE mesh. The acceptable choice is this where the curve is 

linear. It means that in our test set in case U notch  with radius 1 mm and 0.7 mm the valid data are for 

the deformation greater then 4 %, but for the specimen with  U notch 0.2 mm from 0.3 %.  

   The next problem solved in this paper is if the quality of the FE mesh size has some influence on the 

generated local parameters. As can be seen e.g. in Tab. 4, the influence of this is nearly insignificant. 

Establishing th/0  the influence of process zone was tested. But this aspect is insignificant for the same 

geometry too. Another problem is the difference in obtained local parameters for different notch 

diameter.  The quality of generated local parameters can be seen in Fig. 4. 
 

U notch 0.2 mm 

 ~11300 ~6500 ~3500 

th/0 m u m u m u 

0 65.6 1340 64.6 1343 63.3 1350 

1 65.6 1340 64.6 1343 63.3 1350 

1.5 65.6 1340 64.6 1342 63.3 1350 

U notch 0.7 mm 

0 17.0 2485 16.9 2491 16.8 2506 

1 17.0 2484 16.9 2491 16.8 2506 

1.5 16.9 2489 16.9 2494 16.8 2508 

U notch 1. mm 

0 18.2 2117 17.8 2145 17.8 2146 

1 18.2 2117 17.8 2146 17.8 2146 

1.5 18.2 2120 17.8 2148 17.7 2149 

 

Table 4: The influence of the mesh size and of the used process zone 
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Fig 3: : The valid data determination, v0 is given in mm3 

 

Fig 4: Probability of failure for m=18, u=2117 MPa 

5. Local parameters and fracture toughness scaling diagram  

The development of methodology for prediction of fracture behavior of components and structures has 

great practical meaning and one can suppose the new European norms setting and standard procedures 

for valuation of integrity of construction. E.g. using the Charpy pre-cracked specimens indicates to be 

very perspective for valuation of material degradation in nuclear industry. 

     The soundness of structures is usually ensured on the basis of several relatively well accepted rules. 

These rules are supposed to be able to assess the integrity for complex engineering applications on the 

base of exact measurement in laboratory, evaluation of received data according to standards and their 

transferability to components and structures. The most recent investment proved that e.g. the well-used 

characteristics as the fracture toughness cannot be generally used to the arbitrary geometry of body. The 
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new methods of experimental and theoretical fracture mechanics should be provide the right rules to 

solve it. Based on this concept, some works from seventies and eighties years are trying to predict values 

of KIC and relations between KIC and absorbed energy CVN. Values developed by linear or elastic plastic 

fracture mechanics are used for assessment of defect tolerance from a global view. At present, latest 

approaches can be characterized mostly by the knowledge of micromechanics and micromechanisms of 

failure. More recently the approach to the problems has been developed. This is the local approach which 

relies upon the fact that it is possible to model macroscopic fracture behavior of defected components in 

terms of local fracture criteria. This statistical approach, the methodology of local material parameters 

measurement using notched tensile specimens and some prediction of brittle fracture behavior prediction 

were worked out during solution of this problem. It is important to emphasize that local approach 

methodology has wider spectrum of approaches than were  incorporated in Beremin model  and others.   

     The results demonstrates the strong dependence of crack-tip field on the specimen geometry, mainly 

induced by shallow cracks and remote loading – the constraint phenomena is being studied. As can be 

seen in literature the Weibull stress w seems be as a suitable near-tip parameter to describe the coupling 

of the remote loading with a micromechanical model incorporating the statistics of microcracks (weakest 

link philosophy). Then one can used it to prediction of critical parameters of the fracture initiation for the 

various cracks length and geometry of body. The material parameters received  then make possible to use 

the J – Q stress field for the determination of the critical value of J integral Jc versus Q parameter. This 

dependence Jc –Q, incorporating the probability of failure, is more precise then the result based on model 

of critical fracture stress. The result received can more precisely describe the behavior of bodies with 

cracks and better study the problems of transferability of some fracture parameter from one body 

geometry to another. 

    The first one methodic of transferability of the fracture toughness was studied on the pre-cracked 

Charpy specimens and standard bodies (1T). The Dodds and Anderson [7] have proposed to quantify the 

relative effects of constraint variation on the cleavage fracture toughness in the form toughness-scaling 

model . They approached lost of constraint by postulating the material volume ahead of the crack front 

over which the principal stress exceeds a critical value as a local fracture criterion without respect for the 

J integral value. The first one studies can be found out  in same woks, where as principal  can be 

regarded: (i) the Dodds and Anderson approach , (ii) the Koppenhofer approach , (iii) the Minami and 

others [8, 9, 10]. 

(i) The method is getting from  the philosophy of diagram construction Jo/bo versus JFE/ bo, where b is 

body thickness and o is yield stress. The principle is to transfer from tested geometry, where the elasto-

plastic fracture toughness is measured, to small scale yielding state (SSY). (ii) These method demonstrate 

the dependence of Weibull stress w on the crack-tip stress triaxility and the transfer diagram w versus 

computed value of JFE is being constructed. The idea is to used to same value of probability of failure. In 

the beginning we have to determine the local parameters, m and u, and compute w of bodies of various 

geometry. (iii) This approach is modified Koppenhofer method and the construction ln(ln(1/Pf))) versus 

w is generated. 

     The results demonstrates the strong dependence of crack-tip field on the specimen geometry, mainly 

induced by shallow cracks and remote loading – the constraint phenomena is being studied.  As can be 

seen in [9] the Weibull stress w seems to be as a suitable near-tip parameter to describe the coupling of 

the remote loading with a micromechanical model incorporating the statistics of microcracks (weakest 

link philosophy). Then one can use it in the prediction of critical parameters of the fracture initiation for 

the various cracks length and geometry of body. The material parameters received [10,11] then make 

possible to use the J – Q stress field for the determination of the critical value of J integral Jc versus Q 

parameter. This dependence Jc –Q, incorporating the probability of failure, is more precise than the result 

based on model of critical fracture stress [8]. The result received can more precisely describe the 

behavior of bodies with cracks and better study the problems of transferability of some fracture 

parameter from one body geometry to another. The transformation diagram for three SENB geometry and 

pre-cracked Charpy was determined and is presented in Fig. 5 and the calculation matrix in Tab. 5.  
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Geometry Size [mm] Nodes Layers Calculation 

Charpy a/W = 0.5 10x10x55 16300 15 11 

Charpy a/W = 0.5 10x10x55 35400 30 1 

a/W = 0.1 25x26x104 27800 15 9 

a/W = 0.2 25x30x120 23900 15 10 

a/W = 0.5 25x50x200 16200 15 1 

 

Geometry a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 

Charpy a/W = 0.5 4.65 4.8 4.9 4.95 5 5.05 5.1 5.2 5.25 5.3 5.55 

a/W = 0.1 2 2.22 2.3 2.4 2.5 2.7 2.8 3.2 3.7   

a/W = 0.2 4.7 5.5 6 6.15 6.3 6.5 7 7.2 7.4 7.6  

a/W = 0.5 25           

 

Table 5: Calculation matrix 

Fig. 5: Fracture toughness scaling diagram for the manganese cast steel 

Scatter band can be generally described as can be seen in Fig. 6. We can say that the bigger is the 

crack length the bigger is the scatter band.  

6. Conclusion 

The main results obtained in this work can be summarized into the following points: 

 

- The Beremin model with strain correction (slightly adapted) is used for the calculation of w. The 

iterative procedure using the maximum likelihood theory was applied and the geometry effect for 

various notch radius of tensile bars is observed. 

- The local parameters generated on the geometry with U notch 0.2 mm, V notch 0.25 mm and on the 

Charpy specimen give practically the same values. 
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- The valid local parameters are received on test specimens with notch radius 0.7 and 1 mm, where the 

character of maximum principle stress distribution has no influence on the microstructure 

inhomogenities which can be found in the cast steel. 

- The fracture toughness scaling diagram based on the local approach for three geometry was 

determined and used for the transformation of data received on small pre-cracked specimens. Other 

experiments are currently being carried out to test this approach. 

- The influence of the crack length on the scatter band has been observed, prediction on a/W =0.5 and 

SSY(small scale yielding) can be seen in the Fig.8. 
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Fig.6: Fracture toughness scaling diagram based on the Weibull stress 

 

 
 

Fig. 7: Detail of mesh tip 
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Abstract 
 
In this work, the use of the Weibull stress as a measure of the failure 
probability of cracked body is tested. Fracture of large engineering structures 
and conventional safety assessment and integrity of components and structures 
still remains a top field of research in the experimental and the theoretical 
fracture mechanics. Weibull stress seems to be a parameter for prediction of 
cleavage failure of cracked bodies and the study is focused to assess the effects 
of constraint loss on cleavage fracture toughness (Jc). To quantify the relative 
effects of constraint variation on the cleavage fracture toughness the form of 
the toughness-scaling model based on the Weibull stress σw is investigated. 
Local material parameters have been calculated arising from Beremin 
approach. It is based on weakest link assumption and incremental fracture 
probability, which depends not only on the maximum principal stress, but also 
on the equivalent plastic strain. Accepting this approach to the analysis of local 
criteria for cleavage fracture the location σu and shape parameters m were 
calculated using FEM for notched tensile bars having various type of geometry. 
The aim of the paper can be seen in fracture toughness correction from various 
specimen geometries to small scale yielding (SSY). The fracture resistance has 
been assessed using data from static tests of the bend specimens and from the 
axisymmetric notched tensile specimens. The standard finite element method 
package Abaqus was applied and the manganese cast steel considered for 
storage and transport container for spent nuclear fuel (SKODA) was selected 
as an experimental material.  



.)(exp1)( 







−−= m

u

W
WfP

σ
σ

σ

1 Introduction 
 
Transport and storage containers for spent nuclear fuel have to ensure the safe 
enclosure of a radioactive material and must meet stringent requirements on 
safety. They must ensure the storage of radioactive material safely for the 
expected container lifetime and also in the case of the most severe accident 
loading and earthquake shock. The container should be highly resistant to 
temperature and radiation embrittlement. Škoda Nuclear Machinery (Czech 
Republic) has introduced a new design of container for spent nuclear fuel. The 
cast design is based on thick walled pipe with bolted lids, both fabricated from 
cast low-alloyed steel with ferritic microstructure.  
          For the safe enclosure of the radioactive material during transportation it 
must be shown that the crack extension will not occur. For the safe storage 
additional embrittling effects should be taken into account. Brittle fracture can 
occur under specific combination of temperature, mechanical and 
environmental loading conditions. When assessing if the material satisfies the 
demand on container resistance against catastrophic failure the following key 
problems have to be addressed from the fracture mechanical point of view: (i) 
the transferability of fracture toughness data measured on small specimens to 
the component of much larger dimensions. And (ii) the prediction with a good 
probability of brittle fracture in case of the most severe accident loading and in 
case of radiation embrittlement. 
 
2 Theoretical background of the local approach 
 
Cleavage fracture is a sequential process involving crack initiation and 
propagation. Crack nucleation occurs in most steels at brittle grain boundary 
particles (e.g. carbides) due to stress concentration caused by the dislocations 
pile-ups at these particles. This explains the experimental fact that local plastic 
deformation always preceded cleavage fracture. The local approach for 
cleavage is based on the weakest link concept (see Fig. 1) which postulates that 
failure of the body of a material containing a large number of statistically 
independent volumes is triggered by the failure of one of the reference volume 
[1]. In Ref. [2], the reference volume Vo was identified as a material volume 
related to likelihood of finding cracked carbide. In a finite element analysis it is 
kept to be constant and to be computed Weibull stress independent of the finite 
element mesh used the size of the element in the plastic zone ahead the crack 
tip must be smaller that size of Vo. 
     In the local approach to cleavage fracture, the probability distribution (Pf) 
for the fracture stress of a cracked solid at a global level KJ or J is assumed to 
follow a two-parameter Weibull distribution [1,2] in the form: 
 

 
  (1) 
 



,
1

/1

1
0

m

m
w dV

V 







= ∫σσ

The stress integral over the fracture process zone is denoted σw and is termed 
the Weibull stress. This stress is defined by 
 

 
   (2) 

 
 
where m is so-called Weibull slope, V0 is a reference volume, the integral is 
computed over the plastic zone, and σ1 is the first principal stress. The 
parameters σu and m of the Weibull stress σw at fracture are material 
parameters, i.e. independent of the stress state of materials, but may depend on 
the temperature.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure1: Fundamentals of the local approach. 
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     The determination of two parameters m and σu has to be performed 
iteratively as σw depends on the parameter m. This can be done by the least 
square method or preferably by the maximum likelihood procedure, e.g. [2,3], 
σu can be determined by the following equation 
 

 
  (3) 

 
   

    
3 Local parameters and fracture toughness scaling diagram  
 
The development of methodology for prediction of fracture behaviour of 
components and structures has great practical meaning and one can suppose the 
new European norms setting and standard procedures for valuation of integrity 
of construction. E.g. using the Charpy pre-cracked specimens indicates to be 
very perspective for valuation of material degradation in the nuclear industry. 
     The soundness of structures is usually ensured on the basis of several 
relatively well-accepted rules. These rules are supposed to be able to assess the 
integrity for complex engineering applications on the base of exact 
measurement in laboratory, evaluation of received data according to standards 
and their transferability to components and structures. The most recent 
investment proved that e.g. the well-used characteristics as the fracture 
toughness couldn’t be generally used to the arbitrary geometry of body. The 
new methods of experimental and theoretical fracture mechanics should 
provide the right rules to solve it. Based on this concept, some works from the 
seventies and eighties are trying to predict values of KIC and relations between 
KIC and absorbed energy CVN (e.g. [1]). Values developed by linear or elastic 
plastic fracture mechanics are used for assessment of defect tolerance from a 
global view. At present, the latest approaches can be characterized mostly by 
the knowledge of micromechanics and micromechanisms of failure. More 
recently the approach to the problems has been developed. This is the local 
approach that relies upon the fact that it is possible to model macroscopic 
fracture behaviour of defected components in terms of local fracture criteria. 
This statistical approach, the methodology of local material parameters 
measurement using notched tensile specimens and some prediction of brittle 
fracture behaviour prediction were worked out during solution of this problem. 
It is important to emphasize that local approach methodology has wider 
spectrum of approaches than were incorporated in Beremin model and others.   
    The first one methodic of transferability of the fracture toughness was 
studied on the pre-cracked Charpy specimens and standard bodies (1T). The 
Dodds and Anderson [4] have proposed to quantify the relative effects of 
constraint variation on the cleavage fracture toughness in the form toughness-
scaling model. They approached lost of constraint by postulating the material 
volume ahead of the crack front over which the principal stress exceeds a 



critical value as a local fracture criterion without respect for the J integral 
value. The first one studies can be found out in same works, where as principal 
can be regarded: (i) the Dodds and Anderson approach, (ii) the Koppenhofer 
approach, (iii) the Minami and others [5, 6, 7]. 
     (i) The method is getting from the philosophy of diagram construction Jo/bσo 
versus JFE/ bσo, where b is body thickness and σo is yield stress. The principle is 
to transfer from tested geometry, where the elasto-plastic fracture toughness is 
measured, to small scale yielding state (SSY). Schematic outline can be seen at 
Fig. 2. (ii) This method demonstrates the dependence of Weibull stress σw on 
the crack-tip stress triaxility and the transfer diagram σw versus computed value 
of JFE is being constructed. The idea is to use to same value of probability of 
failure. In the beginning we have to determine the local parameters, m and σu, 
and compute σw of bodies of various geometry. (iii) This approach is modified 
Koppenhofer method and the construction ln(ln(1/Pf))) versus σw is generated. 
 
 

 
 

Figure 2: Schematic outline of modified boundary layer method. 
 

4 Material characteristics and experiments 
 

Manganese cast steel has been utilized for experiments having a chemical 
composition in wt % given in Table 1. Škoda Company has supplied the 
material as a component part produced for attest of the container of nuclear 
spent fuel. To guarantee the microstructure of specimens used for the static test 
to be the same as that of an inner part of cast body the computer simulation of 
cooling of semi-product has been used. The heat treatment was done in the 
laboratory of ŠKODA Research Ltd. and as the result of this modelling the 
scheme how to cut this experimental plate in size 55 x 90 x 250 mm from 
which three tested bodies were produced (in size 50 x 25 x 240 mm) for brittle 
fracture experiments. The size of the semi-product was the compromise 
between the cooling rate for cooling simulation and furnace capacity. 



     True stress-strain curves have been measured using cylindrical specimens 
with a diameter of 6 mm being loaded over a temperature range of –196°C to -
60°C at crosshead velocity of 2 mm.min-1. Standard FEA – ABAQUS 5.8 [8] 
was used to model elastoplastic behaviour for tensile-notched specimens.  
     Fracture toughness data were measured using specimens with a/w ratio of 
0.5, 0.2, 0.1 loaded in the 3-point bending. The size of these specimens is given 
in Table 2. For one selected temperature in lower shelf region (below 
temperature TGY at which FFR and FGY coincides on their temperature 
dependencies) a range of round tensile-notched bars were tested to obtain data 
for statistical local approach procedure treatment. 
 
 
 C Mn Si P S Cr Ni Cu Mo V Ti 

CSN Max 

0,12 

1 

1,6 

0,2 

0,5 

Max 

0,03 

Max 

0,02 

Max 

0,3 

Max 

0,4 

Max 

0,3 

Max 

0,15 

Max 

0,03 

Max 

0,05 

melt 0,1 1,11 0,36 0,01 0,015 0,11 0,28 0,28 0,03 - - 

plate 0,09 1,18 0,37 0,01 0,025 0,12 0,29 0,29 0,03 0,001 0,002 

 
 W Sn Al Nb Co As Sb 

Plate 0,01 0,055 0,038 0,004 0,012 0,012 0,0095 

 
 

Table 1: The chemical composition of manganese cast steel. 
 

 
Geometry Size [mm] Nodes Layers Calculation 

Charpy a/W = 0.5 10x10x55 16300 15 11 
Charpy a/W = 0.5 10x10x55 35400 30 1 

a/W = 0.1 25x26x104 27800 15 9 
a/W = 0.2 25x30x120 23900 15 10 
a/W = 0.5 25x50x200 16200 15 16 

 
Table 2: Specimens used for determination of the TSM diagram. 

 
 

5 Numerical determinations of local parameters and TSM 
 
Accepting the Beremin approach and ESIS methodology [9] to the analysis of 
local criteria for cleavage fracture the location σu and shape parameters m were 
calculated using FEM for notched tensile bars having various type of notch 
geometry. The first one was the tensile specimen with the same circumferential 



notch as for Charpy (CVN), the other three types were U-notch geometry with 
radii 1; 0.7; 0.2 mm. Statistics were made at least for 20 replicated experiments 
in all cases.   
     The intrinsic model for notched bars is proposed with respect to symmetry 
as a half of bar. The axisymmetric elements CAX6 from Abaqus FEM  [8] 
package are being used. In case of Charpy body the C3D8I elements were 
applied and due to symmetry the fourth part of body was solved. 
Approximately the same element size ahead the cracks tip in the region 1 mm is 
being used because the data from this region are mainly exerted for 
determination of Weibull stress. The radii of notch were divided at least into 20 
parts. The quality FEM approximation can be seen from Table 3. 
 
 

Geometry No. of 
elements 

No. of 
nodes 

No. of 
plastic 
elements 

No. of 
plastic 
nodes. 

V notch 8243 16784 7625 12234 
U 1 mm 10279 20784 8747 16234 
U 0.7 mm 8755 17836 7765 15788 
U 0.2 mm 11303 22966 9645 18496 

 
Table 3: FEM mesh for notched specimens. 

 
     To determine the local parameters it is very important how to modify the 
base statistical data set. After the surface fracture inspection it is needful to 
omit these experiments whose character is unmatched to the weakest link 
theory. A selection is based on the usage of scanning digital camera and the 
following processing on a personal computer. Some data were received using 
scanning electron microscopy. In all cases carbides were found at the cleavage 
origin; example can be seen in Fig. 3. The investigation showed that the right 
criterion for selection can come from the following relation σw= f (εp), kde εp= -
2ln (d/do). The acceptable choice is this where the curve is linear. It means that 
in our test set in case U notch with radius 1 mm and 0.7 mm the valid data are 
for the deformation greater then 4 %, but for the specimen with U notch 0.2 
mm from 0.3 %.  
     The material parameters received then make possible to use the J – Q stress 
field for the determination of the critical value of J integral Jc versus Q 
parameter. This dependence Jc –Q, incorporating the probability of failure, is 
more precise than the result based on model of critical fracture stress [5]. The 
result received can more precisely describe the behavior of bodies with cracks 
and better study the problems of transferability of some fracture parameter from 
one body geometry to another. The transformation diagram for three SENB 
geometry and pre-cracked Charpy was determined and is presented in Fig. 5. 

 
 



 

 
 
 

Figure 3: A carbide particle observed at the cleavage origin. 
 

 
Figure 4: Probability of failure for m=18, σu=2117 MPa. 
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Figure. 5: Toughness scaling diagram for the manganese cast steel. 
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Figure. 6: FT prediction for a/w = 0.5 and SSY. 



6 Conclusion 
The main results obtained in this work can be summarized into the following 
points: 
- The Beremin model with strain correction (slightly adapted) is used for the 

calculation of σw.  
- The valid local parameters are received on test specimens with notch 

radius 0.7 and 1 mm, where the character of maximum principle stress 
distribution has no influence on the microstructure inhomogenities that can 
be found in the cast steel. For more detailed information see [10]. 

- The fracture toughness-scaling diagram based on the local approach for 
three geometries was determined and used for the transformation of data 
received on small pre-cracked specimens. Other experiments are currently 
being carried out to test this approach. 

- The influence of the crack length on the scatter band has been observed, 
prediction on a/W =0.5 and SSY can be seen in the Fig. 6. 
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ABSTRACT: An extensive investigation has been carried out on the sensitivity parameters 
determination describing the fracture behaviour of body with crack with respect to the 
character change of true stress-strain curve with dominant region of Lueders deformation. 
The attention is paid on the influence of hardening exponent of deformation to the history 
of the idealised true stress-strain material curve described by the Ramberg-Osgood 
relation. Above mentioned tests are used for the correct Weibull stress determination, 
which is as a measure of the failure probability of cracked body. The Weibull stress model 
for cleavage fracture of cast steel requires calibration of two micromechanics parameters 
(m, σu). Weibull stress seems to be a parameter for prediction of cleavage failure of 
cracked bodies and the study is focused on the assessment of the effects of constraint loss 
on cleavage fracture toughness (Jc). Local material parameters have been calculated 
arising from Beremin approach and calibration is based on the Gao and Ruggieri 
approach. The aim of the paper can be seen in fracture toughness transfer and correction 
from pre-cracked specimens to small scale yielding (SSY) represented by 1T (SENB) 
specimens and their precise computation using FEM. The fracture resistance has been 
assessed using data from static tests of the three point bend specimens.  

 
  
Introduction 
 
To quantify the effects of constraint variation on the cleavage fracture 
toughness the form of the toughness-scaling model based on the Weibull 
stress σw is investigated. Method is based on weakest link assumption and 
incremental fracture probability, which depends not only on the maximum 
principal stress, but also on the equivalent plastic strain. It seems that for 
transferring of fracture-mechanical data from test specimens to exposed real 
constructions or to its monitored parts, it is necessary to use two-parameter 
fracture approach. This requirement involved large investigations, which are 
considered of the constraint influence near the crack tip to fracture 
behaviour. Recent extensive investigations on crack tip constraint effects 



 

 

provide a necessity of testing various constraint configurations, such as 
shallow-cracked SEN(B) specimens. 
     Determining of static fracture toughness on SEN(B) specimens is one of 
the basic fracture mechanics test. As a result of this test are significant 
values of static fracture toughness, which depends upon temperature. It must 
be emphasised that the most important values are critical K-value, in case of 
using linear-elastic fracture mechanics and critical value of J-integral, in 
case of using elastic-plastic fracture mechanics. Subsequently we confine 
our investigation to elastic-plastic material behaviour.    
     More realistic description of crack tip stress and deformations fields has 
been developed. Approaches are based on two-parameter characterization of 
crack tip fields, such T- stress and nondimensional Q-stress. In both 
approaches, J sets the magnitude of near tip deformation, while the second 
parameter characterizes the level of stress triaxiality. These J-T and J-Q 
approaches retain contact with traditional fracture mechanics. Laboratory 
measurements on the specimens with varying crack length (changing the 
relation a/W) and with the same ligament showed increasing values of 
fracture toughness expressed using Jc versus decreasing crack length. 
Following the idea of Sumpter [1], Kirk and Dodds [2] investigated several 
possibilities of J-integral and CTOD estimation for SEN(B) specimens with 
shallow crack. For fracture toughness valuation on the base two-parameter 
fracture mechanics the evaluation of parameters, which express the 
constraint ahead the crack tip in our case Q-parameter, is critical.  Several 
approaches exist: (i) On the base of experimentally determined dependence 
Jc on a/W the Q calculation comes after from numerically given stress fields 
received by FEM for every analysed body separately. (ii) Statistical 
approach using so called local approach [3]. We limit our focus to a stress 
controlled, cleavage mechanism for material and adopt the Weibul stress 
(σw) as the local parameter to describe crack-tip conditions. Unstable crack 
propagation occurs at a critical value of (σw) which may be attained prior to 
or following some amount of stable, ductile crack extension. Function Jc(Q) 
can be found on the base so called toughness scaling models. The procedure 
focuses on an application of the micromechanical model to predict specimen 
geometry and crack effects on the macroscopic fracture toughness Jc Dodds 
[4] and Anderson [5]. The procedure requires attainment of equivalent 
stressed volumes ahead of a crack front for cleavage fracture in different 
specimens. This can be done e.g. on the base of Weibul stress, because the 
Weibull stress incorporates both the effects of stressed volume and the 
potentially strong changes in the character of the near tip stress fields due to 
constraint loss and ductile crack extension [6]. 



 

 

Experiments and modeling 
 
As an experimental material C-Mn cast steel was used. This material was 
modelled as homogenous and isotropic with elastic constants E=2,05.105 
MPa and µ=0.3. The average value of yield stress was 360 MPa. The testing 
temperature was –100 ºC. In case of using incremental theory of plasticity 
the curve σ−ε was modelled by 23 points, which were connected to linear 
parts. These points belong to experimental measured stress-strain curve.  
     In case of using deformation theory of plasticity material was described 
by Ramber-Osgood relation: 

       
            

      (1)                                      
   
 
where n  is hardening exponent, a is hardening coefficient,  ε0  is yield strain 
and  σ0 is yield stress. 
 
 
TABLE 1:  Test specimen geometry in mm 
 
 a/W=0.1 a/W=0.2   a/W=0.5 

 
Pre-
cracked 
Charpy 

L 120 140 250 55 
B 25 25 25 10 
W 26 30 50 10 
l 104 120 200 40 
  

    Figure 1: 3PD test 
 

     All computations are based on 3D elastic-plastic analysis using FEM, 
concretely Abaqus version 6.1 [7]. Example of 3D model is shown in the 
Figure 2, where only one quarter of real body is turned over because of two 
symmetry planes. Models were meshed with eight-node hybrid elements 
included in Abaqus. 15 680 of elements (C3D8H) were used it means 17884 
nodes. The figure below (Figure 3) shows the detail around the crack. As 
can be seen a very fine mesh is required. Element size is increased instantly 
when the radial distance is increased from the crack front. Outer radius of 
the area (Figure 3) was 0.1 mm and the crack tip radius was 0.01mm. 
Twelve elements were used for dividing this radius. Thus, the characteristic 
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element length was 8,3.10-4 mm; at least ten layers of elements in the 
direction of thickness were used.  
 

 
 

Figure 2. Example of 3D FEM mesh  

 
Figure 3. Detail of the crack tip 

 
 
 
 

Four calculations were solved for range of value n in case of using 
deformation theory of plasticity because of choosing the proper value n. 
Selection of proper value n was based on comparing the relations between 
force and displacement. After that value of hardening exponent n=8 was 
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applied as the best fit, as well as the value of hardening coefficient a=1. 
Hence the model of continual hardening material was determined. Its 
behaviours are very similar as with real material with Luders strain region. 
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Figure 4. True stress strain curve and its approximation 
 
 

Toughness scaling model based on Weibull stress 
 
The local approach for cleavage is based on the weakest link concept that 
postulates that failure of the body of a material containing a large number of 
statistically independent volumes is triggered by the failure of one of the 
reference volume [3]. In the local approach to cleavage fracture, the 
probability distribution (Pf) for the fracture stress of a cracked body at a 
global level KJ or J is assumed to follow a two-parameter Weibull 
distribution [1,8] in the form:  
 

                                      (2)
  
 

The stress integral over the fracture process zone is denoted σw and is 
termed the Weibull stress. This stress is defined by 
 

       
                        (3) 
               



 

 

where m is so-called Weibull slope, V0 is a reference volume, the integral is 
computed over the plastic zone, and σ1 is the first principal stress. The 
parameters σu and m of the Weibull stress σw at fracture are material 
parameters, i.e. independent of the stress state of materials, but may depend 
on the temperature.  
     The first one method of transferability of the fracture toughness was 
studied on the pre-cracked Charpy specimens and standard bodies (1T). 
Koppenhoefer and Dodds [9] have proposed to quantify the relative effects 
of constraint variation on the cleavage fracture toughness in the form 
toughness-scaling model (TSM). The first one studies can be found out in 
the same works, where as principal can be regarded: (i) the Dodds and 
Anderson approach, (ii) the Koppenhofer approach and others. The method 
demonstrates the dependence of Weibull stress σw on the crack-tip stress 
triaxility and the transfer diagram σw versus computed value of JFE is being 
constructed. The idea is to use to same value of probability of failure.  

 
 

 
 
 
 
 
 
 

 
 

 
Figure 5: Diagram of Weibull stress determined by boundary layer method for both 

approximation of true stress strain curve. 
 
 

The steps of calibration procedure used for TSM: 
- Rank probability diagram (Pf versus Jc) for two geometry is generated. 
- FEM computation for tested body and SSY conditions. 
- Weibull stress determination for tested body and SSY conditions. 
- Constraint correction according to weakest link based thickness 
correction procedure of E-1921. Let tssy and tA denote thickness for the 
SSY reference and configuration A, then Jssy (i)=1.8+( tA/ tssy)1/2(Jc(i)-
1.8). Results of this transformation can be seen in [10]. 
- Determine β. Assume that constrain corrected toughness values obey 
Weibull distribution with fixed exponent of 2. Where β defines 
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toughness value at a 63.2 percent failure probability. Equating failure 
probabilities leads to 
                                                             (4) 

 
 

The plane-strain, boundary layer model [10] simplifies the generation of 
numerical solution for stationary cracks under SSY conditions with varying 
levels of constraint in Fig. 5, where the reference volume Vo equals (100 
µm)3 for convenience in all calculations. 

 
 
 

 
 
 
 
 
 
 

 
 
 

Figure 6: Diagram of Weibull stress determined by experimental data for both 
approximation of true stress strain curve. 

 
 
    
 

 
 
 
 
 
 
 
 

Figure 7. Toughness scaling diagram base dupon the Weibull stress with varying 
Weibull moduli for both approximation of true stress strain curve. 

 
 
For the material considered in this paper βSSY =0.064 MPam was 
determined according data presented in Fig. 8. Calibrated m-values were 
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found out for numerical FEM model based on the incremental theory of 
plasticity (very precise approximation of stress strain curve) m=24.1, for 
numerical model based on the deformation theory of plasticity (ramberg-
Osgood) m=28.3. The estimation of calibrated m-value is clear from plot 
given in Fig. 9. 
 
 
 
 

 
 
 

 
 

   
 
 
 
Figure 8. Rank probability diagram.         Figure 9. Calibration of Weibull stress parameter. 
 
Conclusions 
 
The main results obtained in this work can be summarized into the 
following points: 
- The Beremin model [3] was used for the calculation of σw, a reference 

volume Vo = (100 µm)3 was used for all computations. 
- The fracture toughness-scaling diagram based on the local approach for 

SSY specimen was determined and used for the transformation of data 
received on small pre-cracked specimens. Other computations (see Tab. 
1) are currently being carried out to test this approach. 

- The calibration procedure based on the work Gao, Ruggieri and Dodds 
presented in [8] has been applied on the cast manganese steel and 
calibrated m-value was found to be m=24.1for one model and 28.3 for 
the model base on the deformation theory of plasticity. The calibrated 
m-value makes the BL estimate for the toughness of the constraint 
corrected fracture toughness data experimentally received on PCVN 
specimens. 

- Calibrated m-values is a bit differing to each other. It shows that a 
precise approximation of stress train curve is very important.   
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Abstract. The contribution is focused on a new methodology description for determination of 

threshold stress th
σ , as the third parameter in Beremin local approach to cleavage fracture that is 

using three-parameter Weibull statistics. Nature of the methodology lies in tensile testing of 

rounded notched specimens at liquid nitrogen temperature and corresponding calculations. Reactor 

pressure vessel steel was chosen as an example for the illustration.  

Introduction 

Local approach (LA) to cleavage fracture appears to be a part of fracture mechanics which is 

based on theoretical background of both mechanical and physics of fracture. LA was established 

mainly by Beremin group for solution of tasks associated with statistical size effect, scatter of 

experimental data and prediction of temperature dependence for fracture toughness [1, 2]. Beremin 

version of LA is based on the assumption that probability of cleavage initiation in metals and alloys 

can be described sufficiently by Weibull distribution. Two alternatives of Beremin model can be 

recognized (i) more or less simplified two-parametric approach and (ii) three-parametric one. 

Applicability each of them strongly dependents on the calibration procedure of Weibull parameters 

[1, 3]. Murdy was one of the first researchers, who suggested a comprehensive calibration 

procedure [3]; nowadays a few different approaches to the procedure have been developed, a 

detailed overview being available in [4]. The two-parametric Beremin model was established by 

authors [2] which is only a first approximation because it supposes finite value of fracture 

probability at negligible small loads, which is a contradiction to one of the main postulates of 

original Beremin model - impossibility of any fracture (even cleavage) without a plastic 

deformation (namely, at stress level less than yield stress) [5]. That reason motivated researchers 

Petti and Dodds [6], Bakker and Koers [7], Xia and Chang [8] to introduce threshold stress as a 

third parameter into Beremin model. The physical nature of threshold stress is a minimum level of 

stress is necessary for a cleavage initiation. Several detailed discussions about the three-parameter 

Weibull model and toughness scaling based on Weibull stress, were carried out in investigations [4] 

and [9]. Possibility of invalid calibration of the shape parameter m and the scale parameter 
u

σ  in 

case of underestimation 
th

σ  is one of the considerable conclusions; especially, it applies to the 

shape parameter m, which will be systematically overestimated [9]. According to [10], rational 

calibration procedure for 
th

σ  remains an open issue nowadays.  

The aim of the work is to establish a new technique for determination of threshold stress
th

σ . 

Theoretical background 

According to the model of cleavage fracture of polycrystalline metals proposed in [11, 13], 

the value of threshold stress is determined by the minimum stress minC
ξ corresponding to instability 

of a crack nucleus. Then threshold stress level can be described by the equation: 

11

minC
th

tJ1 ξ+

ξ
=σ ,           (1) 
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where 11ξJ  is a variation of microstresses (in case of  polycrystalline iron 11ξJ ≈0.13), 3t ≈  is 

probability tolerance. 

As it was shown in [13], up to a factor 0.8-0.9 the value of threshold stress is equal to the 

minimum level of cleavage fracture (figure 2) of metal 
MC

R  (
MC

R  is the brittle strength) at the 

uniaxial tension (figure 1). Factor 0.8 corresponds to low quality steel, 0.9 - to a high quality steel. 
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Figure 1. Temperature dependence of the main 

mechanical characteristics of iron: 
k

S  is a 

fracture stress, 
Y

σ  is yield stress, ψ  is 

reduction in area 

Figure 2. Scale effect at cleavage fracture of iron: 

MC
R  is brittle strength, 

th
σ  is threshold stress  

 

Such consequences enabled a new simplified procedure for determination of threshold 

stress
th

σ , as the value of minimum stress of cleavage fracture 
MC

R  of standard specimens at 

uniaxial tension. According to results of investigations [14], ductile-to-brittle-transition range for 

typical structural steels lies below 77K, and this means some methodological difficulties for 

experimental determination of 
MC

R . That's why the authors [14] ascertained experimentally a 

possibility of determination 
MC

R , as the value of nominal fracture stress for notched specimens at 

2% plastic strain for wide range of structural steels. For this purpose, notched specimens with stress 

concentration radius equal to 2 mm were utilized. It means that threshold stress can be determined 

by uniaxial tensile testing of 5 notched specimens at 77K. Than 

2NFth  )9.08.0( σ−=σ ,          (2) 

where 2NF
σ  is nominal fracture stress of rounded notched specimens at residual strain value 2%. 

Experimental 

RPV steel 15H2NMFAA was selected as the material for tests; the chemical composition 

and mechanical properties of the steel are listed in Table 1 and 2, respectively.  

Table 1. Chemical composition of RPV steel 15Ch2NMFAA 

Material C,  

[%] 

Mn,  

[%] 

Si,  

[%] 

Ni, 

[%] 

Mo, 

[%] 

Cu, 

[%] 

Cr, 

[%] 

P, 

[%] 

V, 

[%] 
15Ch2NMFAA  0.06 - 0.15 0.48 - 0.97 0.26-0.33 2.070 1.120 0.530 1.820 0.007 0.100 
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Table 2. Mechanical properties of RPV steel 15Ch2NMFAA 

Material   

Т, 

 

[K] 

Yield 

strength 

σ
Y, 

[MPa] 

Ultimate 

strength σ
ult, 

 

[MPa] 

Reduction in 

area ψ
К, 

 

[-] 

Strain at 

fracture 

e
F,  

[-] 

Strain 

corresponding to 

ultimate strength 

e
ult,

 

[-] 

Work 

hardening 

exponent n , 

[-] 

15Ch2NMFAA  293 610 714 0.75 1.40 0.07 0.065 
 

The tensile tests for the smooth rounded bar specimens were executed over the temperature 

range from -196°C till room temperature (+20°C) to determine the materials flow properties. The 

diameter of the gauge section of the smooth tensile specimen was 6 mm and the gage length was  

30 mm. For the determination of thσ  the tensile tests using the rounded notched bar specimens 

were performed at -196 
0
C to obtain a nominal fracture stress and strain. In the notched specimens 

the diameter of the smooth section was 8 mm and the diameter of the notched section at a position 

of minimum cross-sectional area was 5.2 mm, the notch root radius was 2 mm. The value of the 

nominal fracture stress 
NF

σ  was calculated as: 
 

FFNF A/P=σ ,           (3) 
 

where FP  is load at fracture, 4/
2

FF
dA π= - is cross-sectional area after fracture. 

The value of average strain in cross-section of notched specimen was estimated as follows: 
 

)
1

1
ln(e

F

F
ψ−

= ,           (4) 

 

where 2

0 )/( dd
FF

=ψ - reduction in cross-sectional area, 
F

d is a diameter of neck after fracture, 0d - 

is initial diameter of a specimen. 
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Figure 3. The dependence 

NF
σ  of notched specimen of steel 15Ch2NMFAA on the average strain 

in the minimum cross-section: 2NF
σ  is a nominal fracture stress corresponding to 2% strain 

Discussion 

According to obtained experimental results (figure 3) for investigated steel, the value of 

2NF
σ  is 1400 MPa. Equation (2) gives the value of threshold stress 

th
σ  = 1260 MPa. Threshold 

stress is a material constant, and its value is determined by the distribution of ferrite grain sizes in 

Solid State Phenomena Vol. 258 283



pure iron or by the distribution of carbide sizes in most structural steels [11,12]. In the most cases, 

the value of threshold stress 
th

σ  is taken as 2
Y

σ , where 
Y

σ  is yield stress at test temperature for 

Weibull parameters determination [14]. This approach has no physical basis; because of 
th

σ  and 
Y

σ  

have a different physical nature. On the other hand, there is a need for precise determination of
th

σ ; 

high sensitivity of shape and scale parameters in Weibull distribution to the value of threshold stress 

is the main reason. For example, authors [15] pointed out that for RPV steel A515-70 the shape 

parameter m changes significantly at different values of 
th

σ : for 
th

σ  = 0 the shape parameter gain 

value m = 8, for 
th

σ = 
Y

σ  the value of m = 5, and for 
th

σ =2
Y

σ the value of m = 2.5. Threshold stress 

values 
th

σ  for selected structural steels [16] were determined by proposed method and exhibited in 

Table 3. For our RPV 15Ch2NMFAA steel the similar analysis is based on the standard CT 

specimen data. The results are very close to literature findings, m parameter for 2 parametric local 

approach was determined to be 7.4, for 3 parametric local approach and data in temperature range 

<-90, -130> 
ο
C the shape parameter gains the value m = 1.9 (at 

th
σ  = 1260 MPa). 

 

Table 3. The main mechanical characteristics of some structural steels at 293K 

Material [15] 

 
Yσ ,  

[MPa] 
ultσ ,  

[MPa] 

n , 

[-] 
Fe , 

[-] 
thσ ,  

[MPa] 
FeMn (ferrit) 317 481 0,190 1,350 1102  

42CrMo4 (ferrit-perlite) 376 708 0,222 0,831 832 

10Ch2MFA (tempered bainite) 491 606 0,109 1,549 1248  

CrMoV (tempered bainite) 502 681 0,134 1,072 842  

15Cr2NMFAA (tempered bainite) 610 714 0,065 1,400 1260  

20CrNiMoV (tempered bainite) 676 801 0,097 0,836 1005  

CrMoV (Tempered bainite) 779 904 0,095 0,999 1152  

Lo8CrNiMo (bainite) 839 1038 0,108 0,727 1240  

Lo17CrNiMo (bainite) 915 1306 0,152 0,692 1557  

Conclusions 

New simplified method for determination of threshold Weibull stress is offered, namely, by 

uniaxial tensile tests cylindrical notched specimens at temperature 77K. Utilizing this method 

ensures high accuracy of determination of Weibull parameters. 
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general, it was assumed that the LA would place fracture mechanics on a strong physical basis. Over the past three 
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Abstract 

The physical nature of cleavage threshold stress th  was considered and the technique for its experimental 

determination was developed. By applying data for reactor pressure vessel steel and cast low-alloyed manganese 
steel, it is shown that ignoring the value of th gives rise to an 1.5-2 times overestimation of the shape parameter m. 

Within the framework of the suggested alternative of the Local Approach, temperature dependences of fracture 
toughness CKI  for probabilities of 5%, 50% and 95% were obtained for the steels. Accounting for the threshold 

stress th  a correct quantification of the temperature effect on fracture toughness values CKI  and proper prediction 

of its scatter limits in transition region is possible. In particular, it is important to take into account the threshold 
stress th when predicting the lower envelope curve for fracture toughness CKI , i.e. the CKI value corresponding to 

a total probability of 5%. 
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decades, a significant number of articles have been published and a lot of conferences have been focused on this 
issue. However, the Local Approach didn’t receive the expected utilization. This is mainly due to unnecessarily 
oversimplified description of the local cleavage event in conventional version of LA. Application of the Weibull 
two-parameter distribution, i.e. neglecting the role of threshold stress th appears to be one of the unjustified 

simplifications of the LA to the cleavage fracture. According to experimental data, the value of th for typical 

structural steels is about 1000 MPa [Kotrechko et al. (2017)]; therefore, the threshold stress th  can’t be set equal to 

zero. One of the indirect evidences of the crucial effect of the threshold stress magnitude on the fracture 
characteristics is a significant change in the values of the Weibull distribution parameters at transition from two- to 
three-parameter distribution [Ruggieri. (2001)]. 

Several detailed discussions about the three-parameter Weibull stress model and toughness scaling on Weibull 
stress, were carried out by Gao et al. (1998) and Gao et al. (2000). Possibility of invalid calibration of shape 
parameter m and scale parameter u  in case of neglecting th has been found one of the considerable conclusions; 

in particular in relation to the shape parameter m, which can be then will be systematically overestimated [Gao et al. 
(2000)]. According to overview of Pineau (2006), rational calibration procedure for th  remains an open issue 

nowadays. In the work of Kotrechko et al. (2001),a two-scale version of LA was proposed, in which the probability 
of cleavage initiation was determined by a sequential analysis of the processes of formation, instability and 
propagation of the crack nuclei in a polycrystalline aggregate. This made it possible to ascertain the main physical 
effects governing the cleavage fracture in metals and alloys, i.e. to create the physical basis of a LA. 

Within the framework of two-scale version of LA this paper presents interpretation of the threshold cleavage 
stress of a polycrystalline metal, an experimental technique for determining the th  value, as well as an analysis of 

the effect of th  value on both the nature of the temperature dependence and scatter limits of fracture toughness of 

structural steels. 

1. Theoretical background 

From a mathematical point of view, the key element of the LA to cleavage is the Weibull distribution. Correct 
use of the Weibull distribution, and, accordingly, the choice of a procedure for parameters calibration of this 
distribution requires accounting for the quantitative features of the cleavage initiation micromechanism in metals 
and alloys. Most existing versions of the LA to cleavage account the fact that the crack nuclei (CN), which don't 
exist initially in metal, but are continuously generated during its plastic deformation, are the cause for the cleavage 
fracture. In a number of papers [Kotrechko (2001); Kotrechko (2013); Bordet (2005)], attention was focused on the 
peculiarities of the cleavage nucleation stage in the metal. It lies in the fact that only freshly nucleated CN can 
initiate cleavage. The crack nuclei that aren't unstable at the time of formation become blunt, and later don't 
participate in the cleavage fracture initiation. The rate 
strain level. This is important because the local plastic strain ahead of a crack / notch, may change by more than an 
order of magnitude. In addition, t [Kotrechko (2013)]. From a mathematical 
point of view, this means that the reference volume /1   00 VV  will not be constant, as accepted in the most 

conventional models. Its magnitude is a function of the both local plastic strain e  and temperature T . The 
dependence was quantified by [Kotrechko (2013)], in analytical form, it may be approximated as follows: 

c

1  
0 e

e
a  ,  cee    (1) 

1 
c

0 e
e

b  ,  ceeemax  

   (2) 
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where ce  is the critical value of equivalent strain, corresponding to the maximum CN density; a  and b  are the 

coefficients; maxe  is the maximum strain in approximation dependence (for ferritic steels typically 020c .e ; 
313m104981.a ; 313m101240.b ); 5030 ..maxe . 

y 1c0
exp    (3) 

and c  are the coefficients which determined by a calibration procedure (typical values can reach: 

040010 .. 1 ; 313
c m1081 ); Y  is the thermal component of shear stress: 

eTCTCC lnexp. 321Y  50          (4) 

e  is the plastic strain rate; for ferrite steels typically:  10331C  1
2 K  00680.C ; 1

3 K  0004150.C . 

The threshold stress th  is the minimum stress of cleavage fracture. The crack nuclei have microscopic sizes, so, 

they become unstable under the action of tensile microstresses. According to Kotrechko (2013): 

11
31
c

th I

min

           (5) 

where min
c  is the stress corresponding to crack nucleus instability of maximum length, which is most favourably 

oriented relatively to the direction of normal stresses; 
11

I  is the coefficient of variation of tensile microstresses 11  

(for iron and ferritic steels under tension 130
11

.I
11

I  means that th is determined 

with a probability of 0.997. 
The idea of experimental determination of the threshold stress magnitude is based on the use of a statistical scale 

effect for the cleavage stress. This effect manifests itself the tendency of the cleavage stress value f  to approach 

the level of threshold stress with increasing specimen volume (Fig. 1). The relatively high density of the crack nuclei 

formed in the iron and structural steels ( 1310 m-3) gives rise 
to the fact that starting from rather small volumes ( 500 
mm3) the value of f  slightly (up to 20%) exceeds the 

threshold level th . For experimental determination of th , 

this enables utilisation of the minimum of the cleavage 
fracture stress (brittle strength) MCR of standard specimens at 

uniaxial tension within the temperature range of the ductile-
to-brittle transition (Fig. 2). Unfortunately, ductile-to-brittle-
transition range for typical structural steels lies below the 
nitrogen boiling point (-196 °C). This means some 
methodological difficulties at experimental determination of 

MCR . In this meaning, a method for determining the value of 

brittle strength, MCR , was developed for structural steels by 

testing cylindrical specimens with an circumferential notch. 
The parameters of the notched specimen were 
experimentally ascertained (the maximum diameter is 8 mm, 

minimum - 5.2 mm, notch root radius - 2 mm), at which the nominal fracture stress for this particular specimen 
geometry at 2% average strain in the minimal cross-section is equal to MCR  with an accuracy of 4%.  

Figure 1. Scale effect at cleavage fracture of iron: MCR  is the 

brittle strength, th  is the threshold stress: circles designate the 

computer simulation findings 
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Based on these ideas a technique was proposed for the experimental determination of the magnitude of threshold 
stress of structural steels th  [Kotrechko (2013)]. According to this technique: 

2th 950750 NF)..( ,          (6) 

where the coefficient 0.75 corresponds to low strength steels, and the coefficient 0.95 – to high-strength ones; 2NF

is the  nominal fracture stress of notched tensile specimens at 2% average strain. 
For experimentally determining the value of 2NF  it is enough to 

test 5-6 notched tensile specimens at the boiling point of liquid 
nitrogen (-196 °C) and to find the value of nominal fracture stress 

NF  at an average plastic strain in the notched section that is equal to 

2%. 

2. Results and discussion 

Experimental studies were carried out on reactor pressure vessel 
(RPV) steel and cast low-alloyed manganese steels. Determination of 
the threshold stress values th  for these steels was performed 

according to the technique described above. To ascertain the 
parameters of Weibull distribution, standard pre-cracked specimens 
CT-1T made of RPV steel and 1T SENB specimens made of cast low-
alloyed manganese steel were tested. The values of the shape 
parameter m and scale parameter u  were determined by a calibration 

procedure. For this purpose, the experimental values CKI  of the 

investigated steels were used (Fig. 3 (a and b)). The values m  and 

u  were ascertained for the Weibull three- and two-parameter 

distribution, i.e., taking into account th  and at its zero value (see the 

table). In addition, the values c  and  were determined. In this case:
313

c m104 , 0240. MPa-1. Probability of the cleavage 

initiation for the finite element was taken to be zero, if the value of , 

calculated from (2), became less or equal than 0. 
 

Table. Mechanical properties and values of the Weibull distribution parameters 

Material Y  

( a) 
ul  

( a) 
ue  (-)  (-) th  ( a) 

Three-parameter 
Weibull 

distribution 

Two-parameter 
Weibull  

distribution 

u  ( a) m u  ( a) m 

RPV steel 610 714 0.07 0.75 1100 6835 5.4 4895 12.2 
Cast steel 319 481 0.26 0.74 720 3700 8.0 3800 13.3 
 
Here Y  is the yield stress; ul  is the ultimate strength; ue  is the uniform elongation;  is the reduction in area; 

th  is the threshold stress; m and u  are the shape and scale parameters (values Y , ul , ue  and  are given for 

room temperature).  
 
According to the data obtained, accounting for the threshold stress th  give rise to a significant (1.5–2 times) 
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Figure 2. Temperature dependence of the main 
mechanical characteristics of iron: MCR  is the 

brittle strength; fS  is the fracture stress, Y  is 

the yield stress,  is the reduction in area. 
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decrease in the magnitude of the shape parameter m. This is in good agreement with the data of Ruggieri (2001). 
Based on these data, temperature dependences of fracture toughness CKI  for the studied steels were plotted (Fig. 3 

(a and b)). The algorithm of calculations of fracture toughness and fracture probabilities is as follows: 

1. For each thj  stage of loading jKI , the values of equivalent plastic strain ie  and normal tensile stresses i
YY  in 

each thi  finite element were calculated using the finite elements method (software ABAQUS). 

2. Further, the probability of the cleavage initiation in thi  element was calculated: 
m

u
i

i

V
V

P th
i
YY

0

1 expi          (7) 

where iV  is the finite element volume; iV0  is the volume per one crack nucleus ( i
iV0

1
, value of i  was 

calculated according to equations (1), (2) and (3)). 
3. Then, the total probability of cleavage initiation in specimen can be calculated: 

nPP
Nn

n
i

1
           (8) 

where N is the number of finite elements falling into the yield region. 
The step size and the number of loading stages were chosen in such a way as to obtain IK  values when the 

probability of cleavage initiation P  is 5%, 50% and 95%. 
Figures 3 (a and b) show the calculated temperature dependences of fracture toughness for RPV and cast steel. Also, 
here are experimental data for CKI . According to these data, the calculated dependences describe well both the 

regularities of CKI  increase with increasing temperature T and the limits of its scatter at a constant T value. It 

should be emphasized that in this case, the fact is taken into account that the increase in CKI  is not only due to a fall 
in the yield strength, but also due to a decrease in the rate of generation of the crack nuclei in the vicinity of major 
crack tip (dependences (3) and (4)). The latter has not been accounted in the conventional concepts of local 
approach. This usually results in an underestimation of the slope of the CKI  temperature dependence. The higher the 

strength of steel and the higher the temperature for which CKI  is determined, the greater the error due to ignoring 

the temperature dependence of 0V . 
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Figure 3. The temperature dependences of fracture toughness for RPV steel ( ) cast low-alloyed manganese steel (b): circles designate the 
experimental evidence; lines are the calculation results. 
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According to the obtained results, taking into account the crucial role of threshold stress th  is especially 

important for correct description of the scatter limits for fracture toughness ICK in transition region, as well as of its 

temperature dependence for small values of the fracture probability (5%), i.e. for description of the lower envelope 
of ICK . As generally known, this is of paramount importance in predicting the integrity of the critical structural 

elements (reactor pressure vessels, gas pipelines etc.) 
 
Conclusions: 

1. The relatively high density of the crack nuclei formed in iron and structural steels enables determining the value 
of the threshold cleavage stress from the results of testing tensile specimens with a circumferential notch of a special 
geometry. 
2. Ignoring the threshold stress value gives rise to an overestimation of the shape parameter magnitude by 1.5 times 
for cast steel and 2 times for RPV steel. 
3. In the Local Approach, accounting for the magnitude of threshold stress is especially important for correctly 
predicting the temperature dependence of the fracture toughness CKI  for low probabilities of fracture ( P =5% or 

less). This is of considerable practical importance for predicting the integrity of critical structural elements. 
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Abstract. The base of this paper is exact measurement of deformation and fracture material 
characteristics in laboratory, evaluation of these parameters and their application in models of finite 
element analysis modelling the fracture behaviour of components with defects. The base of the 
work is dealing with ductile fracture of forget steel 42CrMo4. R-curve is modelled by 3D FEM 
using WARP3D and Abaqus. Crack extension is simulated in sense of element extinction 
algorithms. Determination of micro-mechanical parameters is based on combination of tensile tests 
and microscopic observation. Input parameters for the next computation and simulation were 
received on the base of image analysis, namely fN and fo. The possibility of transferring these 
parameters to another specimen is discussed. 

Introduction 
Classical nonlinear fracture mechanics can be understood as a mechanic of fracture for materials 
with inelastic deformations. It is covered by the classical theory of elastoplasticity and by the theory 
of viscoplasticity and based on the incremental formulation. However, constitutive equations 
presuppose stable behaviour to receive the convergence of modelled problem. It depends many 
times on the quality of used mesh in FEM and a numerical algorithm implementation. Physical 
reality of failure is often more complicated due to initiation, growth and nucleation of cavities; it 
can be characterized as damage. This damage may lead to the initiation and growth of macrocracks 
in a structure and to final damage of the whole structure or component. The term crack tip used in 
the fracture mechanics is a mathematical idealization because in the process zone ahead the crack 
tip new surfaces are coming up. Principally there are three approaches how to model damage, 
separation of materials and fracture process [1, 2]: (a) On the assumption of a small process zone, 
its influence is neglected and special fracture criteria are used, e.g. K, J and C* etc. (b) We admit the 
creation of the new surfaces (separation) in the local area, the rest of the body is modelled using a 
standard element of continuum. The local area is described using cohesive models. (c) Damage is 
being implemented in constitutive models and accumulation of damage is processed. The advance 
approaches e.g. [3] enable to combine mechanics of continuum with the local behaviour of 
collection of atoms or on the base of molecular dynamics [4]. 
     Micromechanical models of ductile tearing based on the damage mechanics showed themselves 
as a perspective way how to avoid numerical problems connected with the dependence of 
characteristic parameters used in the classical fracture mechanics on the size and geometry of body. 
The principal question is if the obtained parameters can be used without problems on the real 
component and predict its integrity. The procedures which can be applied on the strategy in 
modelling of the crack growth follow from the previous approaches. In contrast to crack growing of 
elastic materials, where the crack initiation is directed to the catastrophic damage of component, the 
presence of the ductile area leads to the stable crack growth. The crack growth can be simulated by 
the following way: (i) using node release techniques, where the control of the crack growth is based 
on the J, CTOD, CTOA (e.g. Siegele and Schmidt [5], Brocks [6]), (ii) using cohesive elements 
(e.g. Needleman [7], Yuang [8], Li [9], (iii) using constitutive equations based on the damage 
mechanics (e.g. Needleman [10], Brocks [11], Schmidt [12], Lemaitre [13]). Within the framework 
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of the damage mechanics, the GTN [14] model is thought of as a micromechanical process like 
initiation, growth and coalescence of voids. A major item of GTN model is the yield criterion which 
extends von Mises yield criterion and can be expressed as: 
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The parameters q1, q2, q3 are used to adjust the model, σm is hydrostatic stress, σYS is yield stress, f* 

is void fraction, fc is the critical void fraction for coalescence, fF is the final value of f, fu
*=1/q1. 

Experiments and identification of material parameters 
The basic micromechanical parameters are determined from the real tensile test combined with the 
finite element calculations. 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1: The tensile bar        Fig. 2: Void distribution in the neck area of the round tensile bar 
 

 
Fig. 3: Void fraction distribution for both GT and the   
GTN model 

 
One can see in Fig. 2 that the fF close to fracture surface 
nearly reaches the value of 0.034. As can be seen in Fig. 
3, this is the value when the whole specimen is broken 
and this value was used for the next computations for 
three point bending (3PB) modelling using the approach 
of vanishing elements. Obtained results proved that the 
plastic strain distribution and void fraction distribution 
for the tensile tests are same for both GT and GTN 
model. Therefore the GT model (without void 
coalescence) can be used for 3PB modelling. 
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The simulations with varying fo value (the initial value of f), fN is the nucleation parameter, are 
presented in Fig. 4 (∆L represents the elongation and ∆d the contraction). In all computations 
recommended values for nucleation were used (εN=0.3 and SN=0.1) and q1=1.5, q2=1, q3=q1

2. 
 
 

Fig. 4: The determination of fo 
 

The values fo=fN=0 represent the situation 
where only the elements without damage are 
used. For all finite element calculations the 
material parameters have been determined 
as E=210000 MPa, µ=0.3 and actual true 
stress-strain curve at the room temperature 
has been used. The commercial code Abaqus 
[16] and university code WARP3D [17] 
were used for FEM modelling. 

 
     

 
 
 

Modelling of stable crack propagation 

In order to perform the numerical analysis the FEM mesh was generated using two planes of 
symetry for the 3PB specimen (Fig. 5). In the region of the supposed crack propagation the 
„vanishing elements“ (described by the dependence true stress vs. true strain plus GT parameters) 
were used with the characteristic size of 0.1 mm (and 0.05 mm for the second model). Number of 
elements was 6654 (resp. 6904) of the type C3D8.  The angle of initial blunting was 45º, maximum 
increase of the crack length was 2.5 mm. The results of the FEM simulation are presented in Fig. 6 
(q1=1.5, q2 is varying, q3=q1

2).  
 
 
 
 
 
 
 
 
 
 
 

Fig. 5: FEM mesh for 3PB specimen and the detail of the 
crack tip 

Summary 
- On the base of hybrid procedure (numerical modelling and experiment) the parameters of GT 
model were determined. 
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- Using the „vanishing elements” the ductile crack growth was simulated and the R-curve was 
predicted. The coincidence of the predicted curve and experimental curve is very good; to receive 
these results it is necessary to calibrate parameters q1 and q2 in GTN model. A more detailed 
discussion can be found in [15].  
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Fig.6: R-curve 
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Chapter 11

Ductile Crack Growth Modelling
Using Cohesive Zone Approach

Vladislav Kozák

Abstract The paper studies the prediction of the crack growth of the ductile frac-

ture of forged steel 42CrMo4. Crack extension is simulated by means of element

extinction algorithms and two approaches have been compared. The first one is

based on the damage model Gurson-Tvergard-Needleman (GTN) (see [12]), the

second on the cohesive zone model with the exponential traction separation law.

The bulk of the paper is concentrated on the cohesive zone modelling. Determi-

nation of micro-mechanical parameters is based on the combination of static tests,

microscopic observation and numerical calibration procedures. The attention is paid

on the influence of initial value of J-integral and the slope of R-curve (J-∆a) which

is modelled by 3D FEM. Based on tensile test the static elastic-plastic characteriza-

tion of metals consist of the determination of the curve expressing the equivalent von

Mises stress as a function of equivalent plastic strain. For ductile materials capable

of undergoing large post-necking deformations, the exact material curve determi-

nation requires exact approach. The approximation suggested by Mirone [18] has

appeared to be promising and valid for the structural steels.

11.1 Introduction

An important issue when considering failure is the observation that most engineer-

ing materials are not perfectly brittle in the Griffith sense, but display some ductility

after reaching the strength limit, in which small-scale yielding, micro-cracking and

void initiation, growth and coalescence take place. If the process zone is sufficiently

small compared to structural dimension, linear elastic fracture mechanics can apply.

If not cohesive forces that exist in the fracture zone must be taken into account.
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The most powerful and natural way is to use cohesive zone model, which was in-

troduced by Dugdale [8] and modified by Barenblatt [2] for elastoplastic fracture in

ductile metals. For ductile fracture the most important parameters of the cohesive

zone model appear to be tensile strength and the work of separation or fracture en-

ergy. The cohesive model is a phenomenological model and most authors take their

own formulation for dependence of traction on the separation.

The crack tip, the term used very often in the fracture mechanics, is a math-

ematical idealization. In reality, a region of material degradation exists in some

process zone. In this zone the microbehaviour becomes important for constitutive

modelling. Most of the newer models developed and proposed are a bit different

from Barenblatt’s model in that they define the traction acting on the ligament as

a function of the opening and not on the crack tip distance as Barenblatt did. The

material separation and, thus, damage of the structure is described by interface ele-

ments in FE method. Using this technique, the behaviour of the material is split into

two parts: the damage free continuum with arbitrary material law, and the cohesive

interfaces between the continuum elements, which specify only the damage of the

material.

Principally there are four approaches how to model damage, predict separation

of materials and fracture process, e.g. [3] and [19]: (a) The process zone is small, its

influence is neglected and than only special fracture criteria are used, e.g. K, J and

C∗ etc. (b) We admit the creation of the new surfaces (separation) in the local area

and the rest of the body is modelled using standard continuum element. Only local

area is described using cohesive elements. (c) Damage is implemented in constitu-

tive models and accumulation of damage is processed. (d) The advance approaches,

e.g. [22] enable to combine mechanics of continuum with the local behaviour of

collection of atoms on the base of molecular dynamics [14].

Micromechanical models based on the damage mechanics showed themselves

as a perspective way how to avoid to numerical problems connected with the de-

pendence of characteristic parameters used in the classical fracture mechanics on

the size and geometry of body. The principal question is if the obtained parame-

ters can be used without problems on the real component and predict its integrity.

From it follow procedures which can be applied on the strategy in modelling of

the crack growth. In contrast to crack growing of elastic materials, where the crack

initiation is directed to the catastrophic damage of component, the presence of the

ductile area leads to the stable crack growth. Crack growth can be simulated by the

following way: (i) using node release techniques, where the control of the crack

growth is based on the J, CTOD, CTOA, e.g. [5, 23], (ii) using cohesive elements,

e.g. [17, 21, 26], and (iii) using constitutive equations based on the damage mechan-

ics, e.g. [4, 16, 21]. Within the framework of the damage mechanics the GTN [24]

model is thought of as a micromechanical process like initiation, growth and co-

alescence of voids. The constitutive equations which are used to describe ductile

fracture processes are based on the relatively simple models which are dependent

on many micromechanical parameters obtained experimentally.
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11.2 Determination of Cohesive Parameters

Since the cohesive model is a phenomenological model, there is no evidence, which

form is to be taken for the cohesive law, T (δ ) (see Fig. 11.1).

Cohesive models can be used for normal and tangential separation as well for

mixed mode loading. Experiment in this paper were made only on a pure mode I

crack and therefore cohesive law for mode I was applied. Cohesive law has to be as-

sumed independently of specific material as a model of the separation process. The

exponential model is used by many authors for both the ductile and the cleavage

fracture [6]. An exponential relationship between the effective traction (T ) provides

a decohesion model. The T -δ response follows an irreversible path with unloading

always direct to origin. This model represents all the features of the separation pro-

cess by: (1) the shape of the cohesive traction/separation curve (T -δ ), and (2) the

local material strength by the peak traction (T0), and, the local ductility defined by

the work of separation (Γ0) given by the area under (T -δ ) curve.

For the determination of the cohesive stress, T0 in the case of normal fracture a

hybrid technique has been developed. Using conventional elastic-plastic analysis,

the distribution of the axial stress across the notch section of the specimen geometry

is determined for the instant of the crack initiation in the centre of specimen. At

that event, the axial stress exhibits a maximum in the centre of specimen, which is

supposed to be equal to T0. The case of the standard computation by Abaqus [1] can

be seen in the Fig. 11.2a and in the Fig. 11.2b (used load steps are in the Table 11.1).

Approximately twelve specimens have been used and mean value 2000 MPa was

determined as the T0 value (T0 = 2,000±50MPa).
The standard CT specimens were used for J-integral determination according

the ASTM 1820–99a procedure. The experimentally determined value of Ji was

Fig. 11.1 Cohesive laws proposed for various materials
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Fig. 11.2a Stress distribution for notched tensile specimen
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Table 11.1 Load steps used in Fig. 11.2b

Step 3 6 10 13 16 24

F [N] 2504.2 8000.53 16003.4 22003.6 25001.9 29002.4

Step 31 34 37 43 45

F [N] 32,502 33675.4 33217.3 31149.1 29999.7
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found to be Ji = 115± 5MPa.mm and this value was calibrated using numerical

procedure in WARP3D because of absence cohesive element carrying plasticity in

Abaqus [1]. FE mesh for CT specimen can be seen in Fig. 11.3. Set of computations

were applied to the calibration of the cohesive parameters used for J − R curve

prediction (T0, Ji). Various combinations for T0 and Ji were tested. In the Fig. 11.4

the values Ji are marked as Cohe 1, Cohe 2 a Cohe 3 (Ji = 110, 120, 130) and

Fig. 11.3 FE mesh for CT specimen
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Fig. 11.5 J-CTOD curve in the initial phase of the crack propagation (data obtained from CT

specimen)

received data were compared with the experimental values. The best correlation

was found for first value of Ji· = 110MPa.mm. The calibration process can be seen

further in the Fig. 11.5. After this procedure the input data for stable crack growth

modelling have been received.

For simulation at given material curve the cohesive parameters seem to be: T0 =
2,000MPa and Ji = 110MPa.mm.

11.3 Stable Crack Growth Modelling Using Cohesive Elements

The experimental results of the SE(B) specimens were available in the form of

the J-R diagram (J-∆a). The characteristic mesh size of the cohesive element was

0.2× 1.4× 0mm. Some material curves received by the standard material tests for

the same material show necessity of the diligent approach and accurate methods for

the material curve determination. The best coincidence with the experimental data

was in case of the material curve obtained from the tensile specimens and where the

Mirone approach [18] was applied.

Using the cohesive parameters received on the notched specimens (T0) and Ji on

the CT specimens the numerical simulation of the stable crack growth was simulated

and J−R curve was predicted. By utilization of two symmetry planes (plane xy and

yz) for SE(B) specimen with a/W = 0.5 only one quarter of the real body was mod-

elled. The FE mesh consists from 8,560 nodes and 7,155 element C3D8 (Abaqus

2005). For application of nonlinear cohesive element, the package Warp3D [10] was
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necessary to use. In the same mesh generated in Abaqus [1] the next 180 cohesive

elements inter 8 were added. Owing to numerical instability the loading increment

from one step was decreased from 0.025 mm to 0.0025 mm (therefore more than

1,000 loading steps were applied).

Numerical modelling found strong dependence on the mesh size, especially on

the mesh size in the direction in the thickness of the body. Therefore 15 various

meshes for the FE modelling were applied. In Fig. 11.6 one can see detail of the

crack tip for FE mesh used for the application of the cohesive elements.

Fig. 11.6 The FE mesh and detail of the crack tip for SE(B) specimen
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Fig. 11.7 Standard tensile specimen

Fig. 11.8 Modified tensile specimen – waisted

To determine material curve for characterization of the elastoplastic behaviour

of tested material the standard tensile experiments have been using for many years.

The relation σekv (εekv) is found but the problem is the validity of this relation after

necking. According to many experimental observations in [18] the new approximate

curve in Eq. (11.1) was received for standard tensile specimens (see, Fig. 11.7) and

modified tensile specimens – waisted specimens (Fig. 11.8). This Eq. (11.1) was

used in our prediction of the material curve. At least 10 specimens were used in

both cases; the third curve [25] was determined by standard procedure without MLR

elongation. Material curves used for modelling can be seen in the Fig. 11.9 and

corresponding J-R curves in the Fig. 11.10. The higher values of deformation are

the fitted values.

MLRσ (εekv − εN) = 1− 0,6058(εekv − εN)2 + 0,6317(εekv − εN)3

−0,2107(εekv − εN)4 (11.1)
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11.4 Stable Crack Growth Modelling Using GTN Model

The base micromechanical parameters are determined from the real tensile test com-

bined with the finite element calculations. Determination of micro-mechanical pa-

rameters is based on the combination of tensile tests and microscopic observation.
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Fig. 11.11 Void distribution in the neck area of the round tensile bar

The standard cylindrical specimens with a diameter of 6 mm have been tested at

room temperature at crosshead velocity of 2mm min−1. From the reason for the nu-

merical simulation the following data have been measured: force vs. elongation and

force vs. contraction using optical method. The tensile specimens have been anal-

ysed as a first. The methodology for the assessment of the micromechanical param-

eters requires the metallographic observation not only in the area of the local change

of the diameter but in the area of non-affected by the plastic deformation [15]. Half

of the tensile specimen has been bisected and a die head has been separated. The

two samples for optical microscopy have been prepared. Received photos have been

analyzed using image analysis. Void distribution in the neck area of the round tensile

bar can be seen in Fig. 11.11.

f 0.0049 0.0073 0.0073 0.0083 0.0126 0.0131 0.0349

On the base of the received photos recording the contracted area it is possible

to submit that in this case of ductile process the coalescence of cavities is minimal.

Then the value of fc is very close to value of fF and the critical conditions for ductile

damage is being received only by combination of growth and nucleation. One can

see in Fig. 11.11 that the fF close to fracture surface nearly reaches the value equal

0.034 and f0 the value 0.005.

Major item of GTN model is the yield criterion which extends von Mises yield

criterion and can be expressed as:

Φ =
2

3

Si jSi j

σ2
Y

+ 2q1 f ∗ cosh

(

3

2

q2σm

σY

)

−
[

1 + q3 f ∗2
]

= 0 (11.2)

f ∗ =

{

f fc ≥ f

fc − f ∗u − fc
fF− fc

( f − fc) fc ≤ f
(11.3)

The parameters q1, q2, q3 are used to adjust the model, σm is hydrostatic stress,

σY is yield stress, f∗ is void fraction, fc is the critical void fraction for coalescence,

fF is the final value of f, fu
∗ = 1/q1.

The void volume fraction, f, which is defined as the total volume of all cavities

to the volume of the body, is introduced as an internal variable to characterize the

damage. Its equation consists of two terms due to nucleation and growth:
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df = dfgrowth + dfnucl with f(t0) = f0, (11.4)

with f0 as the initial void volume fraction. The void growth rate is proportional to

the plastic volume dilatation rate and an empirical approach for nucleation of void

was proposed by [7, 11], suggested a normal distribution for void nucleation (for

strain-controlled nucleation) and then we can write:

dfnucl = Adεp, (11.5)

where A represents the intensity of nucleation and εp is equivalent plastic deforma-

tion and A is given by

A =
fN

SN

√
2π

exp

[

−
1

2

(

εp − εN

SN

)2
]

(11.6)

εN is the mean strain for nucleation, SN is its standard deviation, fN is the volume

fraction of void nucleating particles.

The results following from the metallographic observation in question of the ab-

sence of the coalescence stadium have been verified on the base of the finite element

calculation too. An important query for the applicability of the model is whether or

not the micro-mechanical parameters are dependent on the mesh size. Material af-

fection was given by the true stress-strain curve, fN = 0.04 and the statistical model

of nucleation with recommended values εN = 0.3 and SN = 0.1 was chosen see [20]

for all computations. As can be seen in Fig. 11.12, where the number of elements

in the neck area is varying, one can observe the discrepancy between Fig. 11.12a

and b. Next computations for more elements than 14 are giving the same curves as

in Fig. 11.12b.

The influence of the initial volume fraction on the slope of elongation-contraction

curve has been tested; it can be seen in Fig. 11.13. It is evident that the increasing

value of f0 implicates the increasing of the value of the plastic deformation in the

neck area. Reciprocally the volume fraction of void nucleating particles, fN, has

been tested and it is presented in [25].

In the framework of the stable crack growth modelling the 3D model of the stan-

dard specimen for three point bend test was created. Using two planes of symmetry

only one fourth of the real body was modelled. The problem of determination of

the proper mesh size ahead the crack tip was solved on the base of comparison ex-

perimentally determined force-COD curve and numerically received one (see [25]).

The characteristic mesh size was initially determined to 0.5 mm, but the coincidence

between experiment and the numerical data was not good. Having been used the

mesh where the characteristic mesh size for crack growth area had been selected to

0.1 mm the agreement between experiment and numerical model has been markedly

increased.

Using above mentioned micromechanical data and FEM software WARP3D [10]

the dependence of J-integral on the ductile crack length has been received. As can

be seen in Fig. 11.14 the computed curve and the experimental curve are nearly the
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same, but the good correlation has been found due to varying of q2 parameter. The

values q1 = 1.5 and q2 = 1 have been accepted for a long time as constants non-

dependent on the material behaviour. Faleskog [9] as the first referred to difficulties

following from the consideration of the independence of these parameters on the
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material. The new method of calibration q1 and q2 parameters is being discussed in

the latest work presented by Kim [13].

In our calibration the q1 parameter is fixed and the dependence of q2 (rep-

resenting the local triaxiality) on the slope of the R-curve is tested. In connec-

tion of the slope the attention has been paid on the ductile crack initiation. From
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physical-mechanical point of view the value of Ji is appeared to be independent on

the geometry of the body. This value can be regarded as a material characteristic

and it has been determined numerically as the value when the first element van-

ished. This value can be denominate as a pseudo-physical and its dependence on the

q2 parameter (in Fig. 11.15) and on the triaxiality factor h (in Fig. 11.16) has been
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Fig. 11.16 The dependence of Ji FEM on the stress triaxiality factor



11 Ductile Crack Growth Modelling Using Cohesive Zone Approach 205

determined. As can be seen the decreasing of the local stress triaxiality leads to the

increasing of the initial value of Ji FEM and for our experimental steel this initia-

tion value was markedly higher then for recommended value of q2. The value of Ji

could be dependent on the geometry of the body (from the engineering approach)

and this finding in necessary to take into account in the case of transferability of the

experimentally determined data to the real components.

11.5 Conclusions

Using of the “vanishing elements” the ductile crack growth was simulated and the

R-curve (J-∆a) was predicted using damage and cohesive elements in case of a pure

mode I. The coincidence of the predicted curve and experimental curve is very good;

– To receive these results is necessary to calibrate parameters q1 and q2 in GTN

model.

– For modelling using cohesive elements the hybrid experimental and numerical

procedure is used for the calibration T0 and Γ0.

– Stable crack growth modelling is strongly dependent on the quality of the FE

mesh. For the damage modelling the blunting crack tip is used; for the modelling

using cohesive elements the thickness of these separate elements is zero and the

exponential traction separation law (see Fig. 11.1b) was used. Obtained results

can be seen in Figs. 11.17 and 11.18.
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Fig. 11.18 The reconstruction of the crack path

– The shape of the J-R curve is more determined by the material curve than by

the shape of the traction separation law. The exact determination of the material

curve is the key point for proper application of the cohesive zone model used for

the ductile fracture.

– Three separate tensile geometries were investigated, including waisted and

notched specimens. Waisted samples and standard tensile specimens were used

to determine the material curve. The notched specimens have been found very

suitable for the verification of the measured material curves. The shallow notch

of the waisted tensile specimen allows monitoring of the diametral contraction

during testing, so that the true stress could be accurately monitored. Agreement

of the computed curve (using Abaqus [1]) force – deflection and force – contrac-

tion for notched specimen was excellent. Notched specimens were used for T0

determination and calibration.

– The standard CT specimens were used for J-integral determination according the

ASTM 1820–99a procedure and Ji value has been calibrated through the best fit

of the calculated and measured J-R curve.
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Abstract. The micromechanical modelling encounters a problem that is different from basic 

assumptions of continuum mechanics. The material is not uniform on the microscale level and the 

material within an element has its own complex microstructure. Therefore the concept of a 

representative volume element (RVE) has been introduced. The general advantage, compared to 

conventional fracture mechanics, is that, in principle, the parameters of the respective models 

depend only on the material and not on the geometry. These concepts guarantee transferability from 

specimen to components over a wide range of dimensions and geometries. The prediction of crack 

propagation through interface elements based on the fracture mechanics approach (damage) and 

cohesive zone model is presented. The cohesive model for crack propagation analysis is 

incorporated into finite element package by interface elements which separations are controlled by 

the traction-separation law.  

Introduction 

The prediction of crack propagation through interface elements based on the fracture mechanics 

approach (damage) and cohesive zone model is investigated. The contribution is concentrated on 

qualification of the two approaches and their use for the prediction of the ductile crack growth in 

42CrMo4 forged steel.  

Two approaches have been selected for crack extension simulations, both built up on 

element extinction algorithms. The first one is based on the damage model of Gurson-Tvergard-

Needleman (GTN) [1]. The other approach arises from the cohesive zone model [4]. Determination 

of micro-mechanical parameters inevitable for modelling utilizes combination of results from static 

tests, microscopic observations and numerical calibration procedures. The attention has been paid to 

the influence of initial value of J-integral and the slope of R-curve which were modelled by 3D 

FEM using WARP3D and Abaqus. The ductile tearing process consisting of void nucleation, 

growth and subsequent coalescence has been represented by a traction separation law in case of the 

cohesive zone model. Interface elements (cohesive elements) simulating the damage development 

were implemented between the conventional continuum elements representing elastic-plastic 

properties of the material. Two cohesive parameters, T0 (cohesive strength) and Γ0 (cohesive 

energy) are supposed to describe damage and fracture of the representative volume element (RVE). 

The tensile bars were used for determination of the cohesive strength, and the fracture mechanics 

specimens (CT) for determination of the cohesive energy. The ductile crack initiation (Ji) has to be 

determined by appropriate experimental method like multiple specimens technique. 

The separate problem supposes elastic-plastic characterization of the steel based on tensile 

test. It consists mainly of the determination of the loading curve expressing the equivalent von 

Mises stress as a function of equivalent plastic strain. For ductile materials capable of undergoing 

large post-necking deformations, the determination of such material response curve determination 

requires an exact approach. From a number of possible approaches the solution suggested by 

Mirone [2] appears to be promising. The material curves introduced into calculation have been 
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nearly identical; however, an immaterial alteration may play a significant role in the final prediction 

of the crack extension.  

R-curves in terms of the J-integral approach play a key role in the structural integrity 

assessment concept.  Thus, it is important to know in depth about the effects contributing to 

predictions of this curve. 

 

Experiments and determination of material parameters 

The basic micromechanical parameters for GTN model were determined from the measured tensile 

test data combined with the finite element calculations; generally 9 material parameters have been 

determined as described elsewhere [3]. The geometry parameters q1, q2, q3 were used to adjust the 

model,  fc is the critical void fraction for coalescence, fF is the final value of void fraction, fN is the 

nucleation parameter, in all computations recommended values for nucleation were used (εN=0.3 

and SN=0.1).  

To determine material curve for characterization of the elastic-plastic behaviour of tested 

material the standard tensile test data have been using for many years. The relation of σekv (εekv) can 

be determined but a key problem is the validity of this relation after necking. According to 

observations [2] the new approximate curve, Eq. 1, was received for standard tensile specimens and 

so-called waisted specimens.  

 

( ) ( ) ( ) ( ) 432
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Fig. 1: Comparison of tensile test curves obtained experimentally and by FEM modelling 

 

The parameters for cohesive zone modelling. For the cohesive strength, T0, in the case of fracture in 

the normal direction, the hybrid technique has been developed [4]. Using conventional elastic-

plastic analysis, the distribution of the axial stress across the notch section of the specimen is 

determined for the moment of the crack initiation in the centre of specimen. In that case, the axial 

stress exhibits a maximum in the centre of specimen, which is supposed to be equal to T0. The result 

values were determined as the average values from a set of ten tested specimens. 

The cohesive energy, Γ0, has been determined by a fracture mechanics test with assumption 

that Γ0 is equal to Ji valued, i.e. the J-integral at initiation of stable crack extension. The procedure 

can be taken from the standard test methods and numerical calibration as can be seen in Fig.2. The 

standard CT specimens were used for the J-integral determination according the ASTM 1820-99a 

reduction in area  [mm] 
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procedure. The calibration process was applied on three combinations of values T0 and Ji marked in 

Tab. 1 as cohe_1, cohe_2, cohe_3. 

      

 

 

 

Table 1: Input parameters for traction-separation law calibration 
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Fig.2:  Traction separation law calibration by means of Ji-∆a data (for CT specimen) 

Stable crack propagation modelling 
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Fig.4: Ji-∆a curve prediction for cohesive model and GTN (SE(B) specimens) 

 

 

 T0 [MPa] Ji [MPa.mm] δ0/2 [mm] 

Cohe_1 2000 110 0.0101 

Cohe_2 2000 120 0.011 

Cohe_3 2000 130 0.012 
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The experimental results of the SE(B) specimens were available in the form of the J-∆a curve. The 

characteristic mesh size of the cohesive element was 0.2 x 1.4 x 0 mm
3
. The dependence of the J-

integral on the crack increment is illustrated in the Fig. 4. Some material curves received by the 

standard tensile tests for the same material show necessity of the diligent approach and accurate 

methods for the material curve determination. The best coincidence with the experimental data was 

obtained in case of the material curve adjusted by means of Mirone method from the tensile test of 

the standard specimen. 

Summary 

The cohesive parameters for ductile crack growth have been experimentally determined and 

calibrated using finite element computation method. Obtained results have been compared with the 

GTN method. This procedure consists of a specific traction-separation law of the cohesive model 

and convenient method for determining the material parameters. The traction-separation law has 

been characterized by the constant cohesive strength, T0, which is preceded by a steep slope and by 

the cohesive energy, Γ0, which also characterizes the material properties in the process zone. From a 

numerical point a view the following findings have been made: 

• The shape of the J-∆a curve and therefore the results of crack propagation modelling is 

strongly controlled by the material curve (equivalent stress – equivalent strain curve). The 

precise determination of the material curve is the key point of the correct modelling and 

application of the cohesive elements. The sensitivity of the cohesive zone modelling on the 

material curve is higher than in case of the GTN model. 

• The strong dependence of the convergence and numerical stability on the mesh size was 

found in both cases. The shape of the crack line for numeric stable solution is a bit different. 

The crack line for the GTN model is blunted, the best shape is for 45° chamfer of the first 

element. Thickness of the cohesive element is zero; therefore no bevel edge can be used. 

• Determination of nine parameters for GTN model is more complicated procedure and more 

dependent on the experimentally determined values.  

• Using of the „vanishing elements” for the ductile crack growth simulation was tested and R-

curve was predicted. The coincidence of the predicted curve and experimental curve is very 

good due to partial calibration of numerical q2 parameter of the GTN model. 

• The experimentally obtained values for the Ji received on the CT specimens must be 

numerically calibrated. 

• The higher plasticity is in the crack tip the lower requirements are on the shape of the 

traction-separation curve for the cohesive zone model. 

Finally, good agreement between numerical simulations and experimentally measured J-R curve 

was found. 
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Abstract. Ceramic matrix composites reinforced by unidirectional long ceramic fibre are very 

perspective materials. The only disadvantage of such materials is relatively high brittleness at room 

temperature. The main micromechanism acting as toughening mechanism is the pull out. There are 

other mechanisms as crack bridging, crack deflection etc. but the primer mechanism is mentioned 

pull out which is governed by interface between fibre and matrix. The contribution shows a way 

how to predict and/or optimise behaviour of composite by application of cohesive zone method 

using the FEM numerical package Abaqus. The presented results from numerical calculations are 

compared with experimental data. 

Introduction 

The prediction of crack propagation through interface elements based on the fracture mechanics 

approach (damage) and cohesive zone model is investigated. From amount damage models the 

cohesive models seem to be especially perspective for practical applications [1]. Thanks to 

phenomenological character of cohesive models this model is adapting for various kinds of 

materials and damages. Cohesive models (more often) cohesive zone model (CZM) is increasingly 

being used to simulate fracture and fragmentation processes in metallic, polymeric, ceramic 

materials and composites [2]. Base principle of CZM which is using cohesive elements for crack 

and damage modelling is their damage while the classical continuum elements are undamaged.  In 

terms of modelling the separation of materials is realized using cohesive elements in the boundary 

line between classical elements of continuum. Using cohesive models the behaviour of materials is 

realized by two types of elements. The former is the element for classical continuum and the latter is 

the connecting cohesive element. The separation of these connecting cohesive elements is computed 

from the displacement of neighbouring continuum elements. Generally the separation is dependent 

on the normal and shear stresses and their operation on the surface of separation elements [3]. 

The failure of composites has been investigated extensively from the micromechanical point of 

view. When a crack propagates in a composite material in a direction perpendicular to that of 

reinforced fibres, the failure process typically involves four basic mechanisms: matrix cracking, 

fibre/matrix debonding, fibre breakage and fibre pull-out. Critical problems in application of these 

materials are the interfaces between matrix and reinforcing fibres. The interface is very strip area 

with primary key property including the fracture toughness, strength and fracture behaviour. This 

interface plays the crucial role in stress transferring between reinforcement and matrix and so it 

determines the mechanical and fracture behaviour. The separation is given by the common influence 

between normal and tangential directions at the interface. Compound materials consist of two or 

more constituents with different properties complementing other. The degrading properties of one 

constituent are levelled off by better properties of the others. Damage evolution is sensitive to 

morphological parameters of the microstructure such as volume fraction, size and spatial 

distribution of reinforcements, interfacial strength and size defect. Significant improvement in 

discrete crack modelling has been realized with the development of extended finite element method 
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[X-FEM]. In this approach the domain is modelled by finite elements with no explicit meshing of 

the crack surfaces. The location of the crack discontinuity can be arbitrary with respect to the 

underlying finite element mesh and static or fatigue crack propagation simulation can be performed 

without the need to remesh as the crack advances [4, 5]. Combination cohesive elements and X-

FEM approach seem be very perspective way how to model the crack growth. 

Bridging law modelling 

For glass fibre composites, the interfacial properties are controlled by the sizing, which is applied to 

the glass fibres during manufacture. The change of sizing results in changes of these properties. This 

leads to the influence to the mechanical properties such as strength and fracture toughness. The 

concept of strength is used for characterising crack initiation in composite design, while fracture 

toughness determines crack growth and damage development. Bridging occurs during cracking in 

mode I crack growth along the fibre direction. This failure mode plays an important role during 

delamination of fibre composites and cracks splitting around holes and notches. The fibre bridging 

zone must be modelled as a discrete mechanism on its own; failure is not just controlled by the 

cracking at the crack tip. The failure process can be described by a bridging law, which describes 

the relationship between the crack opening displacement and the local bridging tractions resulting 

from the bridging ligaments. This paper derives the necessary basics and equations to implement 

these laws into the commercial finite element code ABAQUS with a cohesive user element. 

Different numerical adjustments of the bridging law will be discussed in detail in oral presentation. 

Crack aspects, such as crack opening shape and the influence of bridging law parameters, are 

studied based on the numerical results.  

Now consider the specimen having a crack with bridging fibres across the crack faces near the 

tip. The bridging law σ = σ(δ) is then taken to be identical at each point along the bridging zone. 

Since fibres will fail when loaded sufficiently, we assume the existence of a characteristic crack 

opening δ0, beyond which the closure traction vanishes. Shrinking the path of the J integral to the 

crack faces and around the crack tip gives 

            ,)(

*

0

∫ +=
δ

δδσ TIPJdJ             (1) 

where JTIP is the J integral evaluated around the crack tip (during cracking is equal to the fracture 

energy of the tip, J0). The integral is the energy dissipation in the bridging zone and δ* is the end-

opening of the bridging zone at the notch root. The bridging law can be determined by 

differentiating Eq. (1) 

.)( *

δ
δσ

∂

∂
= RJ              (2) 

JR is the value of J during crack growth. Initially, the crack is unbridged. Thus, by Eq. (1), crack 

growth initiates when JR = JTIP = J0. As the crack grows, JR increases in accordance with Eq. (1). 

When the end opening of the bridging zone δ∗ reaches δ0, the overall R-curve attains its steady state 

value Jss. 

Bridging law implementation 

There are a variety of possible methods for implementing cohesive laws within commercial finite 

element programs. The most versatile is the development and programming of cohesive elements. 

These elements are in most cases defined with zero thickness and prescribe stresses based on the 

relative displacement of the nodes of the element. Similar work has also been undertaken with 

spring elements (force-opening relation), although in this case there might be simplifications 

required when calculating the equivalent nodal spring forces from the surrounding elements. The 
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procedure is not straight forward when springs are connected to elements with non-linear shape 

functions, such as 8-noded elements. 

The constitutive expression can be expressed either with a linear displacement term for ∆u, or 

with a coupled form, where ∆u is included with non-linear dependence. The preferred option 

depends on the form of the constitutive equation (Eq. 3) and its numerical implementation: 

.)()( 2/1

0

*

0

*

δ

δ
δ SSR JJJ ∆+=                      (3) 

Two points need to be addressed during the numerical adjustment: Removal of the stress 

singularity at ∆u = 0 and incorporation of the initial fracture strength J0 improved traction separation 

law as can be seen in Fig. 1. Parameter α is in range <1, 100>, Kfac =J0/(∆u2σ0)(α+1/α). 

 
 

 

Fig.1:  Traction separation (bridging) law modification 

Experiments and determination of material parameters 

The material used for the bridging stresses modelling was a commercially available SiC Nicalon 

fibre reinforced borosilicate glass matrix composite (see Fig. 2). More information can be found in 

[6]; especially the prediction of bridging stresses was valuable for the cohesive model application. 

Properties of the glass matrix, SiC fibres and composite were: Young´s modulus 63, 198, 118 GPa, 

Poisson ratio 0.22, 0.20, 0.21, tensile strength 60, 2750, 600-700 MPa. 

  

 

 

 

 

 

Fig. 2: Image of the microstructure 
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Stable crack propagation modelling 

For the crack growth modeling the following data determined experimentally were used: J0 = 6200 

J/m
2
, Jss = 18500 J/m

2
, ∆uc = 0,1 mm, ∆u1 = 0,013 mm. Calibrated data and the final shape of the 

bridging law can be seen on the following Fig. 3. 
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Fig. 3: Traction separation law after calibration procedure 

Summary 

Special shape of the bridging law has been tested and implemented into the commercial finite 

element package Abaqus. The cohesive parameters for crack growth have been experimentally 

determined and calibrated. The traction-separation (bridging) law has been characterized by 

bridging stress σ0, steady state value Jss, crack growth initiates when JR = JTIP = J0. The following 

findings have been made: 

• Crack propagation and its numerical stability are strongly controlled by slope of bridging 

law. The precise determination of the law is the key point of the correct modelling and 

application of the cohesive elements. 

• The strong dependence of the convergence and numerical stability on the mesh size was 

found. Thickness of the cohesive element is zero; therefore the sharp crack tip is used. 

• Vanishing elements for the crack growth simulation were tested and numerical stable shape 

of the traction separation law was suggested. 
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The optimization of silicon oxycarbide (SiOC) synthesis (sol-gel/pyrolysis) is described, starting from
methyltriethoxysilane, dimethyldiethoxysilane, tetraethoxysilane, ethyltriethoxysilane and propyltriethoxysilane.
Variation of final elemental composition was tested via change of monomer ratios and combinations. The main
aim was to achieve low weight losses during cure and pyrolysis and high micromechanical properties. Gas
chromatography and mass spectroscopy was used to analyse the by-products of cure and pyrolysis, indicating
a prominent role of cyclosiloxane and polyhedral oligomeric silsesquioxane (POSS) oligomers. Best results were
obtained with high contents of methyltriethoxysilane in the monomers mixture.

PACS: 81.05.Je, 81.05.Mh, 82.30.Lp

1. Introduction

Silicon oxycarbide (SiOC) is a hard glass which is
structurally related to both silica (SiO2) and silicon car-
bide (SiC). It enjoys a considerable research interest, be-
cause of its high mechanical properties and refractori-
ness [1], interesting viscoelastic behavior at elevated tem-
peratures [1], and not least because of an improved oxi-
dation resistance [2–5] in comparison to SiC, due to much
more efficient surface passivation with SiO2.

[CH3SiO1.5]n → SiOxCy + H2 + CxHy + oligo(siloxane)
Scheme 1: Preparation of SiOC via siloxane pyrolysis

Attractive is the easy accessibility of SiOC via pyroly-
sis of siloxane resins (Scheme 1, review [6]. Even ideally
homogeneous SiOC can be considered a nanocomposite,
consisting of SiO2- and SiC-like structural units, as illus-
trated in Scheme 2. The highest SiOC homogeneity is
achieved via magnetron sputtering [7, 8]. Above 1100 ◦C,
SiOC undergoes a “micro”-phase separation into larger
nanometric domains of SiC embedded in SiO2 [1, 9–12].
Typical SiOC also contains turbostratic graphite [1, 4, 9]
which is responsible for its black color. Only under
special synthesis conditions, completely graphite-free,
colorless SiOC can be prepared [13]. SiOC synthesis via

∗ corresponding author; e-mail: strachota@imc.cas.cz

pyrolysis typically leads to porous products, so that it
is difficult to obtain large, well-shaped, monolithic pieces.

Scheme 2: Symbolic representation of SiO2 (a), of the
denser SiC (b) and of SiOC (c) covalent networks

In previous work the authors prepared compact SiOC
composites with silicate fibers, using commercial silox-
ane resins (repeated soaking/pyrolysis) [14–16]. It was
demonstrated [17] that high amounts of iron oxide in
the fibers (basalt) lead to their good pull-out behavior.
Micromechanical properties of SiOC were also recently
investigated [18]. In this work the focus was of non-
expensive variation and optimization of SiOC synthesis
using common alkoxysilanes as starting compounds.

(326)
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2. Experimental

2.1. Chemicals

Methyltriethoxysilane, dimethyldiethoxysilane,
tetraethoxysilane, ethyltriethoxysilane and propyltri-
ethoxysilane, as well as catalyst sulfuric acid (H2SO4

98%), sodium hydrogen carbonate and toluene were
purchased from Sigma-Aldrich and used without further
purification.

2.2. Synthesis of precursor resins

4 wt% H2SO4 in water was mixed with the alkoxysi-
lane monomers so that the ratio H2O/OR (OR = alkoxy
groups from alkoxysilanes) was equal 2.25, 1.5 and 3. The
mixture was stirred for 5 min without heating (complete
homogenization and heat evolution is observed), there-
after it was stirred for 25 min on a heating plate at
130 ◦C(evaporation of formed ethanol and of excess- and
condensation-water). Finally, the raw (liquid) product
was diluted by toluene to 50 wt%, and H2SO4 was neu-
tralised with NaHCO3 (10% excess). The toluenic resin
solution was separated from the small aqueous phase
formed from H2SO4 and NaHCO3 and stored in refriger-
ator.

2.3. Resin cure and pyrolysis

Resin solutions were put into a porcelain weigh dish
and first evaporated under air stream at room temper-
ature around 15 min, yielding a viscous paste. This
was further dried under vacuum at room temperature
for two hours, yielding dry non-cured resin (weight
determination). For cure, the resins were heated on air
at 90 ◦C/ h up to 250 ◦C, and thereafter this temperature
held constant for 4h. The pyrolysis of the cured silox-
anes to SiOC was carried out under nitrogen atmosphere
by heating from 250 to 420 ◦C at 50 ◦C/h, followed by
slower heating from 420 ◦C till 1000 ◦C at 10 ◦C/h. The
cooling of the finished SiOC sample was performed at
50 ◦C/h.

2.4. Weight Loss determination

The weight loss of samples after curing, or after cur-
ing and subsequent pyrolysis was measured by weighing
larger specimens (2 g) on an analytical balance, before
and after the respective heating program, averages of five
values were used. For recording thermogravimetric mass-
loss vs. temperature curves (TGA) a Kern EW device
was used, at a heating rate 90 ◦C/ h, with air as purge
gas.

2.5. Pyrolysis / Gas Chromatography / Mass
Spectroscopy analysis

The cure and pyrolysis was followed using a Trace-
DSQII gas chromatograph (GC) with quadrupole mass
spectrometer from ThermoElectron, equipped with the
CDS Pyrobrobe 5000 pyrolysis chamber. For every
pyrolysis-GC-MS analysis, 2 mg of a powdered sample

were used. The pyrolysis was carried out in helium atmo-
sphere for 30 s, at 160, 200, 250, 300, 400, 500, 650, 750
and 1000 ◦C. The silica column TR-5MS with a mod-
erately polar stationary phase was used for GC: Injec-
tion temperature was 250 ◦C, mobile phase (helium) flow:
1.5 mL/min, injection splitting was 1:10, GC program:
initial temperature: 35 ◦C, rate 5 ◦C/min, final T : 300 ◦C.
Product mass spectra were assigned using a NIST library.

2.6. Micromechanical testing

The micromechanical analysis of SiOC samples was
performed using a ZWICK Z2.5 indentation tester,
equipped with the micro hardness head ZHU0.2 (200 N
load cell). The depth measurement resolution was 20 nm.
Experiments (repeated five times) were performed at 2 N
peak load, and in accordance with the Vickers hard-
ness test standard [19]. The unloading branch of loading
curves (force vs. indentation depth) yielded the universal
hardness HMs and the indentation elastic modulus EIT .
The indents were also measured optically using a laser
confocal microcope LEXT OLS3100 (Olympus, Japan),
yielding Vickers hardness HV02.

3. Results and discussion

3.1. SiOC Synthesis procedure

Several alkoxysilane monomers (Scheme 3), were tested
in a well-controlled sol-gel synthesis of siloxane precursors
to silicon oxycarbide (SiOC).

Scheme 3: Monomers: (a) = methyltriethoxysi-
lane, “T”, (b) = dimethyldiethoxysilane, “D”,
(c) = tetraethoxysilane, “Q”, (d) = ethyltriethoxysilane,
“TEt”, (e) = propyltriethoxysilane, “TPr”

The SiOC preparation consisted of three steps (Scheme
4): (1) First, alkoxysilane monomers were subjected to
an acid-catalyzed sol-gel process with water (hydrolysis
followed by gradual Si-OH group condensation to Si-O-
Si), under heating and evaporation of the formed alcohol.
OH-functional oligomeric siloxane resins were obtained,
whose further condensation was stopped by catalyst neu-
tralization and by dilution with toluene to a storable 50%
solution (well suited for fiber textures impregnation); (2)
In the second step, the precursor solution was dried and
subsequently cured at 250 ◦C to yield an infinite net-
work; (3) Finally, the cured polysiloxane was pyrolysed
at 1000 ◦Cunder nitrogen to yield SiOC.
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Scheme 4: The employed preparative path to SiOC.
3.1.1. The examination of the sol-gel step

The effect of the amount of added water in step (1)
of Scheme 4 was studied first: lower than stoichiometric
amount leads to an incomplete hydrolysis of the alkoxysi-
lane. Until H2O : OR ratio of 0.5, a complete subsequent
cure to perfect polysiloxane is still possible (via OH-OR
condensation), but the steps (1) and (2) of Scheme 4
proceed slower, which could be eventually an advantage
(improved control of gas evolution and solidification).
H2O:OR ratios of 1.5 (low), 2.25 and 3 (high excess) were
tested, taking into account evaporation losses (50%) of
water. The H2O:OR ratio of 2.25 led to optimal curing
behavior and was selected as standard. Optimal reaction
time for the sol-gel step (1) is around 70% of the time
of gelation. At lower conversions, the resins foam during
cure (usually not desired). At higher conversions, the
resin storability becomes problematic.

3.2. Weight loss of the siloxane resins during cure and
pyrolysis

Weight losses during cure and pyrolysis are illustrated
in Figs. 1–3: Fig. 1 depicts a typical behavior during
cure (at 90 ◦C/h). After the first scan, practically no
loss occurs during the second, until 270 ◦C. Above this
temperature, weight loss is observed in any scan, indicat-
ing the start of pyrolysis reactions (strong above 400 ◦C).
The obtained resins were compared with the commercial
methylsiloxane “M130” from Lucebni zavody a.s. Kolin,
Czech Republic (loss after cure and pyrolysis: 20%).

Fig. 1. Exemplary weight loss behavior during silox-
ane cure and the onset of pyrolysis near 300 ◦C: full
squares: first heating, hollow squares: derivative of the
weight loss, full triangles: second heating, hollow trian-
gles: derivative of weight loss for second heating.

As illustrated in Figs. 2 and 3, the weight losses during
cure step and during pyrolysis step are similar in the

Fig. 2. Effect of bifunctional carbon-rich “D”-monomer
content on the weight loss behavior of siloxane resins
based on methyltriethoxysilane (trifunctional, “T”) and
dimethyldiethoxysilane (bifunctional, “D”).

Fig. 3. (a) Effect of bifunctional carbon-rich “D”-
monomer content on the weight loss behavior of siloxane
resins based on tetraethoxysilane (tetrafunctional, “Q”)
and dimethyldiethoxysilane (bifunctional, “D”), (b) Ef-
fect of size of the alkyl substituent on triethoxysilane
units “T”, onto the weight loss of T2D1 resins.

best resins. In those with high weight losses, most of
the loss often occurs already during the cure. Generally,
high content of the carbon-rich repeat units “D” (from
dimethyldiethoxysilane) leads to high losses.

In the series methyltriethoxysilane/
dimethyldiethoxysilane (T/D) (Fig. 2), the resins
with “D”/”T” (Scheme 3) monomer ratios 0, 0.25 and
0.33 display smaller (or same) weight losses than the
reference. The resin with D/T = 0 has a very strong
tendency to gelation, so that D/T = 0.25 (“T4D1”) was
ideal. The resins with D/T = 0.5 to 4 display high losses,
which increase with D content (suspected elimination of
cyclic D oligomers - confirmed by GC/MS below). The
Q/D series (Fig. 3a), in which the “T”-monomer was re-
placed by the cheaper and carbon-free tetraethoxysilane,
“Q” (Scheme 3), showed very promising low weight losses
at cure, especially for D/Q = 2 and 3. Q1D2 had a
high tendency to gelation, while Q1D3 is unproblematic.
Unfortunately, all the Q/D resins display too high
D-losses at pyrolysis.
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Scheme 5: Assignment of important components of py-
rolysis gases from gas chromatograms via coupling with
mass spectroscopy

Fig. 4. Gas chromatograms of gases escaping during
the cure of siloxane resins and their pyrolysis to SiOC.

Effect of alkyl groups on “T” (trialkoxysilane)
monomer on weight loss (Fig. 3b): The variation of
Si/O/C ratios via “D” (carbon-rich dimethyldiethoxysi-
lane) content in the T/D and Q/D series was found to
be rather small, due to strong elimination of D. Hence,
the variation of carbon content was tested by introduc-
ing larger alkyl substituents on “T”. Larger alkyl groups
on T lead to higher losses than the methyl groups, but
the trend is not simple (Fig. 3 b): Ethyl groups cause a
twofold increase in weight loss, if compared with methy-
lated T2D1. n-Propyl groups yield a much better re-
sult, but the total loss is still higher by 30%. Obvi-
ously, the larger alkyl substituents favor the formation
of volatile oligomers of T (see GC/MS below). With
increasing substituent size (n-propyl), radical crosslink-
ing and carbonization of these substituents reverse the
T -release trend. A butyl group could possibly achieve
improved weight losses, but reactive larger groups on T
seem to be more promising.

3.3. GC-MS-study of pyrolysis by-products

The evolution of gaseous by-products during cure and
pyrolysis of precursor siloxane resins was followed via
gas chromatography coupled with mass spectroscopy
(GC/MS). Figure 4 shows chromatograms of fumes evolv-
ing from a T2D1 sample pyrolysed at T = 160 ◦C to
1000 ◦C (“T” corresponds to methyltriethoxysilane, “D”
to dimethyldiethoxysilane monomer, the numbers give
monomer ratios). Products marked in Fig. 4 were as-
signed via MS (Scheme 5). “D”-unit content led to release

of cyclic D−trimer (highly preferred) and D-tetramer
(marked as (2) and (3), boiling points: 134 ◦C and 176 ◦C,
respectively). D-rich resins (T1D1, T1D2, T1D4, Q1D4
(Q = tetraethoxysilane) ) release cyclo-D3 and -D4 al-
ready during cure, indicating their formation during syn-
thesis. Above 400 ◦C, cyclo-D evolves due to pyrolysis
(see literature [20, 21]). Above 400 ◦C, methane and
propene were detected (marked (1)), as side products of
alkyl substituents pyrolysis. From moderate pyrolysis
temperatures (300 ◦C) onwards, branched cyclic D − T -
oligomers marked as (4) were detected. Above 650 ◦C,
spherical T -oligomers (POSS, marked (5)) evolve, espe-
cially strongly if ethyl-substituted “T” was used.

Fig. 5. Micromechanical characteristics of SiOC
glasses in dependence of monomer composition: (a)
Martens hardness HMs, (b) Vickers hardness HV0.2,
(c) indentation Young modulus EIT , “T” corresponds
to methyltriethoxysilane, “Q” to tetraethoxysilane, and
“D” to dimethyldiethoxysilane, numbers to monomer
ratios.

3.4. Micromechanical testing

The quality of the SiOC glasses prepared was evalu-
ated via micro-indentation. Regarding precursor com-
position, the mechanical properties showed similar but
much weaker trends like weight losses. In Fig. 5, the
Martens hardness HMs (a), the Vickers hardness HV0.2
(b) and the indentation Young modulus EIT are com-
pared for SiOC made from T4D1, T3D1, T2D1, T1D1,
Q1D3 and from the reference“M130”. The series T4D1
to T1D1 shows a moderate but clear decrease of hard-
ness and modulus with increasing D content. This trend
seems to correlate more with density, rather than with
composition, because samples with high weight losses
were typically micro-porous (“micro-foaming”). Densi-
ties, determined by weighing thoroughly powdered sam-
ples on air and in water (after being soaked for one day),
range from 2.0 to 1.8 g/mL for T4D1 to T1D1 (before
pyrolysis: 1.2 g/mL). Interestingly, Q1D3 displays nearly
the same micromechanical properties like SiOC from the
reference, in spite of Q1D3 relatively high weight loss.
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4. Conclusions

Silicon oxycarbide (SiOC) glasses with varying element
ratio were prepared from mixtures of alkoxysilane co-
monomers. Combining simple monomers, linear carbon-
rich dimethyldiethoxysilane with branching carbon-poor
ones (methyltriethoxysilane or tetraethoxysilane) led to
rather narrow variation of final SiOC composition, due to
dimethyldiethoxysilane elimination upon pyrolysis. Sam-
ples with high weight losses were micro-porous. Larger
alkyl groups on triethoxysilane units led to formation
of volatile cage-like silsesquioxane oligomers, but also to
higher substituent carbonization, hence large and poly-
merizable substituents on trialkoxysilane units seem to
be most promising for future work.
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Abstract. Specific silicon nitride ceramics, the influence of the grain size and orientation on the 

bridging mechanisms was found. In ceramic matrix composites, crack-bridging mechanisms can 

provide substantial toughness enhancement coupled with the same and/or increased strength. The 

prediction of the crack propagation through interface elements based on the fracture mechanics 

approach and cohesive zone model is investigated. From a number of damage concepts the cohesive 

models seem to be especially attractive for the practical applications.  Within the standard finite 

element package Abaqus a new finite element has been developed; it is written via the UEL (user’s 

element) procedure. Its shape can be modified according to the experimental data for the set of 

ceramics and composites. The element seems to be very stable from the numerical point a view. The 

shape of the traction separation law for four experimental materials is estimated via the iterative 

procedure based on the FEM modeling and experimentally determined displacement in indentation 

experiments, J–R curve is predicted and stability of the bridging law is tested.  

Introduction 

Crack growth modelling concepts achieved great success and progress during last decade. The finite 

element and boundary element method, molecular dynamic success and actually "ab initio" 

computation found their use in the material research long time ago. Some of the mentioned methods 

have been modified, e.g. parallel approach implementation, which comes into their own in case of 

the multiprocessor applications. In some cases only small improvement of the standard procedures 

is coming. The finite element method as a well developed procedure has in this case a special 

position. It seemed that the boundary of material and geometry nonlinearities has been reached 

before. Procedures based on the fracture mechanics approach derived benefit from knowledge of 

global parameters like stress intensity factor, e.g. KI, and J -integral. These parameters were used 

with the combination of the remeshing ahead the crack tip a bit later. The special elements 

corresponding to damage and crack growth were implemented into the Abaqus package. 

    It is well recognised that the properties of ceramics can be profoundly enhanced by suitably 

tailoring the microstructure based on intended applications and working conditions. Namely, the 

effects of the targeted grain structure on the fracture toughness of silicon nitride were demonstrated 

in [1, 2]. Similarly, the influence of boundary phase manipulation and the effect of grain bridging 

on the strength and toughness were illustrated in [3]. In order to improve the lifetime of ceramic 

components and realise cost and energy efficient manufacturing processes, two main issues have to 

be addressed: (i) materials with increased functionality and optimum properties should be fabricated 

and tailored for a wide diversity of requirements (materials design and optimisation); (ii) the 

progress of degradation processes should be predicted and evaluated (damage analysis), focusing in 

particular on damage mechanisms occurring under realistic operation. This knowledge leads to the 

design of materials with superior performance in machine components. 

Understanding the nature of crack growth in ceramic materials and its relation with the crack 

resistance curve (R-curve) behaviour helps to improve the fracture resistance in ceramics [4]. A 

rising R-curve behaviour occurs when the microstructure impedes the crack extension. Several 

microstructural toughening/shielding effects might result in the favourable R-curve behaviour in 
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ceramic materials. Such micromechanisms include: microcrack toughening, transformation 

toughening, brittle particles toughening (including selfreinforcement used in Si3N4 ceramics), long 

fibre reinforcement, and chopped fibers or whisker toughening, respectively. Crack-bridging 

mechanisms can provide substantial toughness enhancement coupled with strength increase. The 

initial steep rise in crack resistance is attributed to the formation of elastic bridges supposing the 

reinforcing phase is experiencing no debonding. However, more recently it has been pointed out 

that those mechanisms do not adequately account for the steep-rising crack resistance curves (R-

curves) observed for some materials [5]. Also, new methods have been proposed for determining 

the bridging stresses [6] and a mechanism-based constitutive model have been presented for the 

inelastic deformation and fracture of ceramics [7, 8]. Discrete damage model capable of capturing 

fragmentation at two size scales is derived by combining a continuum damage model and a discrete 

damage model for brittle failure [9, 10]. Many authors proposed that the bridging process can be 

partitioned into five distinct regimes of resistance: propagation, kinking, arrest, stalling, and 

bridging, e.g. [11]. 

Bridging law modelling 

Now consider a specimen having a crack with bridging fibres across the crack faces near the tip. 

The bridging law  = (u) is then taken to be identical at each point along the bridging zone. 

Since fibres will fail when loaded sufficiently, we assume the existence of a characteristic crack 

opening u0, beyond which the closure traction vanishes. Shrinking the path of the J integral to the 

crack faces and around the crack tip gives 

   ,

*

0

TIP

u

JuduJ  


            (1) 

where JTIP is the J integral evaluated around the crack tip (during cracking is equal to the fracture 

energy of the tip, J0). The integral is the energy dissipation in the bridging zone and u* is the end-

opening of the bridging zone at the notch root. The bridging law can be determined by 

differentiating Eq. (1) 
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           (2) 

JR is the value of J during crack growth. Initially, the crack is unbridged. Thus, by Eq. (1), crack 

growth initiates when JR = JTIP = J0. As the crack grows, JR increases in accordance with Eq. (1). 

When the end opening of the bridging zone u* reaches u0, the overall R-curve attains its steady 

state value Jss. 

Bridging law implementation 

The preferred option depends on the form of the constitutive equation (Eq. 3) and its numerical 

implementation: 
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Incorporation of the initial fracture strength J0 improved traction separation law as can be seen in 

Fig. 1. Parameter  is lying in the range <1, 100>. 
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Figure 1:  Shape of bridging law            Figure 2: The short crack prepared by the HV1 indentation  

Experiments and determination of material parameters 

The fracture behaviour of short cracks was then observed by applying the indentation technique. 

This methodology allowed to monitor crack behaviour when cracks are initiating and as well in the 

stage of crack propagation. The detail of very short crack (having length of several grains) is shown 

in Fig. 2. Strategy, how to find the best concordance between CTOD versus (a) (experiment 

versus FEM results) has been selected as follows: a)  Increase 0, decrease u0, minimize the 

bridging, and shape – close to jump; b) Decrease 0, increase u0, maximize the bridging, shape – 

close to exponential behaviour with power law softening. 

Stable crack propagation modelling 

The data from Tab. 1 were used for the crack growth modelling (calibrated data). The shape of the 

moving crack via the FEM can be seen on the following Fig. 3. 

 

Table 1: Data for the bridging law 

material A B C D 

Jss   [J/m
2
] 64 77 67 108 

u   [m] 0.30 0.30 0.35 0.35 

u1    [m] 0.08 0.055 0.045 0.045 

J0        [J/m
2
] 21 24 24 25 

0    [MPa] 1063 1590 1350 1590 

                            

    Figure 3: FEM modeling, crack growth 

 

 

 

 

 

 

Figure 4: Bridging law after iteration procedure for material A and B 
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Summary 

Special shape of the bridging law has been tested and implemented into the commercial finite 

element package Abaqus and J - R curve was predicted. The following conclusions have been 

made: 

- Crack-bridging mechanisms can provide substantial toughness enhancement coupled with 

the same strength level in ceramics. 

- Saturation in J – R curve has been reached for XFEM modeling substantially later, usually 

for the crack length greater than 20 m; XFEM model used was without incorporation of the 

bridging mechanism. 

- Saturation in J – R curve has been reached for cohesive modelling usually for the crack 

length in interval 10 - 15 m. It is possible that early real bridging start is probable; due to 

numerical oscillation the obtained values of K can be smaller. 

- Obtained parameters for traction separation (bridging) law enabled J – R prediction, for 

precise prediction seems be essential to determine at least maximum stress 0 

experimentally. 

 
 

Figure 5: J-R curve prediction for XFEM and cohesive modelling 
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Non-destructive detection of metal fibres
in cementitious composites

Jiřı́ Vala, Leonard Hobst and Vladislav Kozák

Abstract—Development of non-destructive methods for the
control of metal fibers in cementitious composites concrete
is needed to certify the volume fraction of fibers and their
directions, crucial for the mechanical properties of a composite.
Based on the research experience of authors, namely on the Brno
University of Technology, the paper demonstrates advantages
and restriction of several useful classes of methods, namely
of i) the planar X-ray imaging, with the discrete fast Fourier
transform applied to image processing, ii) the magnetic approach,
utilizing the Hall probe and advanced considerations on material
homogenization (with certain electromagnetic alternative), iii)
the computed tomography, as an unique exact method for the
detection of volume fraction without breaking the sample, with
an information on (an)isotropy as a benefit.

Index Terms—Cementitious composites, non-destructive test-
ing, electromagnetic measurements, image processing, computa-
tional simulation.

I. INTRODUCTION

ADVANCED building structures make frequently use of
materials as silicate composites, reinforced by metal

particles (e. g. steel-fibre-reinforced concrete), preventing the
tension stresses and strains as sources of undesirable micro- an
macro-cracking. Mechanical properties of such composites are
determined by the choice of fibre properties and their volume
fraction, location and orientation in the matrix, sensitive to
the technological procedures (as special compaction) and to
the early-age treatment – cf. [11], as well as by the bond / slip
interface relations – cf. [2]. The employment of the destruc-
tive approach relies usually on the separation of particles,
taken from the early-age matrix, alternatively obtained from
the crushed part of the existing structure, in the laboratory;
consequently the volume fraction of particles can be evaluated
accurately, whereas any information related to the original
orientation of particles is missing. Moreover, such experiments
with many structures are not allowed by technical standards.
This is a strong motivation for the employment of some reli-
able non- or (at least) semi-destructive measurement methods,
applicable in situ, handling homogeneity and isotropy and
detecting the volume fraction of fibres in the material structure.

Regardless of the significant progress in this research area in
the last decade (for more historical remarks and references see
[7]), no inexpensive, robust and reliable method is available,
thus all identification approaches rely on a) some indirect mea-
surements and b) non-trivial numerical analysis, to handle a
corresponding inverse problem – typically ill-posed, unstable,
etc., forcing artificial regularization. Since a) produce quite

J. Vala and L. Hobst are with the Brno University of Technology, Faculty
of Civil Engineering, Czech Republic, 602 00 Brno, Veveřı́ 95.

V. Kozák is with the Institute of Physics of Materials, Academy of Sciences
of the Czech Republic, 616 62 Brno, Žižkova 22.

other information than needed volume fractions and directional
distributions of fibres, typically digital images in pixels or
voxels, or electromagnetic quantities detected on the speci-
men surface, some calibration relations are needed, motivated
by the physical and geometrical similarity. Moreover, some
reasonable algorithm for the evaluation of effective material
properties, using the properties of matrix and particles and
the geometrical configuration, as input data, is needed: from
simple arguments from the mixture theory to complicated
physical and mathematical homogenization techniques (which
will be specified lated, in connection with electromagnetic
measurements).

In this paper we shall pay attention thanks to the research
experience of the authors from BUT (Brno University of
Technology), namely to three representative approaches:

i) the planar X-ray imaging, with the discrete fast Fourier
transform applied to image processing,

ii) the magnetic approach, utilizing the Hall probe and ad-
vanced considerations on material homogenization (with
certain electromagnetic alternative),

iii) the computed tomography, as an only exact method for
the detection of volume fraction without breaking the
sample, with an information on (an)isotropy as a benefit.

II. ANALYSIS OF X-RAY IMAGES

The radiographic approach, developed in [6] for a rather
large class of building materials, comes from the gray-scale
planar images and some of their post-processing modifications,
in particular:

1) the reduction of all fibres (whose length and thickness is
known) to one-pixel thick black curves, followed by the
simplified evaluation of their amount and orientation, by
[6],

2) the application of the two-dimensional fast Fourier trans-
form by [9], avoiding most artificial image changes,
where the same as in 1) can be identified with a special
diffraction process: for a the gray level at pixel coordi-
nates f(x, y), related to a square image containing N×N
pixels (with N tending to ∞ theoretically), the direct and
inverse Fourier transforms are

F (u, v) =
N−1∑
x=0

N−1∑
y=0

f(x, y) exp (−2πi(ux + vy)/N) ,

N2f(x, y) =
N−1∑
u=0

N−1∑
v=0

F (x, y) exp (2πi(ux + vy)/N)

and the power spectrum P (u, v) = |F (u, v)|2 contain
the useful information, needed for the derivation of the
histograms of fibre directions.
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Fig. 1. Evaluation of fibre orientation from the X-ray image: original image
(left upper photo), result of fibre localization (right upper image), power
spectrum P (left lower graph), resulting rose of fibre directions (right lower
graph).

Fig. 2. X-ray machine EcoRay HF 1040 with digital recording to PC equip-
ment (left photo). PeMaSo-01 depth probe for magnetic measurements (right
photo).

Figure 1 presents an example of such MATLAB-supported
evaluation of fibre orientation in the fibre concrete specimen;
the utilized X-ray equipment is shown on Figure 2. In general,
the radioraphic analysis gets useful results related to pref-
erential orientations of fibres, although limited to data from
planar images, even from several views to cubic specimens.
The estimate of volume fraction of fibres is not very precise,
at least in the comparison with destructive tests.

III. NUMERICAL TREATMENT OF MAGNETIC
MEASUREMENTS

Magnetic measurements like [20] and [4] rely on the differ-
ent values of relative permeability of fibres and a matrix, with
possible alternative of electrical measurements and relative
permittivity. The special experimental configuration usually
tries to force a (nearly) stationary process, whose mathematical
description works with a differential operator close to the
classical Laplace one, to enable non-expensive software sim-
ulation. Figure 3 shows the geometrical configuration of such
process numerical simulation of such process in COMSOL:
the magnetic field is generated by several permanent magnets,

Fig. 3. Radially symmetric geometrical arrangement of the magnetic exper-
iment(left scheme) and computational simplification, including finite / infinite
element mesh (right scheme).

Fig. 4. Results of COMSOL based finite / infinite element simulation of stat-
ionary magnetic field strength.

located in the drilled hole (thus this method could be classified
as low-invasive, not non-destructive completely), consequently
the Hall effect based probe from Figure 2 detects the magnetic
field strength. Figure 4 documents the numerical simulation
of such experiment, applying the COMSOL supported planar
finite / infinite element technique: the influence of the irregu-
larities caused by an artificial hall seems to be not substantial.
The comparative simulation, applying only selected functions
of pde toolbox from MATLAB, leads to the same conclusion.

The crucial problem is now to implement a correct evalua-
tion procedure for an effective relative permeability (or permit-
tivity) using the incomplete data on the material microstructure
and on relative permeability of fibres. For spherical particles
the classical Maxwell-Garnett mixing formula is available; the
generalization of [5] comes from the so-called Brugemann
approach and the repeated usage of similar ellipsoids as
reference volume elements, whereas [13] admits the presence
of multiple scattering, important for high volume fractions of
fibres. No additional physical assumption are needed, again for
periodic spheres, in [12]: the auxiliary problem, referring to the
mathematical theory of homogenization of elliptic operators,
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can be then analyzed (including the existence and uniqueness
of solution, the convergence of sequences of approximate
solutions, etc.) using the two-scale and similar convergence
theorems by [1]; the crucial (seemingly) explicit formula for
the evaluation of an effective parameter value, comes from
the method of oscillating test functions. In [21] the difficulties
with complex particle shapes are handled using the boundary
integral approach, thanks to the knowledge of general solutions
of the Laplace equation, with Heaviside characteristic func-
tions of particles; [10] admits a priori anisotropic structures.
Unfortunately, further generalization of this approach (namely
to non-periodic structure, avoiding all mixing tricks), lead to
non-trivial (partially still open) problems of mathematical anal-
ysis, namely to the convergence using probability measures by
[18], thus various alternative statistical approaches, as that with
Sobol sensitivity indices and Monte Carlo simulations by [8],
have been developed.

The unique material characteristics included here is the
magnetic permeability µ [Vs/(Am)]; at least in the case of
silicate composites used in civil engineering µ can be set to 1
for the pure matrix, but no relevant constant is guaranteed
by the producers of ferromagnetic fibres. In practice, the
dimensionless relative permeability µr = µ/µ0, using the
well-known magnetic constant µ0 = 4π · 10−7 Vs/(Am), is
usually considered; similarly the relative permeabilities µc for
the matrix and µs for all fibres can be introduced. Fortunately,
for a sufficiently slow volume fraction ξ of fibres (ξ ≤ 0.05
in real experiments), following [5], under the assumption of
random orientation of fibres, we obtain an explicit monotone
and continuous dependence between µ and ξ in the form

ξ = 1−M
µs − µr

µs − µc

(
µc

µs

)3L(1−2L)(2−3L)

where the factors

M =
(

M1

M2

)2(3L−1)2/((2−3L)(1+3L))

,

L =
ς

4ϑ3

(
2ςϑ + ln

ς − ϑ

ς + ϑ

)
are determined using the ratio ς of lengths of a major and
(both) minor axes of ellipsoidal particles (clearly ς > 1) for
the simplifying notation ϑ =

√
ς2 − 1 and M1 = (1+3L)µc+

(2−3L)µs, M2 = (1+3L)µr+(2−3L)µs. In particular, for a
(theoretically) infinite length and zero diameter of particles we
receive L = 1/3. Unfortunately, all attempts to generalize this
result for more complicated distributions of fibre directions
lead to unpleasant non-analytical integrals, with the duty of
their non-trivial numerical evaluations.

Figure 6 documents the least squares based identification
of µr for 3 input data sets with assumed µr = 1 for pure
concrete and uncertain µs in all other cases, using the above
sketched formulae for an isotropic medium. the specimens
(unlike the situation in situ) were prepared with exact volume
fractions of fibres 0.5 %, 1 % and 1.5 %. Other experiments
with comparable results have been performed by the authors’
team with magnetic field induced by an electric coil. Moreover,
[3] presents a totally non-destructive equipment, applicable

Fig. 5. Application of the least squares technique to the identification of
parameters ξ and µs from magnetic measurements.

to the surface of a specimen (thus prefering fibres close to
such surface). All these result seem to give good estimates of
volume fractions (whose improvement using more advanced
mathematical analyis is possible), but the differentiating be-
tween system and random errors in distributions of fibre
directions is difficult.

IV. COMPUTED TOMOGRAPHY

A new approach to non-destructive analysis of structures
of cementitious composites, motivated by [14] and [19], has
been offered by the computed tomography (X-ray CT), gen-
erating 3-dimensional images from large series (slices) of 2-
dimensional radiographic images taken around a single axis
of rotation. The modern industrial tomograph, presented on
Figure 6, has been recently installed in the Central Euro-
pean Institute CEITEC of BUT. Unlike most tomographs for
medical applications, an analyzed specimen is fixed on the
manipulation table of the tomograph, between the radiation
source and the surface radiation detector, compound from a
matrix of mini-detectors. During the rotation of the table the
surface detector records successive changes of X-ray radiation;
consequently the specialized computer software is needed to
analyze the inner structure of a specimen.

Several types of fibre concrete specimens have been tested
using this equipment: whereas some cylindrical specimen is
visible on Figure 6, Figure 7 shows the cubic specimen,
similar to that from Figure 1, and demonstrates the ability
of the specialized software to recognize all fibres completely
unlike all approximate estimates from seperate planar images.
Consequently various forms of histograms or graphical or 3-
dimensional roses of directions similar to 2-dimensional ones
from Figure 1 can be created. However, this is rather time
consuming, expensive and not applicable to the fibre concrete
structures in situ. Nevertheless, this seems to be a useful
method to obtain a reliable reference basis for all numerical
simulation attempts with random positions and orientation of
fibres.

V. CONCLUSION

This paper should be understood as an introductory compar-
ative study to the most promisible non-destructive approaches
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Fig. 6. Tomograph GE phoenix,v|tome|x L 240 (left photo) and a cylindrical
specimen fixed in its manipulator (right photo).

Fig. 7. Cubic fibre concrete specimen, edge length 150 mm, required X-ray
tube voltage 300 kV: axonometric view on its surface (left upper image) and
inside its structure (right upper image). Axonometric projection of separated
fibres in the cube specimen (lower image).

to macroscopic identification of content and random location
of fibres in the structure of cementitious composites. However,
all introduced approaches have strong restrictions: serious
obstacles to get some reasonable estimate of volume fraction
of fibres, as the most requested parameter, in the case i),
expensive and fastidious experimental setting in the case iii),
interpretable as the more spohisticated upgrade of i), both
technical and computational difficulties in the case ii).

For the successful computational detection of volume frac-
tion and preferential orientation of fibers, making use of
their ferromagnetic properties, both under laboratory and in
situ conditions, the crucial point of all considerations is the
development of a homogenization procedure, specific to the
analyzed class of materials, including its formal verification
and its validity range. This leads to non-trivial problems of
both physical and mathematical analysis, whose validation
seems to be available thanks to the progress in the image
processing techniques, consequently their deeper study should
belong to the research priorities for the near future.
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Abstract: Mechanical properties of cementitious composites, reinforced by metal fibres, are conditioned by the
volume fraction and distribution of directions of fibres. However, their reliable non-destructive or low-invasive
experimental evaluation is a serious problem. The paper pays attention to threeclasses of such indirect methods.
The first class relies on the planar X-ray imaging, with the discrete fast Fourier transform applied to image process-
ing. The second one applies the magnetic approach, with certain electromagnetic alternative. The last one comes
from the computed tomography, as an unique exact method for the detection of volume fraction without breaking
the sample, with an information on (an)isotropy as a benefit. Examples related to all sketched method from the
experiments performed at the Brno University of Technology show the advantages and restrictions of particular
approaches.

Key–Words: Cementitious composites, non-destructive testing, signal and image processing, computational simu-
lation.

1 Introduction
Advanced building structures make frequently use of
materials as silicate composites, reinforced by metal
particles (e. g. steel-fibre-reinforced concrete), pre-
venting the tension stresses and strains as sources of
undesirable micro- an macro-cracking. Mechanical
properties of such composites are determined by the
choice of fibre properties and their volume fraction,
location and orientation in the matrix, sensitive to the
technological procedures (as special compaction) and
to the early-age treatment – cf. [12], as well as by the
bond / slip interface relations – cf. [3]. The employ-
ment of the destructive approach relies usually on the
separation of particles, taken from the early-age ma-
trix, alternatively obtained from the crushed part of
the existing structure, in the laboratory; consequently
the volume fraction of particles can be evaluated ac-
curately, whereas any information related to the origi-
nal orientation of particles is missing. Moreover, such
experiments with many structures are not allowed by
technical standards. This is a strong motivation for the
employment of some reliable non- or (at least) semi-
destructive measurement methods, applicable in situ,
handling homogeneity and isotropy and detecting the
volume fraction of fibres in the material structure.

Regardless of the significant progress in this re-
search area in the last decade (for more historical re-

marks and references see [8]), no inexpensive, robust
and reliable method is available, thus all identifica-
tion approaches rely on a) some indirect measure-
ments and b) non-trivial numerical analysis, to handle
a corresponding inverse problem – typically ill-posed,
unstable, etc., forcing artificial regularization. Since
a) produce quite other information than needed vol-
ume fractions and directional distributions of fibres,
typically digital images in pixels or voxels, or elec-
tromagnetic quantities detected on the specimen sur-
face, some calibration relations are needed, motivated
by the physical and geometrical similarity. More-
over, some reasonable algorithm for the evaluation of
effective material properties, using the properties of
matrix and particles and the geometrical configura-
tion, as input data, is needed: from simple arguments
from the mixture theory to complicated physical and
mathematical homogenization techniques (which will
be specified lated, in connection with electromagnetic
measurements).

In this paper we shall pay attention thanks to the
research experience of the authors from BUT (Brno
University of Technology), namely to four represen-
tative approaches:

1. the planar X-ray imaging, with the discrete fast
Fourier transform applied to image processing,



2. the magnetic approach, utilizing the Hall probe
and advanced considerations on material homog-
enization with certain electromagnetic alterna-
tive,

3. the computed tomography, as an unique exact
method for the detection of volume fraction with-
out breaking the sample, with an information on
(an)isotropy as a benefit.

4. the finite element modeling, as a method for ex-
act electromagnetic field modelling based on the
random fibre generation and identification.

2 First class of methods: analysis of
X-ray images

The radiographic approach, developed in [7] for a
rather large class of building materials, comes from
the gray-scale planar images and some of their post-
processing modifications, in particular:

1) the reduction of all fibres (whose length and
thickness is known) to one-pixel thick black
curves, followed by the simplified evaluation of
their amount and orientation, by [7],

2) the application of the two-dimensional fast
Fourier transform by [10] and [15], avoiding
most artificial image changes, where the same
as in 1) can be identified with a special diffrac-
tion process: for a the gray level at pixel coordi-
nates f(x, y), related to a square image contain-
ing N ×N pixels (with N tending to∞ theoret-
ically), the direct and inverse Fourier transforms
are

F (u, v) =
N−1∑
x=0

N−1∑
y=0

f(x, y) exp(−2πi(ux+ vy)/N) ,

N2f(x, y) =
N−1∑
u=0

N−1∑
v=0

F (x, y) exp(2πi(ux+ vy)/N)

and the power spectrum P (u, v) = |F (u, v)|2 contain
the useful information, needed for the derivation of
the histograms of fibre directions.

Figure 1 presents an example of such MATLAB-
supported evaluation of fibre orientation in the fibre
concrete specimen; the utilized X-ray equipment is
shown on Figure 2. In general, the radioraphic anal-
ysis gets useful results related to preferential orienta-
tions of fibres, although limited to data from planar
images, even from several views to cubic specimens.
The estimate of volume fraction of fibres is not very
precise, at least in the comparison with destructive
tests.

Figure 1: Evaluation of fibre orientation from the X-
ray image (images from the left to the right): original
image, result of fibre localization, power spectrum P ,
resulting rose of fibre directions.

Figure 2: X-ray machine EcoRay HF 1040 with digi-
tal recording to PC equipment (left photo). PeMaSo-
01 depth probe for magnetic measurements (right
photo).



3 Second class of methods: numer-
ical treatment of magnetic mea-
surements

Magnetic measurements like [23] and [5] rely on the
different values of relative permeability of fibres and a
matrix, with possible alternative of electrical measure-
ments and relative permittivity. The special experi-
mental configuration usually tries to force a (nearly)
stationary process, whose mathematical description
works with a differential operator close to the clas-
sical Laplace one, to enable non-expensive software
simulation. Figure 3 shows the geometrical configu-
ration of such process numerical simulation of such
process in COMSOL: the magnetic field is gener-
ated by several permanent magnets, located in the
drilled hole (thus this method could be classified as
low-invasive, not non-destructive completely), conse-
quently the Hall effect based probe from Figure 2 de-
tects the magnetic field strength. Figure 4 documents
the numerical simulation of such experiment, apply-
ing the COMSOL supported planar finite / infinite el-
ement technique: the influence of the irregularities
caused by an artificial hall seems to be not substan-
tial. The comparative simulation, applying only se-
lected functions of pde toolbox from MATLAB, leads
to the same conclusion.

The crucial problem is now to implement a cor-
rect evaluation procedure for an effective relative per-
meability (or permittivity) using the incomplete data
on the material microstructure and on relative perme-
ability of fibres. For spherical particles the classi-
cal Maxwell-Garnett mixing formula is available; the
generalization of [6] comes from the so-called Bruge-
mann approach and the repeated usage of similar el-
lipsoids as reference volume elements, whereas [14]
admits the presence of multiple scattering, important
for high volume fractions of fibres. No additional
physical assumption are needed, again for periodic
spheres, in [13]: the auxiliary problem, referring to
the mathematical theory of homogenization of elliptic
operators, can be then analyzed (including the exis-
tence and uniqueness of solution, the convergence of
sequences of approximate solutions, etc.) using the
two-scale and similar convergence theorems by [2];
the crucial (seemingly) explicit formula for the eval-
uation of an effective parameter value, comes from
the method of oscillating test functions. In [24] the
difficulties with complex particle shapes are handled
using the boundary integral approach, thanks to the
knowledge of general solutions of the Laplace equa-
tion, with Heaviside characteristic functions of parti-
cles; [11] admits a priori anisotropic structures. Some
generalizations are available using the least squares

Figure 3: Radially symmetric geometrical arrange-
ment of the magnetic experiment(left scheme) and
computational simplification, including finite / infinite
element mesh (right scheme).

Figure 4: Results of COMSOL based finite / infinite
element simulation of stationary magnetic field
strength.



and conjugate gradient approches – cf. [21]. Unfor-
tunately, further substantial generalization of this ap-
proach (namely to non-periodic structure, avoiding
all mixing tricks), lead to non-trivial (partially still
open) problems of mathematical analysis, namely to
the convergence using probability measures by [20],
thus various alternative statistical approaches, as that
with Sobol sensitivity indices and Monte Carlo simu-
lations by [9], have been developed.

The unique material characteristics included here
is the magnetic permeability µ [Vs/(Am)]; at least in
the case of silicate composites used in civil engineer-
ing µ can be set to 1 for the pure matrix, but no rel-
evant constant is guaranteed by the producers of fer-
romagnetic fibres. In practice, the dimensionless rel-
ative permeability µr = µ/µ0, using the well-known
magnetic constant µ0 = 4π ·10−7 Vs/(Am), is usually
considered; similarly the relative permeabilities µc for
the matrix and µs for all fibres can be introduced. For-
tunately, for a sufficiently slow volume fraction ξ of
fibres (ξ ≤ 0.05 in real experiments), following [6],
under the assumption of random orientation of fibres,
we obtain an explicit monotone and continuous de-
pendence between µ and ξ in the form

ξ = 1−M µs − µr
µs − µc

(
µc
µs

)3L(1−2L)(2−3L)

,

where the factors

M =

(
M1

M2

)2(3L−1)2/((2−3L)(1+3L))

,

L =
ς

4ϑ3

(
2ςϑ+ ln

ς − ϑ
ς + ϑ

)
are determined using the ratio ς of lengths of a major
and (both) minor axes of ellipsoidal particles (clearly
ς > 1) for the simplifying notation ϑ =

√
ς2 − 1

and M1 = (1 + 3L)µc + (2 − 3L)µs, M2 = (1 +
3L)µr + (2 − 3L)µs. In particular, for a (theoreti-
cally) infinite length and zero diameter of particles we
receive L = 1/3. Unfortunately, all attempts to gen-
eralize this result for more complicated distributions
of fibre directions lead to unpleasant non-analytical
integrals, with the duty of their non-trivial numerical
evaluations.

Figure 6 documents the least squares based iden-
tification of µr for 3 input data sets with assumed
µr = 1 for pure concrete and uncertain µs in all
other cases, using the above sketched formulae for
an isotropic medium. the specimens (unlike the sit-
uation in situ) were prepared with exact volume frac-
tions of fibres 0.5 %, 1 % and 1.5 %. Other experi-
ments with comparable results have been performed
by the authors’ team with magnetic field induced by

Figure 5: Application of the least squares technique
to the identification of parameters ξ and µs from mag-
netic measurements.

an electric coil. Moreover, [4] presents a totally non-
destructive equipment, applicable to the surface of a
specimen (thus prefering fibres close to such surface).
All these result seem to give good estimates of volume
fractions (whose improvement using more advanced
mathematical analyis is possible), but the differentiat-
ing between system and random errors in distributions
of fibre directions is difficult.

4 Third class of methods: computed
tomography

A new approach to non-destructive analysis of struc-
tures of cementitious composites, motivated by [16],
[22] and [1], has been offered by the computed to-
mography (X-ray CT), generating 3-dimensional im-
ages from large series (slices) of 2-dimensional ra-
diographic images taken around a single axis of ro-
tation. The modern industrial tomograph, presented
on Figure 6, has been recently installed in the Central
European Institute CEITEC of BUT. Unlike most to-
mographs for medical applications, an analyzed spec-
imen is fixed on the manipulation table of the tomo-
graph, between the radiation source and the surface
radiation detector, compound from a matrix of mini-
detectors. During the rotation of the table the surface
detector records successive changes of X-ray radia-
tion; consequently the specialized computer software
is needed to analyze the inner structure of a specimen.

Several types of fibre concrete specimens have
been tested using this equipment: whereas some
cylindrical specimen is visible on Figure 6, Figure 7
shows the cubic specimen, similar to that from Fig-
ure 1, and demonstrates the ability of the specialized



Figure 6: Tomograph GE phoenix,v|tome|x L 240
(left photo) and a cylindrical specimen fixed in its ma-
nipulator (right photo).

software to recognize all fibres completely unlike all
approximate estimates from separate planar images.
Consequently various forms of histograms or graphi-
cal or 3-dimensional roses of directions similar to 2-
dimensional ones from Figure 1 can be created. How-
ever, this is rather time consuming, expensive and not
applicable to the fibre concrete structures in situ. Nev-
ertheless, this seems to be a useful method to obtain
a reliable reference basis for all numerical simulation
attempts with random positions and orientation of fi-
bres.

5 Fourth class of methods: FEM
modelling

The current trend of work in micromechaninics ad-
dresses the industry requirements to decrease the de-
pendence on experimental work, and complement it
with new numerical and/or analytical processes capa-
ble of providing quickly and efficiently the same in-
formation. A highly attractive process to simulate the
real behaviour of composite is through finite element
analysis. For that, a representative volume element
(RVE) of the materials needs to be defined and am
equivalent random distribution of fibres generated.

The first issue concerning the use of RVE is its
dimension. The RVE cannot be too large as this would

Figure 7: Cubic fibre concrete specimen, edge length
150 mm, required X-ray tube voltage 300 kV (images
from the left to the right): axonometric view on its
surface, axonometric view inside its structure, axono-
metric projection of separated fibres in the cube spec-
imen.
endanger the possibility to numerically to analyse it;
however, it cannot be too small either as it could not be
representative of composite material, see [25]. Trias et
al. [26] demonstrates that for long fibre composites a
value of 50x the fibre radius should be used.

The second issue involving the use of an RVE is
the spatial arrangement of reinforcements which nor-
mally is not periodic and is highly dependent upon
manufacturing process. [27] using homogenization
theory concluded that distribution of reinforcements
in the RVE does not affect to macroscopic response,
but it significantly affects the microscopic stress dis-
tribution and following damage in the matrix.

Good review of some numerical methods for the
finite mesh generation can be found in [28] and [29].
Digital image analysis provides a perfect replica of
the real composite, but can be extremely time and re-
source consuming as it requires specific software and
hardware. To generate a random distribution of fibres
is coupled with a statistical analysis and verified by
sets of experiments.

6 Conclusion
This paper should be understood as an introduc-
tory comparative study to the most promisible non-
destructive approaches to macroscopic identification



of content and random location of fibres in the struc-
ture of cementitious composites. However, all in-
troduced approaches have strong restrictions: serious
obstacles to get some reasonable estimate of volume
fraction of fibres, as the most requested parameter, in
the first case, expensive and fastidious experimental
setting in the third case, interpretable as the more so-
phisticated upgrade of the first one, both technical and
computational difficulties in the second case.

For the successful computational detection of vol-
ume fraction and preferential orientation of fibers,
making use of their ferromagnetic properties, both un-
der laboratory and in situ conditions, the crucial point
of all considerations is the development of a homog-
enization procedure, specific to the analyzed class of
materials, including its formal verification and its va-
lidity range. This leads to non-trivial problems of both
physical and mathematical analysis, whose validation
seems to be available thanks to the progress in the im-
age processing techniques, consequently their deeper
study should belong to the research priorities for the
near future.
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Homogeneity detection of fibre-concrete struc-
tures by using radiographic technique. In:
Nondestructive Testing of Materials and Struc-
tures, Springer 2013, pp. 323–328.

[8] L. Hobst and P. Bı́lek, Various control meth-
ods developed for fibre concrete structures. Re-
cent advances in integrity, reliability and fail-
ure – 4-th International Conference in Funchal
(Madeira), 2013, pp. 721-730.

[9] Z. Kala, Geometrically non-linear finite element
reliability analysis of steel plane frames with ini-
tial imperfections. Journal of Civil Engineering
and Management 18, 2012, pp. 81–90.
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1. Introduction 

The fibre cementitious composites are in the class of perspective concrete, which increase the mechanical crack 
resistance, allow for a more subtle and economical construction; thus a new look at creating construction rigs  re-
placing the steel structure is needed. Engineering structures subjected to loading may result in stresses in the body 
exceeding the material strength and thus results in the progressive failure. Such failures are often initiated by surface 
or near surface cracks, reducing the strength of the material.  In quasi-brittle materials like rocks or concrete this is 
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Abstract 
Prediction of quasi-brittle behaviour of structural components from fibre reinforced composites under mechanical loads should 
incorporate such physical processes as elastic, resp. plastic deformation, crack initiation, crack propagation in a matrix, pull out 
of fibres and rupture of fibres. The computational model for the practically most important case of cementitious composites 
containing short intentionally or quasi-randomly oriented steel, ceramic, resp. polymeric fibres with its primary import of sup-
pression of tensile stresses in a matrix will be introduced. Its numerical approach relies on the modified extended finite element 
technique (XFEM), open to the implementation of the cohesive traction separation law. 
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manifested by fracture process zones, in brittle materials like glass or welds in metal structures by discrete crack 
discontinuities, in elasto-plastic ductile metal or similar materials by shear (localization) bands, see Sumi (2014). 
Advanced building structures frequently use silicate composites reinforced by metal, plastic or other fibres, prevent-
ing undesirable micro- an macro-cracking effects. Mechanical behaviour of such composites is conditioned by the 
suitable choice of fibre properties, their concentration, localization and orientation in a silicate matrix, influenced by 
their early-age treatment, see Komárková et al (2017).  

Non-destructive testing of material structure is offered by image processing (2D radiographic, 3D tomographic, 
etc.) and stationary magnetic and non-stationary electromagnetic approaches. The macroscopic material homogeni-
zation, Vala (2016), relies then on the semi-analytical mixing formulae for special particle shapes (acceptable name-
ly for their low volume fractions), two-scale homogenization of periodic structures, or alternative results from the 
asymptotic analysis (G-convergence, H-convergence, -convergence, etc.), up to very general (both deterministic 
and stochastic) results for -convergence on homogenization structures, with numerous open problems uncovered by 

. A unified scale-bridging approach covering elastic and plastic behavior together with fracture and 
other defects results in concept of structured deformation, see Morandotti (2018). The dissipative particle dynamics, 
Steinhauser (2008), referring up to the atomistic or molecular scale, can be adopted to handle certain super-particles; 
this results in the discrete element method, applied namely in soil, rock and concrete mechanics, in the analysis of 
granular materials and in the dynamic process of initiation and propagation of micro-cracks. The inheritance from 
dissipative particle dynamics, manifested in the limited offer of particle shapes and sizes, can be overcome with help 
of two- or three-dimensional reference volume elements, using the combination of finite and discrete element ap-
proaches, Munjiza (2004). An autonomous problem is the reliable identification of material parameters at various 
scales: the relevant computational approaches, Vala (2014), typically suffer from mathematical ill-possedness, nu-
merical instability and need of artificial regularization, together with uncertain or insufficient input data. These diffi-
culties have to be overcome by careful organization of experiments and various special problem-oriented algorithms, 
Shen et al (2010), Buljak et al (2013).  

The extensive use of brittle matrix composite materials requires also appropriate computational models to de-
scribe, with adequate accuracy, their mechanical behaviour. From a micromechanical model some macroscopic 
constitutive equations are derived for intentionally or random oriented fibres Park et al (2010), Brighenti et al 
(2013),  Cerrone et al (2014),  Sanjayan et al (2015), accounting for such physical processes as matrix/fibre debond-
ing and fibre rupture. One of possible ways is to adopt a discontinuous-like FE approach to a lattice model, see 
Brighenti & Scorza (2012). An alternative approach refers to special constitutive relations, inspired by continuum 
mechanics, where crack opening and contact surface sliding are included into the model of plastic damage, using 
smeared cracking, Jirásek (2011), Edalat-Behbahani et al (2017), together with mesh objective strain localization due 
to material softening,  referring to the thermodynamically irreversible  continuum damage mechanics, Le et al 
(2019), compatible with Nair (2009,  especially Chap.14) and  open to more general analysis working with tensor 
calculus and differential geometry, Epstein (2007), Clayton (2015), in particular that leading to a smeared represen-
tation of the crack path, Kaliske et al (2012). At least for the practically significant application of self-compacting 
concrete, supported by both experimental methods and numerical simulations, smeared cracking can be combined 
with Monte Carlo simulations, which results in the Variational Multiscale Cohesive Method, Su et al (2010), whose 
various implementations differs in the choice of basis functions. 

Another approach to the same problems presents the eXtended Finite Element Method (XFEM briefly), Khoei 
(2015), covering both strong geometrical discontinuities (in function values)  and weak ones (in gradients), with the 
aim of enrichment of the approximation space by all needed types if (especially locally) discontinuous functions, and 
similar approaches, derived from the Partition of Unity Method, namely the Partition of Unity Finite Element Meth-
od, Babuška & Melenk (1997), the Generalized Finite Element Method, Duarte et al (2001), or the Discontinuous 
Galerkin XFEM, Aduloju & Truster (2019). Especially XFEM adds some degrees of freedom in relevant regions 
during the computation, typically along all curves and surfaces of discontinuities and in singular points, exploiting 
the Moving Least Squares technique: the usual extrinsic XFEM works with additional variables and functions, 
whereas the intrinsic XFEM developed by Fries & Belytchko (2006) tries to avoid them, only with one additional 
shape function in each relevant node. However, although no singularity exist at the tip of cohesive crack, the stresses 
obtained by differentiation of the displacement are not accurate, and cannot be used to predict accurately the growth 
of the tip, Ferté et al (2016), Li & Chen (2017).  
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A possible approach to simulate the propagation of cracks is the application of softening material formulations to 
continuum elements leading to a smeared representation of the crack path. An alternative discrete approach imple-
ments the cohesive finite elements, Kozák & Chlup (2011), Kozák et al (2017), Vala (2017); in this case the crack 
path must be known a priori, or all element interfaces have to be taken into account, which forces many new degrees 
of freedom, accompanied also by the risk of non-physical reduction of effective stiffness. The application of XFEM 
is able to suppress such drawbacks in the simulation of propagation of cohesive cracks; however, it must handle the 
non-existence of a sharp singularity at the crack tip, with more complicated derivation of required stresses from 
displacements. In general the complete computational model should involve the formation and propagation of 
cracks, their bridging by fibres, the loss of cohesion between fibres and matrix, their mutual sliding with friction and 
the fibre destruction; special functions are necessary e.g. for stress singularities in the case of crack opening and 
closing. The two-phase composite model of matrix and inclusion, based on the Eshelby solution and on the Mori-
Tanaka homogenization scheme, can be adapted to the directional propagation of microcracks, generalized also for 
long fibres by Bouhala et al (2013), Mihai & Jefferson (2017). Random spatial variability of material parameters can 
be handled using the stochastic simulation of damage, Eliáš et al (2015). 

2. Physical, mathematical and computational background 

The formulation of the related mathematical problem, incorporating reasonable physical and engineering simpli-
fications as the starting point for a derivation of the effective computational algorithm, comes from the principles of 
classical thermodynamics, namely from the 1st one of conservation of scalar quantities as energy, (linear and angu-
lar) momentum and mass and from the 2nd principle concerning the irreversibility of natural processes, here namely 
of the damage formation and propagation, which must be respected by semi-empirical (motivated from available 
information on material micro- and mesostructure) constitutive relationships, together with reasonable initial and 
boundary conditions. As with a simplified model example (useful just for this short paper), coming from such con-
siderations, we can start with the an abstract (in general nonlinear) quasi-static problem 

G u v Au v F v     (1) 

where the brackets refer to some dualities for reflexive and separable Banach spaces V (in particular, to scalar prod-
ucts in Hilbert spaces) for any time t from some time interval I for a positive (the limit case is not 
forbidden, but not discussed here), v V denotes a virtual quantity, e.g. the displacement related to the reference 
configuration, the dot means t , F is a linear functional and A ,G are (rather special) mappings defined on
V ; we are seeking for an u t mapping I toV coinciding with some prescribed u V for t (a Cauchy initial 
condition) formally. However, our real aim is to find u V satisfying (1) with the vanished 1st additive term; the 
main difficulty of the hypothetical direct approach comes from the nonlinearity of A . WhereasG can be taken 
G , an coercive operator A may be useful to be decomposed as A , linear in the 2nd variable and compact 
(if possible) in the 1st one, to apply the existence theory for weakly continuous (or pseudomonotone) operators. 
Consequently (1) can be transferred (accounting for the convergence properties of Rothe sequences) to  

s s s s sG u u v h A u u v h F v     (2) 

with su , su approximating an unknown ufor t sh and t s h , as well as sF in the case of known F (with 
certain final value); here s m with m h , considering the limit passage h (thus m ).Under some 
additional assumption we are allowed to come from (2) to the estimate, working with the norm in V , 

s s

s r r r
r r

u u u c u h F     (3) 

where c is some generic constant; (3) then manifests the decrease of m mu u , etc., with m to zero. 
In particular, following Pike & Oskay (2005) (with several straightforward generalizations, working with geo-

metrical and physical linearization of elastic matrix and fibre behavior and with a macroscopic view to matrix crack-
ing, let us consider an open set (typically a domain) in the 3-dimensional Euclidean space R with an external 
boundary , decomposed to 2 disjoint parts (for homogeneous Dirichlet boundary conditions) and (for non-
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homogeneous Neumann ones). Let consist of 2 disjoint parts (open sets again): m occupied by a silicate matrix, 
and f by metal fibres, with contact surfaces : the symbol  refers to the difference between function traces on

from particular sides. It is also useful to introduce the fractured zone of separately. Then, using the Einstein 
summation indices i j k l , i in the sense ix and the small strain tensors ij i j j iv v v , etc., 
the energy conservation with the unknown displacements u x t u x t u x t u x t , the virtual ones
v x t v x t v x t v x t , the prescribed surface loads q x t q x t q x t q x t and the prescribed 
volume loads g x t g x t g x t g x t reads as (1) utilizing 

ij ijkl kl i iA w u t v x w x t w x t C x v x x u x t u x t v x s x ,  

ij ijkl klG u t v x u x t C x v x x ,     i i i iF t v g x t v x x q x t v x s x ,      (4) 

whereasu t on , compatible with a priori known initial displacements u on ; wcan be taken as 
uhere (w uis admitted because of the computational linearization  of (2)).  

Serious complications are brought into (1) through constitutive relations, namely those accounting for the signifi-
cant irreversible processes. Seemingly (1), supplied by standard linearized strain-stress relations, working with the 
symmetric 4th-order tensors C of stiffness characteristics (compound from 2 Lamé constants for each material, i.e. 
fibres and matrix, in the simplest isotropic homogeneous case) and the scalar viscous characteristic (often artifi-
cial, referring to the Kelvin viscoelastic model) can be handled using the standard theory of linear differential equa-
tions of evolution of parabolic type assuming zero-valued and constant . Consequently, using the standard nota-
tion of Lebesgue, Sobolev, Bochner, etc. spaces by , taking V as the subspace of all 

W R satisfying for traces on , under reasonable requirements to such characteristics (such 
as positive , positive definite C , sufficiently smooth , some Lebesque integrability of g and Hausdorff inte-
grability of q in relevant function spaces, needed in embedding and trace theorems, we are able to verify the exist-
ence of a unique solution u u L I V completely, as well as the convergence of the algorithm induced by (2). 
Much weaker results (for more general Banach spaces) are available (and complicated, frequently non-constructive 
proofs occur) in more general cases; this stimulates the proper analysis of the characteristics and and their as-
sessment in (4). Here refers to certain nonlocal damage function, zero-valued outside , motivated by some scale-
bridging considerations, whereas refers to the interface potential on , accounting for the physical deterioration 
on cohesive interfaces, describing the relationship between the surface traction and material separation between the 
surfaces, crucial for the reliable study of matrix/fibre debonding. 

Since (2) refers in every time step to a linear problem, but still in an infinite-dimensional space, an additional 
computational discretization (except very special configurations with known analytical or semi-analytical solutions) 
is needed. Such discretization of (2) can be sketched as 

si sia a sib b sic cu x u x u x u x ,    (5) 

containing the standard finite element shape functions a x on , the fractured zone enrichment shape functions

b x on and the cohesive interface enrichment shape functions c x on ; a , b and c are considered as the Ein-
stein summation indices over all corresponding shape function sets here. The favourite choice for the implementa-
tion of (5) is sia si au u x , sib si bu u x , sic si cu u x  (i.e. just the displacement values in selected points in the 
role of unknown parameters), corresponding to a x , b x and c x with small compact supports near ax , bx and 

cx . The optimized choice of both ax , bx and cx and a x , b x and c x , together with the strategy of numerical 
integration and mesh refinement, determine the efficiency and the robustness of relevant algorithms and stimulate 
the development of special problem-oriented XFEM (or similar) algorithms. 

3. Illustrative example 

For computational modelling, a specimen with cementitious matrix and steel fibres has been chosen. Numerical 
results demonstrate the planar crack propagation in a cracked body, depending on the fibre location and material 
characteristics. The stiffening effect of fibres plays a significant role for the direction of crack propagation. 
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Figure 1 shows the results of modelling of crack propagation applying the modified XFEM approach, namely the 
maximum principle stress in various stages of such propagation. The left figure corresponds to the initial state with-
out any crack, the central figure shows the crack passing the stiffening fibres, the right one the similar case with 
different shear moduli (2  higher in the horizontal direction).      

 

 

Fig. 1. Modelling of crack propagation applying the modified XFEM approach. 

4. Conclusions and generalizations 

A model based on FEM and its XFEM modification based on the properties of fibre cementitious composites has 
been presented. Some criteria for crack propagation coming from both the critical stress values and both the 
cohesive law ahead the crack tip have been tested. The proposed approaches should contribute to the prediction of 
fracture behaviour of fibre cementitious composites and to the potential design of constructive structural parts.    
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Abstract. Most building materials can be characterized as quasi-brittle composites with
a cementitious matrix, reinforced by some stiffening particles or elements. Their massive
exploitation motivates the development of numerical modelling and simulation of behaviour
of such material class under mechanical, thermal, etc. loads, including the evaluation of
the risk of initiation and development of micro- and macro-fracture. This paper demon-
strates the possibility of certain deterministic prediction, applying the dynamical approach
using the Kelvin viscoelastic model and cohesive interface properties. The existence and
convergence results rely on the semilinear computational scheme coming from the method
of discretization in time, using several types of Rothe sequences, coupled with the extended
finite element method (XFEM) for practical calculations. Numerical examples refer to ce-
mentitious samples reinforced by short steel fibres, with increasing number of applications
as constructive parts in civil engineering.

Keywords: quasi-brittle composites, steel fibre concrete, micro- and macro-fracture, non-
local viscoelasticity, cohesive interfaces, partial differential equations of evolution, method
of discretization in time, extended finite element method.
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1. Introduction

Study of behaviour of quasi-brittle composites under mechanical, thermal, etc.

loads belongs to research priorities in civil engineering, utilizing such composites as

constructive parts of buildings and engineering structures. These parts are often

made from a material with a cementitious matrix, reinforced by some stiffening (e. g.

various metal, glass or plastics as polyethylene or polypropylene fibres), with the

This research has been supported by the project FAST-S-20-6294 of specific university research
at Brno University of Technology.
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aim to reduce the danger of cracking in tension: cf. [22] for the fibre reinforced

concrete technology, [30] for the review of steel fibre reinforced composites (as the

most frequently applied ones) and [25] for certain simplified methodology of com-

putational design of such fibre composites, with the relevant software support [12].

However, a proper computational prediction of strain, stress, etc. development in

such composites cannot be based on simple calculations well-known from linear elas-

ticity and related fracture mechanics. Following [54], two stages of damage can be

recognized: i) formation of micro-fractured zones, reducing the stiffness of a struc-

ture, ii) creation of macro-cracks, whose later opening and closing is conditioned by

the cohesive characteristics of new interfaces. At least the following scales should be

distinguished: matrix particles (at 10−3 m), hardening fibres (at 10−2 m) and labo-

ratory samples (at 10−1 m) or real structures in situ (even greater). Consequently

a reasonable setting of material parameters on the macroscopic scale, supported by

appropriate experiments, producing some (typically incomplete) data on material

structure, as random or intentionally oriented fibre directions, may be complicated

in general. Selected problems of this kind, preferring non-destructive or low-invasive

testing approaches, namely direct photographic, roentgenographic and tomographic

ones, and indirect electromagnetic ones, relying on certain changes in stationary

magnetic or harmonic electromagnetic fields, are discussed in [57], with numerous

further references.

Various arguments on the non-negligible non-deterministic character of both in-

put data and relevant physical processes motivate some authors to the attempts to

handle the evolution of damage by stochastic considerations, genetic algorithms or

other soft computing approaches like [53], [14] or [41], by statistical physics using

[48], or by computational peridynamics, avoiding all gradient evaluations, following

[38], [15] and [27]. Unlike such approaches, in this paper we shall try to develop

a rather simple deterministic physical, mathematical and computational model, up

to its software implementation, based on the principle of energy conservation from

classical mechanics, incorporating the kinetic and deformation energy, similarly to

[37], together with certain energy dissipation (structural and mass damping).

However, the detailed description and computational analysis of particular micro-

cracks cannot be performed easily in most engineering applications. The thermody-

namic approach of [51] and [40], especially in Part 4.3, introduces additional internal

variables to displacements and temperature and combines a fully implicit discretiza-

tion, based on both Galerkin and Rothe methods, with the analysis of nonlinear

Nemytskǐı operators and enthalpy transformation to verify the existence of certain

energetic solution of a needed initial and boundary value problem. In our paper,

initiation and development of particular micro-cracks will be incorporated using the
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damage zone representation by [21] and [28], utilizing numerous ideas of [47], adopt-

ing the nonlocal model from [16]. This model was later reformulated by [17] and

is frequently referred as the Eringen one in the last 2 decades. Fortunately the re-

cent result [18] on the ill-possedness of the nonlocal approach [17], referring to the

incomplete existence analysis of [1], for boundary conditions significant in practical

applications, is not addressed to our formulation, as explained by [58]. Moreover,

according to [55], such conception can be considered as a suitable procedure for

a multi-scale approach, avoiding any interpolation between macro- and micro-scale

variables. For the strain-stress relations we shall work with the viscoelastic Kelvin

law, generating the so-called structural damping, accompanied by the mass damping

due to the Rayleigh model in the sense of [43].

The above sketched considerations will be incorporated in our model problem. As

its natural generalization, we shall consider also a finite set of matrix / fibre interfaces,

as well as of interfaces inside the matrix, or even inside any fibre, depending on the

process of activation of macro-cracks. All such interfaces will be assumed to satisfy

the cohesive model, developed by [46], [32], [6] (for various types of fibre composites),

[33] (for ceramics) and [36] (for a rather general class of damage propagation).

For most existence and convergence proofs we shall use the method of discretiza-

tion in time, based on the convergence properties of Rothe sequences, following

[49], devoted to linear problems. Moreover we need to handle 2 types of nonlinear

terms, coming from i) and ii), as introduces above. For practical evaluations of fully

discretized problems we shall prefer the extended finite element method (XFEM),

working with the adaptive enrichment of the set of base functions near geometric sin-

gularities. This method, including numerous modifications with their special names

and specific notations, as generalized finite element method (GFEM) or partition of

unity method (PoUM), has its own rich history; the progress in several decades can

be traced from the comparison of pioneering works [2], [3] and [19] with the later

monograph [31] and the recent articles [37] and [56].

However, we shall pay attention namely to the convergence properties independent

of the choice of XFEM adaptive strategies, as discussed by [29].

2. Physical and mathematical preliminaries

For our first model problem, let us consider a domain Ω in the 3-dimensional Eu-

clidean space R3, whose exterior Lipschitz boundary ∂Ω consists of 2 disjoint parts Θ

(for homogeneous Dirichlet boundary conditions) and Γ (for non-homogeneous Neu-

mann boundary conditions), Θ having a non-zero measure on ∂Ω (to avoid insuffi-

cient support). Let R3 be supplied by a Cartesian coordinate system x = (x1, x2, x3).

Moreover we shall work with the time t ∈ I from an interval I = [0, T ] with some
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final time value T , assumed as finite here. For the brevity of notation we shall work

with the Hamilton operator ∇ = (∂/∂x1, ∂/∂x2, ∂/∂x3) and with upper dots instead

of ∂/∂t. Moreover any comma followed by k ∈ {1, 2, 3} will be seen as ∂/∂xk ap-

plied to the preceding variable: e. g. 2 εij(v) = vi,j + vj,i with i, j ∈ {1, 2, 3} can

be understood as the definition of linearized strain, applicable to any differentiable

virtual displacement v(x) = (v1(x), v2(x), v3(x)), related to an initial configuration.

The Einstein summation rule for indices i, j, k, l ∈ {1, 2, 3} will be active, too.

The introduction of Lebesgue, Sobolev and Bochner spaces of functions on Ω and

∂Ω and abstract functions mapping I to them is compatible with [50]. To present our

approach as simple as possible now, we shall work namely with the special Hilbert

spaces H = L2(Ω)3, Z = L2(∂Ω)3, ZΓ = L2(Γ)3 and V = {v ∈ W 1,2(Ω)3 : v =

O on Θ}, supplied with norms denoted by | . | both in H and H ×H, | . |Γ in ZΓ and

‖ . ‖ in V , as well as with scalar products ( . , . ) both in H and H ×H, together with

〈 . , . 〉Γ in ZΓ; O means the zero vector from R3 here. Slight natural generalizations

(which may bring technical difficulties in proofs), motivated by much more detailed

references from [50], are left to the curious reader. We shall also utilize upper star

symbols for dual spaces, ⊂ for continuous embeddings, b for compact embeddings,
∼= for the identification of a space with its dual in the sense of the Riesz representation

theorem.

The following properties of the above introduced spaces (for all notations see [50]

again) will be needed:

Lemma 2.1 (Sobolev embedding). V b H. Consequently: from any weakly

convergent sequence in V a strongly convergent subsequence in H can be selected.

Proof. See [50], p. 16, and [13], p. 40. �

Lemma 2.2 (trace operator). V b Z; |v|2Γ ≤ T‖v‖2 for any v ∈ V with a positive

T independent of v. Consequently: from any weakly convergent sequence in V a

strongly convergent subsequence in Z can be selected.

Proof. See [50], p. 17, and [13], p. 275. �

Lemma 2.3 (Korn). There holds |ε(v)|2 ≥ K‖v‖2 for any v ∈ V with a positive

K independent of v. Consequently: to the standard norm ‖v‖2 = |v|2 + |∇v|2 an

alternative norm is generated by |ε(v)|2 in V .

Proof. For the inequality see [50], p. 22. The consequence follows from the obvious

estimate, referring to linear elasticity, K‖v‖2 ≤ |ε(v)|2 = (vi,j + vj,i)(vi,j + vj,i)/4 ≤
vi,jvi,j = |∇v|2 ≤ ‖v‖2. �

4



Lemma 2.4 (Eberlein - Shmul’yan). All spaces H, V , L2(I,H) and L2(I, V ) are

reflexive. Consequently: from any bounded sequence in such space a weakly conver-

gent subsequence can be selected.

Proof. For H and V see [50], p. 15. L2(I,H) can be interpreted as L2(Ω × I) with

the quite similar result. For the details on duality pairing L2(I, V )∗ ∼= L2(I, V ∗) see

[50], p. 201. For the consequence cf. [50], pp. 5 and 210, with [13], p. 67. �

Lemma 2.5 (Gelfand triple). In the triple V ⊂ H ∼= H∗ ⊂ V ∗ both inclusions

are dense; W 1,2,2(I, V, V ∗) ⊂ C(I,H).

Proof. See [50], p. 190; W 1,2,2(I, V, V ∗) here denotes a Bochner - Sobolev space of

abstract functions from L2(I, V ) with time derivatives belonging to L2(I, V ∗). �

Lemma 2.6 (Aubin - Lions). W 1,2,2(I, V, V ∗) b L2(I,X) with X ∈ {H,Z}.

Proof. See [50], p. 194. �

3. A model problem with micro-cracks

Let us introduce a displacement in a deformable body (a priori uknown), occu-

pying the domain Ω, u(x, t) = (u1(x, t), u2(x, t), u3(x, t)), related to the reference

initial configuration (at t = 0), such that the homogeneous Cauchy initial conditions

u1(x, 0) = u2(x, 0) = u3(x, 0) = 0 and u̇1(x, 0) = u̇2(x, 0) = u̇3(x, 0) = 0 are satisfied

for almost every x ∈ Ω. We shall assume that u ∈ V = W 1,2,2,2(I, V, V, V ∗); thus

u(., t), u̇(., t) ∈ V and ü(., t) ∈ V ∗ for any t ∈ I – cf. (3.22) in the proof of Theorem

3.1, including the identification of particular limits below. Both initial conditions

can be written as

(3.1) u(. , 0) = O , u̇(. , 0) = O on Ω .

Analogous simplified notations will be used for further functions, too. Let us remark

that just the zero-valued u(. , 0) and u̇(. , 0) in (3.1), referring to certain stationary

initial status, are considered in numerous engineering applications; if needed, the

following considerations can be repeated for a non-homogeneous form of (3.1) without

substantial difficulties.

For an arbitrary v ∈ V the energy conservation for our model problem can be

presented as

(3.2) (v, ρü) + β(v, ρu̇) + α(ε(v), σ̇) + (ε(v), (1−D)σ) = (v, f) + 〈v, g〉Γ on I

where ρ ∈ L∞(Ω) is the material density and σ ∈ L2(I, L2(Ω)3×3
sym) refers to all stress

components. Its symmetry comes from the assumptions on Boltzmann continuum;
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for much more general considerations of this type, including constitutive laws, cf.

[4], p. 18. The energy dissipation in (3.2), driven by the prescribed body forces

f ∈ L2(I,H) and surface forces g ∈ L2(I, Z3
Γ), is taken into account using the positive

damping factors α for structural damping due to the parallel Kelvin viscoelastic

model, and the real non-negative factor β for mass damping, compatible with the

Rayleigh damping model by [43]. We shall assume that ρ ≥ ρ0 on Ω for some positive

constant ρ0. Finally D can be presented as some local damage factor with values

between 0 and 1 − ς, using an additional positive constant ς; D = 0 holds always

for t = 0 (no micro-cracking is present). This factor should depend on σ, or ε(u)

directly, non-increasing in time t ∈ I, which can be guaranteed by its evaluation in

the form

(3.3) D(u)(t) = max
ξ∈[0,t]

D∗(u(ξ))

etc., for particular t ∈ I. Its practical design, namely the form of the continuous map-

ping D∗ from V to L∞(Ω), based on the nonlocal Eringen theory, will be discussed

later.

Let us notice that the strong formulation corresponding to (3.2) can be derived, at

least in the sense of distributions, from integration by parts. Following the approach

of [58] (where the quasi-static case is discussed in all details), for each i (respecting

the brief notation σij,j forcing divergence ∂σij/∂xj , etc.) we receive

ρ(üi + βu̇i)− σij,j = fi on Ω× I ,(3.4)

σijνj = gi on Γ× I ,
ui = O on Θ× I

where ν = (ν1, ν2, ν3) means the local unit normal vector associated with Γ. In

addition to the 1st evolution equation of (3.4), referring to the classical Cauchy

equilibrium condition, we can see both an explicit Neumann boundary condition in

the 2nd equation and a Dirichlet one in the 3rd equation.

The local stress-strain relation can be taken in the simple form

(3.5) σ = (1−D)Cε(u) + αCε(u̇)

with C ∈ L∞(Ω)
(3×3)×(3×3)
sym , containing (in general) 21 material parameters, C(x)

being positive definite in the sense Cijkl(x)aijakl ≥ C0aijaij , involving some positive

constant C0. In particular, for an isotropic homogeneous medium, setting α = 0

formally (the needed generalization with α > 0 is straightforward) and zero-valued

D (no damage occurs yet), using the Kronecker symbol δij = 1 for i = j, 0 otherwise,
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we have σij = 2λ1εij(u) + λ2δijεkk(u) with only 2 positive Lamé factors λ1 and λ2;

frequently they are expressed as λ1 = µE/(1+µ)/(1−2µ), 2λ2 = E/(1+µ), utilizing

the well-known Young modulus E and the Poisson ratio µ; such characteristics will

be referenced e. g. from Section 5.

Inserting (3.5) into (3.2), taking (3.3) into account (without explicit highlighting),

we obtain

(v, ρü) + β(v, ρu̇) + α(ε(v), Cε(u̇))(3.6)

+ (ε(v), (1−D)Cε(u)) = (v, f) + 〈v, g〉Γ on I .

Let I be divided into a finite number m of subsets Ims = {t ∈ I : (s− 1)τ < t ≤ sτ}
where s ∈ {1, . . . ,m}, with the final aim m → ∞; τ(m) = T/m is considered

(the argument m will be omitted formally). We are able to work with the Clément

quasi-interpolation fm of f in L2(I,H) and gm of g in L2(I, ZΓ), assuming t ∈ Ims ,

s ∈ {1, . . . ,m}, i. e. fm(t) = fms and gm(t) = gms where

fms =
1

τ

∫ sτ

(s−1)τ

f(ξ) dξ , gms =
1

τ

∫ sτ

(s−1)τ

g(ξ) dξ .

This yields

τ

m∑
s=1

|fms |2 =
1

τ

m∑
s=1

|
∫ sτ

(s−1)τ

f(ξ) dξ|2 ≤
∫
I

|f(ξ)|2 dξ(3.7)

τ

m∑
s=1

|gms |2Γ =
1

τ

m∑
s=1

|
∫ sτ

(s−1)τ

g(ξ) dξ|2Γ ≤
∫
I

|g(ξ)|2Γ dξ ,

which will be needed later, cf. (3.17).

For any unknown um, introducing the differences Dums = ums − ums−1 with s ∈
{1, . . . ,m}, taking um0 = O and Dum0 = O formally, due to (3.1), we can set some

linear Lagrange splines

(3.8) um(t) = ums−1 +
t− (s− 1)τ

τ
Dums

and standard and retarded simple functions

(3.9) ūm(t) = ums , ŭm(t) = ums−1

for t ∈ Ims . Let us recall that um(t) and ūm(t) for m ∈ {1, 2, . . .} by (3.8) and

(3.9) are just 2 classical sequences of Rothe, as introduced in [49]. To handle the 1st

additive term of (3.6) properly, we need also certain quadratic interpolation

(3.10) Um(t) = ums−1 +
t− (s− 1)τ

2τ
(Dums +Dums−1) +

(t− (s− 1)τ)2

2τ2
D2ums
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whereD2ums = Dums −Dums−1. Thus we are able to rewrite (3.6) in its time-discretized

form

(v, ρÜm) + β(v, ρu̇m) + α(ε(v), Cε(u̇m))(3.11)

+ (ε(v), (1− D̆m)Cε(ūm)) = (v, fm) + 〈v, gm〉Γ

where D̆m refers to the evaluation of D with ŭm, instead of u by (3.6); this is a

simple function with certain values ums−1, denoted Dm
s−1 for brevity, cf. (3.12). For

any step-by-step evaluation with s ∈ {1, . . . ,m}, taking t ∈ Ims only, (3.11) gets the

form

1

τ2
(v, ρD2ums ) +

β

τ
(v, ρDums ) +

α

τ
(ε(v), Cε(Dums ))(3.12)

+ (ε(v), (1−Dm
s−1)Cε(ums )) = (v, fms ) + 〈v, gms 〉Γ .

The following theorem guarantees the solvability of (3.6) assuming (3.1), utilizing

the computational construction of sequences by (3.12).

Theorem 3.1. Let us consider a damage factor by (3.3). There exist a solution

u ∈ V satisfying (3.6) for any v ∈ V together with the Cauchy initial condition (3.1).

Moreover u, u̇ ∈ C(I,H) and, up to subsequences,

{Üm}∞m=1 converges weakly to ü in L2(I, V ∗) ,(3.13)

{u̇m}∞m=1 converges weakly to u̇ in L2(I, V ) ,

{u̇m(t)}∞m=1 converges weakly to u̇ in H for any t ∈ I ,
{ūm(t)}∞m=1 converges weakly to u in V for any t ∈ I ,
{ŭm(t)}∞m=1 converges weakly to u in V for any t ∈ I ,
{ŭm(t)}∞m=1 converges strongly to u in H for any t ∈ I ,
{U̇m}∞m=1 converges strongly to u̇ in L2(I,H) ,

using the sequences {um}∞m=1, {ūm}∞m=1, {ŭm}∞m=1 and {Um}∞m=1, induced by (3.8),

(3.9) and (3.10), for the time-discretization scheme (3.11).

Proof. Let us choose v = Dums in (3.12), with the aim to derive some a priori bounds

for the above introduced sequences generated by Um, um, ūm and ŭm with integer

m. We receive

1

τ2
(Dums , ρD

2ums ) +
β

τ
(Dums , ρDu

m
s ) +

α

τ
(ε(Dums ), Cε(Dums ))(3.14)

+ (ε(Dums ), (1−Dm
s−1)Cε(ums )) = (Dums , f

m
s ) + 〈Dums , gms 〉Γ .
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The same results remain true with arbitrary r ∈ {1, . . . , s}, instead of s. Using the

obvious relation 2a(a − b) = a2 − b2 + (a − b)2, valid for any real a and b, the sum

of all equations (3.14), understanding r, as well as p ∈ {1, . . . , s − 1} (needed in

the following 6th left-hand-side additive term exclusively), as Einstein summation

indices, is then

1

2τ2
(Dums , ρDu

m
s ) +

1

2τ2
(D2umr , ρD

2umr )(3.15)

+
β

τ
(Dumr , ρDu

m
r ) +

α

τ
(ε(Dumr ), Cε(Dumr ))

+
1

2
(ε(ums ), (1−Dm

s−1)Cε(ums )) +
1

2
(ε(ump ), (Dm

p −Dm
p−1)ε(ump ))

+
1

2
(ε(Dumr ), (1−Dm

r−1)Cε(Dumr )) = (Dumr , f
m
r ) + 〈Dumr , gmr 〉Γ .

All left-hand-side additive term are non-negative, namely the 6th one thanks to (3.3),

thus the 2nd, 3rd and 6th ones can be bounded by zero from below. The more precise

estimates for the 1st, 4th and 5th terms, applying Lemma 2.3 to the 4th and 5th

ones, are

1

2τ2
(Dums , ρDu

m
s ) ≥ ρ0

2τ2
|Dums |2 ,(3.16)

α

τ
(ε(Dumr ), Cε(Dumr )) ≥ αC0K

τ
δrr‖Dumr ‖2 ,

1

2
(ε(ums ), (1−Dm

s )Cε(ums )) ≥ ςC0K

2
‖ums ‖2 .

Using the Cauchy - Schwarz and the Young inequalities, the 1st and 2nd rigth-hand-

side terms of (3.14) then admit the estimates

(Dumr , f
m
r ) ≤ |Dumr ||fmr | ≤

ε

2τ
δrr|Dumr |2 +

τ

2ε
δrr|fmr |2(3.17)

≤ ε

2τ
δrr‖Dumr ‖2 +

τ

2ε
δrr|fmr |2 ,

〈Dumr , gmr 〉Γ ≤ |Dumr |Γ|gmr |Γ ≤
ε

2τ
δrr|Dumr |2Γ +

τ

2ε
δrr|gmr |2Γ

≤ εT

2τ
δrr‖Dumr ‖2 +

τ

2ε
δrr|gmr |2Γ

where ε is an arbitrary positive constant; the constant T in the last inequality comes

from Lemma 2.2. Comparing (3.16) and (3.17) with respect to (3.7), we obtain

(3.18)
1

τ2
|Dums |2 +

1

τ
δrr‖Dumr ‖2 + ‖us‖2 ≤ c
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where c is some positive constant independent of τ (as well as of m, s, etc.). The

evident consequences of (3.18) are

{u̇m}∞m=1 is bounded in L2(I, V ) ,(3.19)

{u̇m(t)}∞m=1 is bounded in H for any t ∈ I ,
{ūm(t)}∞m=1 is bounded in V for any t ∈ I ,
{ŭm(t)}∞m=1 is bounded in V for any t ∈ I ,

Moreover, from (3.11), converted to the form

(v, ρÜm) = − β(v, ρu̇m)− α(ε(v), Cε(u̇m))(3.20)

− (ε(v), (1− D̆m)Cε(ūm)) + (v, fm) + 〈v, gm〉Γ ,

we are able to derive an additional estimate for Üm, using the dual space to L2(I, V ),

as suggested by [50], p. 205; cf. also the comment to the proof of Lemma 2.4. Taking

‖v‖ ≤ 1, (v, ρÜm) in (3.20) can be bounded from its right-hand side again, using

the Cauchy - Schwarz inequalities and further arguments similarly to (3.17), together

with the knowledge of all results (3.19); thus we have (v, ρÜm) ≤ ĉ for some positive

constant ĉ and consequently

(3.21) {ρÜm}∞m=1 is bounded in L2(I, V ∗) .

Let us notice that (3.21) remains true without the positive multiplier ρ ∈ L∞(Ω).

From (3.21) and (3.19) we can now conclude, following Lemma 2.5, up to subse-

quences,

{Üm}∞m=1 converges weakly to u′′ in L2(I, V ∗) ,(3.22)

{u̇m}∞m=1 converges weakly to û in L2(I, V ) ,

{u̇m(t)}∞m=1 converges weakly to u′ in H for any t ∈ I ,
{ūm(t)}∞m=1 converges weakly to ū in V for any t ∈ I ,
{ŭm(t)}∞m=1 converges weakly to ŭ in V for any t ∈ I ,
{ŭm(t)}∞m=1 converges strongly to ŭ in H for any t ∈ I ,
{U̇m}∞m=1 converges strongly to u� in L2(I,H) ,

etc., where u′′, û, u′, ū and ŭ are some elements of corresponding spaces; see Lemma

2.6 for the last proposition, too. The strong convergence of {D̆m}∞m=1, seemingly as

in that for {ŭm(t)}∞m=1 in the 6th proposition of (3.22), is inherited from the formal

introduction of D here and will need more detailed analysis.
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In particular, considering t ∈ I, by Lemma 2.6 u�(t) coincides with
∫ t

0
u′′(ξ) dξ;

also further limits can be unified. The 2nd and 3rd propositions (3.22) manifest

the weak convergence of the same sequence both to û and to u′ e. g. in L2(I,H),

thus û = u′. The obvious estimate maxt∈I (|um(t) − ūm(t)|, |um(t) − ŭm(t)|) ≤
maxs∈{1,...,m} |Dums | ≤

√
cτ , referring to (3.18), implies u = ū = ŭ and u̇ = u′ where

u(t) =
∫ t

0
u′(ξ) dξ. Thus it remains to identify u′′ with ü only, as the most delicate

task. Let us work with symbols [.] for integration over I for brevity. The following

integration by parts, inspired by [50], p. 210, can be helpful:

[(w, u′′)] = lim
m→∞

[(w, Üm)] = − lim
m→∞

[(ẇ, U̇m)](3.23)

= − lim
m→∞

[(ẇ, U̇m − u̇m)]− lim
m→∞

[(ẇ, u̇m)]

= − lim
m→∞

[(ẇ, U̇m − u̇m)]− [(ẇ, u̇)]

is valid for each w from the space of distributions C∞0 (I). Moreover for arbitrary

t ∈ Ims , s ∈ {1, . . . ,m}, we can write

U̇m − u̇m =
t− (s− 1)τ

τ2
D2ums +

1

2τ
(Dums +Dums−1)− 1

τ
Dums(3.24)

=
t− (s− 1)τ

τ2
D2ums +

1

2τ
(Dums−1 −Dums )

=
t− (s− 1/2)τ

τ2
D2ums = (t− (s− 1/2)τ)Üm .

Let us remind that 0 ≤ t − (s − 1/2)τ ≤ τ/2 here. Thus, inserting (3.24) into the

result of (3.23), the limit in its 1st additive term vanishes, whereas the 2nd additive

term is sufficient to identify u′′ with ü, etc., as explained by Buncure [7], p. 49. Thus

the modified form of (3.22) is just (3.13); also the convergence of {D̆m}∞m=1 can work

with u. This enables the limit passage from (3.11) to (3.6) finally; u, u̇ ∈ C(I,H)

follows from Lemma 2.5. �

Let us recall that the crucial step for the design of a model with micro-cracks is the

reasonable choice of the damage factor D. Here we shall demonstrate how to express

it as an appropriate function of σ, with certain regularizing properties. This can be

done using some kernel (typically radial basis or similar) operator K ∈ L2(Ω × Ω),

introduced as

(3.25) A(w(x)) =

∫
Ω

K(x, x̃)w(x̃) dx̃

for x ∈ Ω and w ∈ H by [17]. From the mathematical point of view, such nonlocal

approach to engineering mechanics relies on the properties of compact linear oper-

ators, discussed in [13], Part 2.2, in details; for its computational implementation
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cf. [5] and [39], The following regularization (compactness) property of the kernel

K, taken from L2(Ω×Ω), is useful: if {wk}∞k=1 is some sequence converging weakly

to w in H then, taking w̃ = A(w) and w̃k = A(wk), up to a subsequence, {w̃k}∞k=1

converges strongly to w̃ in H. Two different ways of verification of this result can be

found in [13], pp. 80 and 81.

The needed generalization, introduced by [20], for w ∈ L2(Ω)3×3
sym, or that for

w ∈ H, referring to principal stresses by [23], Part 1.5, is straightforward. Namely

[34] works withK(x, x̃) = K(|x−x̃|3) where | . |3 means the norm in R3 and K(|x−x̃|3)

is obtained using Green functions of a special bi-Helmholtz equation; for certain class

of brittle fracture this can be traced up to atomistic considerations, working with dis-

location and disclination defects. However, for more complicated material structures

such transparent theory is not available; e. g. for practical computational simula-

tions of behaviour of fibre-reinforced concrete structures under mechanical loads [12]

recommends the “generalized Mazars model” with several heuristic parameters, re-

specting anisotropy together with different behaviour under tension and pressure like

[28] and [24], inspired by [44], [45] and [21].

Thus we are ready, using σ from (3.5), for any fixed time ξ ∈ I, to derive (at least

theoretically) all nonlocal stress values

(3.26) σ̃(ξ) = A(σ(ξ)) ,

belonging to L2(Ω)3×3
sym. Thanks to (3.26), it remains only to set

(3.27) D∗(u(ξ)) = ω(|σ̃(ξ)|3×3) ,

taking ω as some real continuous non-decreasing function (containing some additional

experimentally validated parameters typically) for the right-hand side of (3.3); | . |3×3

here means the norm in R3×3. Clearly the resulting damage factor D, obtained from

(3.3) with (3.27), depends on u from (3.2) in a rather complicated way. Nevertheless,

such formulation of (3.3) together with (3.25) enables us to exploit the results on

Nemytyskǐı mappings by [13], p. 134: if some sequence converges weakly to u ∈ V
for a fixed t ∈ I, together with the sequence or corresponding time derivatives con-

verging to u̇, then, thanks to (3.5), the operator A generates a weakly convergent

sequence to σ̃ ∈ H, after the regularization (3.26) the same, up to a subsequence,

converges strongly to σ̃ ∈ H, etc. Consequently, thanks to the continuity of ω by

(3.27), we are allowed to come to the strong limit of the corresponding sequence

induced by (3.3), which may be helpful to overcome the nonlinearity of our model

problem. However, the design of a sufficiently general class of functions ω admitting

all above sketched mathematical considerations and applicable in engineering prac-

tice (regardless of both physical and geometrical linearizations, connected with the
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existence of a positive ς) cannot be seen as a closed problem; for some particular

examples cf. [28] and [58].

4. Implementation of macro-cracks

Instead of one domain Ω, as introduced in the Section 3, let us consider a union

of a finite number of adjacent domains, denoted by Ω again, whose boundary ∂Ω

consists of 3 parts: of 2 exterior ones, analogical to Γ and Θ, and of a set of internal

interfaces Λ. Such notion of interfaces can cover both potential locations of macro-

cracks, as well as existing interfaces between particular components of a composite,

e. g. between a cementitious matrix and stiffening fibres in building applications.

For simplicity, let us consider a material specimen occupying an open set Ξ with

its boundary ∂Ξ in the 3-dimensional Euclidean space R3, compound from a finite

number of domains Ω× with their boundaries ∂Ω× in the following sense:

a) The union of closures of all domains Ω× is identical with the closure of the

domain Ω in R3.

b) Every boundary ∂Ω× consists of a part belonging to ∂Ξ (external boundary)

and from that non-belonging to ∂Ξ (internal boundary); the 1st one will be

denoted by Ψ×, the 2nd one by Λ×. (Some of them can be empty.) Cohesive

interface conditions will be applied later on Λ×.

c) Every boundary part Ψ× is the union of its disjoint subsets Θ× and Γ×.

(Some of them can be empty.) Homogeneous Dirichlet boundary conditions

will be then prescribed on Θ× (supported boundary part), unlike Neumann

boundary conditions (inhomogeneous in general) on Γ× (unsupported bound-

ary part).

d) The unions of above introduced sets Θ×, Γ× and Λ× are certain sets Ω, Γ

and Λ. Similarly the union of all Ω× generates an open set Ω (i. e. Ξ without

interior boundaries) with its boundary ∂Ω.

We shall also work with the notation δv(x) for the differences of triples of values

v(x) from the neighbour domains Ω×; the same notation is applicable to arbitrary

ṽ(x, t), dependent also on t ∈ I, replacing v(x) here.

One can notice that such rather extensive list of assumptions tries to save the

validity of Lemmas 2.1, . . . , 2.6, to be able to adopt the proof of Theorem 3.1

without serious difficulties. The potential modification of this approach for another

finite dimension than 3 (namely as 2 in illustrative examples) is left to the patient

reader. Evidently a model problem with macro-cracks could be studied separately;

however, we shall now try to implement macro-cracking to the results of Section 3

directly.
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All notations need certain extensions. Namely we shall utilize also the Hilbert

space ZΛ = L2(Λ)3, its norm | . |Λ and its scalar product 〈 . , . 〉Λ. For the analysis

of potential opening and further behaviour of cracks let us consider such surface

tractions T ∈ L2(I, ZΛ) that

(4.1) T = λ(δu)

on Λ × I; possible forms of a just introduced function λ can be found in [32] and

[33]. Especially λ(δu) = λ0 δu with a real constant λ0 →∞ forces δu→ O on Λ, i. e.

the continuity of u without no active macro-cracking. In general we shall assume the

Lipschitz continuity of λ in the sense

(4.2) |λ(δv)|Λ ≤ λ?|δv|Λ

for any v ∈ V and a positive λ?. For certain finite N independent of v from (4.2) we

have:

(4.3) |δv|Λ ≤ N
√
T‖v‖ , |λ(δv)|Λ ≤ λ?N

√
T‖v‖ .

The existence of N comes from b), d) above: traces by the analogy of Lemma 2.2

are related to any Ω× at most N -times, from corresponding cohesive boundary parts

Λ×. In the proof of Theorem 4.1 below we are allowed to take only T instead of N2T

formally, without any loss of generality.

Thus we obtain the slight modification of (3.2)

(v, ρü) + β(v, ρu̇) + α(ε(v), σ̇) + (ε(v), (1−D)σ)(4.4)

= (v, f) + 〈v, g〉Γ + 〈δv, T 〉Λ on I .

Inserting (4.1) into (4.4), we receive the analogy of (3.2)

(v, ρü) + β(v, ρu̇) + α(ε(v), σ̇) + (ε(v), (1−D)σ)(4.5)

= (v, f) + 〈v, g〉Γ + 〈δv, λ(δu)〉Λ on I .

In most following equations, unlike (4.4) extending (3.2) and (4.5) extending (3.6),

we shall discuss only additional rigth-hand-side terms for brevity. In particular, this

means 〈δv, λ(δŭm)〉Λ, in (3.11), 〈δv, λ(δums−1)〉Λ in (3.12); no improved linearization

will be considered, although the evaluation of λ(.) is typically less complicated as

that of D(.). Such approach will be useful in the proof of the following theorem, too.
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Theorem 4.1. Let us consider a damage factor by (3.3) and a cohesive inter-

face by (4.1), (4.2). There exist a solution u ∈ V satisfying (4.5) for any v ∈ V

together with the Cauchy initial condition (3.1). Moreover u, u̇ ∈ C(I,H) and, up

to subsequences, (3.13) remains valid.

Proof. All common ideas are the same as in the proof of Theorem 3.1. The above

announced additional terms are 〈δDums , λ(δums−1)〉Λ in (3.14) and 〈δDumr , λ(δumr−1)〉Λ
in (3.15) (involving the sum over r ∈ {1, . . . , s}). The extension of (3.17), making

use of (4.3), reads

〈δDumr , λ(δumr )〉Λ ≤ |δDumr |Γ|δumr−1|Γ ≤
ε

2τ
δrr|δDumr |2Γ +

τ

2ε
δrr|δumr−1|2Γ(4.6)

≤ εT

2τ
δrr‖Dumr ‖2 +

τT

2ε
δrr‖umr−1‖2 .

The last rigth-hand-side additive term of (4.6) causes the modification of (3.18)

(4.7)
1

τ2
|Dums |2 +

1

τ
δrr‖Dumr ‖2 + ‖us‖2 ≤ c+ cτδrr‖ur‖2 .

However, the 2nd right-hand-side additive term can be removed from (4.7), using the

Gronwall lemma by [13], p. 99; its simple discrete version from [9] is sufficient here.

Thus we come back to (3.18), with some larger value of c. All remaining steps can be

then performed following the proof of Theorem 4.1 with obvious modifications. �

5. Computational strategy with illustrative examples

The computational scheme (3.12) by Section 3, including its extension by Section 4,

for the evaluation of ums , s ∈ {1, . . . ,m} refers to the numerical analysis of m elliptic

problems of infinite dimension. In practical calculations, instead of v in (3.12) from

an infinite-dimensional space V , we consider a finite number n of test functions φni
where i ∈ {1, . . . , n} refers to a new Einstein summation index; the approximation

of ums from (3.12) with n unknown parameters can be then constructed as

(5.1) ums (x) = unmis φni (x)

for any x from Ω or its suitable approximation. Consequently, step-by-step with

s ∈ {1, . . . ,m}, by (3.12) and (5.1) we choose φni as particular elements from a basis

of certain finite-dimensional space V n, approximating V (which can be a subspace

of V in a special case).

Typically φni are functions with small compact support, applicable in Ω, as well as

on Θ, Γ and Λ, or their approximations, to create a sparse system of linear algebraic

equations, and unmis refer to nodal displacement values. The guarantee of solvability
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of such system, together with the convergence properties for n → ∞, depend on

certain (semi-)regularity of such decomposition due to the XFEM-based adaptive

enrichment functions, namely near geometric singularities. Here we shall apply the

approach of [29] to demonstrate the possibility of effective numerical simulations.

Figure 1. Principal stresses in the pure cement paste.

As an illustrative 2-dimensional example, the test task is a relatively simple body

with an a priori crack of a circular shape (fulfilling the plane strain condition). A

uniform load was applied to the surface of this a priori crack, and thus the formation

of the following cracks emanating from this stress concentrator is assumed using

Figure 2. Principal stresses near 1 or 2 stiffening fibres.
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Figure 3. Nonlocal handling of stress near the crack tip.

XFEM. The basic calculation system was the commercial software Abaqus 2018,

into which a user subroutine in the Fortran 90 language was implemented, realizing

the modelling of matrix damage using exponential law, based on the planar element

CPE4. The following basic input data corresponding to reinforced cement paste were

used for this task: the Young modulus E = 3.2 GPa, the Poisson constant µ = 0.3

and the tensile strength 10 MPa – cf. the discussion under (3.5) on some special

structures of C. For approximately 20 mm long and 3 mm thick circular steel fibres,

the Young modulus E = 190 GPa and the same Poisson constant µ = 0.3 were used.

All figures show some typical distribution of principal stresses under plain strain

conditions. Figure 1 shows the distribution for quasi-static loads in certain repre-

sentative time for the pure cement paste. In the initial period, four germs of initial

cracks are formed evenly distributed along the circular initiator. The germs closer

to the plane of symmetry are running first as expected. Directions that are not

blocked by the fibres will run. Figure 2 presents the comparable result near 1 or

2 stiffening fibres, where reinforcing metal fibres are introduced into the structure.

The influence of fibre blocking and their orientation is clear. Directions that are not

blocked by the fibres will run. Figure 3 demonstrates the non-local handling of stress

near the crack tip. Its left part attempts to illustrate the algorithm used to calcu-

late the stress concentrators in front of the crack tip. This picture has a schematic

character, indicates how the stresses are calculated with the help of a non-local ap-

proach. The question is from which distance from the crack front it is appropriate

to calculate the stress distribution ahead the crack tip. Figure 4 reflects the Mazars

model, evaluating the stress by certain exponential formula (cf. [44] and [21]). The

former Mazars model has gaps in the modelling of the behaviour of concrete during

loading; the new formulation was proposed to improve behaviour in bi-compression
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and shearing. It was reached by introduction of one new internal variable into the

classical Mazars model. It corresponds to the maximum of equivalent deformation

reached during loading. The damage factor is dependent on the stress concentra-

tion in front of the local crack, therefore the real stress value is essential for the

prediction of the crack growth, especially the non-local approach can give credible

direction of damage. Figure 5 tries to implement some homogenized material struc-

ture with “smeared cracks”, inspired by [28], where reinforcement has the influence

to the whole structure. XFEM approach reflects the increasing strength of structure.

Figure 4. Application of Mazars model.

Figure 5. Application of crack homogenization.

6. Some modifications and generalizations

Numerous computational tools in fracture mechanics ignore the first couple of

additional terms in (3.2), which switches to a quasi-static problem where the time

evolution of damage relies on the 3rd additive term; even in our illustrative examples

the 1st and 2nd terms are not dominant. Clearly the 2nd condition (3.1) is not appli-

cable. Some estimates from Sections 3 and 4 degenerate, namely the 1st inequality

(3.16) to 0 = 0. Thus less regular results in comparison with the above discussed
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dynamic case can be expected and their derivation cannot be repeated quite easily.

The remedy is to seek for u ∈ W 1,2,2(I, V, V ?), instead of u ∈ W 1,2,2,2(I, V, V, V ?);

all details of such approach can be found in [58].

Other seemingly useful generalization ideas can rely on the removal of too strict

assumptions, e. g. that on the Lipschitz boundary for Lemmas 2.1, . . . 2.6, thus also

for Theorems 3.1, 4.1. Indeed, results like [26] (on Sobolev embeddinng on arbitrary

domains), [7] (on improved trace operators), etc. offer this way. However, we have

ignored it here, at least from three reasons: i) the original version of this paper,

prepared for the (rarely physical) discussion at the seminar PANM (Programs and

Algorithms of Numerical Mathematics) in Hejnice (Czech Republic) in June 2020

was intended to be as reader-friendly as possible, ii) numerous technical difficulties

in proofs have to be overcome, often those occurring in practical modelling and

simulation software tools exceptionally, iii) such generalizations do not handle more

significant limitations of our approach: iii-1) the nonlocal damage factor implemented

into certain linearized model, working with small strains and linearized empirical

constitutive (strain - stress) relations in the case of micro-cracking, iii-2) the careful

description of geometrical properties of Ω, Λ, etc., admitting the macroscopic cracks

only at a finite number of prescribed interfaces. Because of iii-1) we are not able to

detect a total loss of stiffness in some part of Ω properly, whereas iii-2) may not cover

some practical XFEM techniques correctly. Certain inspiration for a future (much

more complicated) proper finite-strain formulation can be found in [40], Part 4.2.4,

in confrontation with [11] and [35], together with the scale-bridging using structured

deformation, following [10], [42] and [52].

7. Conclusion

We have demonstrated the possibility of simultaneous deterministic study of dy-

namics of micro- and macro-cracking in quasi-brittle composites, using the stan-

dard linearized viscoelastic model with two nonlinear terms, covering i) the nonlocal

evaluation of damage factor D for micro-cracking and ii) the cohesive behaviour of

macroscopis cracks. Some unclosed problems occur even in such linearized theory,

namely in the physically and mathematically proper interpretation of D, ad hoc

implemented in available software packages.

The limitations of the presented approach, sketched in the preceding section, can

be seen as motivations for continuing research in the near future. Its possible aim of

high practical importance can be the development, verification and validation of the

computational tool for prediction of quasi-brittle behaviour of structural components

from fibre reinforced composites under mechanical loads, with methodology based on

the physical model incorporating most significant physical processes, namely elastic
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and plastic deformation, crack initiation and propagation in a matrix and alternative

debonding and rupture of fibres.
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[12] L. Dlouhý, S. Pouillon: Application of the design code for steel fibre-reinforced concrete into

finite element software. Beton 116 (2020), 8–13.

[13] P. Drábek, J. Milota: Methods of Nonlinear Analysis – Applications to Differential Equations.
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[28] M. Jirásek: Damage and smeared crack models, in: Numerical Modeling of Concrete Cracking

(G. Hofstetter, G. Meschke, eds.). Springer: CISM International Centre for Mechanical Sciences
532, Udine, 2011, 1–49.

[29] M. Kaliske, H. Dal, R. Fleischhauer, C. Jenkel, C. Netzker: Characterization of fracture

processes by continuum and discrete modelling. Comput. Mech. 50 (2012), 303–320.
[30] P. Kawde, A. Warudkar: Steel fibre reinforced concrete: a review. International Journal of

Engineering Sciences and Research Technology 6 (2017), 130–133.

[31] A. R. Khoei: Extended Finite Element Method: Theory and Applications. J. Wiley & Sons,
New York, 2015.

[32] V. Kozák, Z. Chlup: Modelling of fibre-matrix interface of brittle matrix long fibre composite
by application of cohesive zone method. Key Engineering Materials 465 (2011), 231–234.
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